
POINCARÉ FAMILIES OF G-BUNDLES ON A CURVE

INDRANIL BISWAS AND NORBERT HOFFMANN

Abstract. Let G be a reductive group over an algebraically closed field k.
Consider the moduli space of stable principalG-bundles on a smooth projective
curve C over k. We give necessary and sufficient conditions for the existence
of Poincaré bundles over open subsets of this moduli space, and compute the
orders of the corresponding obstruction classes. This generalizes the previ-
ous results of Newstead, Ramanan and Balaji-Biswas-Nagaraj-Newstead to all
reductive groups, to all topological types of bundles, and also to all character-
istics.

1. Introduction

Let C be a compact Riemann surface of genus g ≥ 2. Let Mn,d denote the
coarse moduli space of stable vector bundles E over C of fixed rank n ≥ 2 and
degree d ∈ Z. Newstead proved that there is no Poincaré bundle over C ×Mn,0,
more precisely, the universal projective bundle over C × Mn,0 cannot be lifted to
a topological vector bundle [21]. Ramanan proved that if n and d have a common
divisor, then there is no Poincaré bundle over C × U for any Zariski-open subset
∅ 6= U ⊆ Mn,d [22]. If n is coprime to d, it is easy to see that there is a Poincaré
bundle over C ×Mn,d.

Now let G be a complex semisimple group with one simple factor. Let M0,rs
G be

the moduli space of topologically trivial regularly stable principal G-bundles over
C (a stable G-bundle is called regularly stable if its automorphism group coincides
with the center of G). The main theorem of [1] says that there is a Poincaré bundle

(also called universal principal G-bundle) over C ×M
0,rs
G if and only if the center

of G is trivial. The proof in [1] is a generalization of the proof in [21].
In this paper, we address the existence of such Poincaré bundles for all topological

types, not just topologically trivial. The definition of Poincaré bundle (or Poincaré
family) is recalled in Definition 6.1. We give necessary and sufficient conditions for
their existence over the whole regularly stable locus (Corollary 6.7), as well as over
arbitrarily small Zariski-open subsets of it (Corollary 6.9). In fact we compute the
orders of the corresponding obstruction classes, which live in appropriate Brauer
groups; cf. Theorem 6.6 and Theorem 6.8. These orders are given in terms of the
root system of G (see Section 6). They are easy to compute for any given reductive
group G. The results are valid also in positive characteristics.

The proof of our results is based on the observation that the regularly stable locus
in the moduli stack of principal G-bundles is a gerbe over the corresponding locus in
the coarse moduli scheme. The Brauer class of this gerbe is precisely the obstruction
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2 I. BISWAS AND N. HOFFMANN

class mentioned above. We have studied the Picard groups of such moduli stacks
in [3]. This is used in Section 7 to determine the order of the obstruction class.

In order to use this method, we need to know that the regularly stable locus is
at least non-empty. This is already known in characteristic zero, but apparently
not in positive characteristic. We recall the notion of regular stability in Section
2, and formulate the precise statement that we need as Theorem 2.5. Its proof is
given in Section 5, using some preparations in Sections 3 and 4.

2. Regularly stable G-bundles

Let C be a connected smooth projective algebraic curve of genus g ≥ 2 over
an algebraically closed base field k. Throughout this text, we assume that G is
a smooth connected linear algebraic group over k. The Lie algebra of G will be
denoted by g.

Let MG denote the moduli stack of principal G-bundles on C. One knows that
MG is an Artin stack, locally of finite type and smooth over k. Its decomposition
into connected components

MG =
∐

d∈π1(G)

Md
G

is indexed by the fundamental group π1(G) of G; see [17, Section 5]. Let Gu ⊆ G
be the unipotent radical. Choosing a maximal torus T in the reductive quotient
G/Gu, the group π1(G) is by definition the quotient of Hom(Gm, T ) modulo its
subgroup generated by the coroots of G/Gu.

Assume that G is reductive. According to [18, Proposition 3.20], the stable and
the semistable principal G-bundles form open substacks

Md,s
G ⊆ Md,ss

G ⊆ Md
G.

Lemma 2.1. The complement of Md,s
G has codimension ≥ g − 1 in Md

G.

Proof. Let C be an irreducible component of the complement Md
G \Md,s

G . Let K
be an algebraically closed field containing k, and let E be a principal G-bundle on
C ⊗k K whose classifying morphism Spec(K) → MG maps onto the generic point
of C. Then E is not stable, so there is a parabolic subgroup P ⊆ G and a reduction
of E to a principal P -bundle F with deg(ad(F )) ≤ 0; here ad(F ) := F ×P p denotes
the vector bundle obtained from F via the adjoint representation ad : P → Aut(p),
where p is the Lie algebra of P . We consider the connected component

Mδ
P ⊆ MP

that contains F . Extending the structure group defines a representable 1-morphism
Mδ

P → Md
G which is dominant onto C. Hence

dim C ≤ dimMδ
P = (g − 1) dimP − deg(ad(F )) ≤ (g − 1) dimP.

So the codimension of C in Md
G is ≥ (g − 1)(dimG− dimP ) ≥ g − 1. �

Due to [12, 13] and [14, 15], there is a projective coarse moduli scheme

π : Md,ss
G −→ Md

G

of semistable principal G-bundles E on C of type d ∈ π1(G). These constructions

also show that the stable locus Md,s
G ⊆ Md,ss

G is the inverse image of an open

subscheme M
d,s
G ⊆ Md

G.
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Let Z ⊆ G denote the (scheme-theoretic) center. It is a group scheme of the
form Z ∼= Grm × µn1

× · · · × µns with r, s ≥ 0 and n1, . . . , ns ≥ 1.

Definition 2.2. A stable principal G-bundle E on C is regularly stable if the
canonical morphism

Z −→ Aut(E)

into the group scheme of global automorphisms of E is an isomorphism.

Proposition 2.3. The locus of regularly stable principal G-bundles

Md,rs
G ⊆ Md,s

G

is an open substack. It is the inverse image of an open subscheme

M
d,rs
G ⊆ M

d,s
G .

In order to prove this proposition, we recall Luna’s étale slice theorem [20], and
its generalization to positive characteristic in [2].

Let H be a smooth reductive algebraic group over k. Suppose that H acts on
an affine variety X of finite type over k. Let X/H denote the GIT-quotient. Let
x ∈ X(k) be a closed point. Its orbit H · x is a smooth subvariety of X . The orbit
map H ։ H ·x is an fppf-locally trivial principal bundle under the scheme-theoretic
stabilizer Hx ⊆ H .

An Hx-stable affine subvariety S ⊆ X with x ∈ S is called an étale slice at x if
the commutative diagram of canonical maps

H ×Hx S //

��

X

��

(H ×Hx S)/H ∼= S/Hx
// X/H

is cartesian, and the horizontal maps are both étale.

Proposition 2.4. If the orbit H · x is closed in X and the stabilizer Hx is linearly

reductive, then there exists an étale slice at x.

Proof. Bardsley and Richardson have proved this under the assumption that the
orbit map H ։ H ·x is separable [2, Proposition 7.6]. However, this assumption is
not needed in their argument if one works with the (possibly non-reduced) scheme-
theoretic stabilizer Hx.

More precisely, [2, Proposition 7.5] allows us to assume without loss of generality
that X is a vector space over k, and that H acts linearly on X . Since Hx is linearly
reductive, there is an Hx-stable affine linear subspace S ⊆ X containing x such
that S and the orbit H · x are transversal at x. This means that the canonical
morphism of smooth varieties

H ×Hx S −→ X

is étale at the point (1, x) ∈ H ×Hx S. Using [2, Theorem 6.2], this implies that
some Zariski-open neighborhood of x in S is an étale slice at x. �

Proof of Proposition 2.3. According to the construction in [12, 13], the stable locus

M
d,s
G is a GIT-quotient of a quasiprojective scheme X over k modulo a reductive

group H . More precisely, the quotient morphism

X −→ M
d,s
G
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is affine, its fibers are precisely the H-orbits, the H-invariant open subschemes of X

are precisely the inverse images of open subschemes in M
d,s
G , and the stack quotient

[X/H ] is the moduli stack Md,s
G .

In particular, every orbit H · x ⊆ X with x ∈ X(k) is closed, and the scheme-
theoretic stabilizer Hx always contains Z. If Hx is just Z, then it is in particular
linearly reductive [8, II, §2, 2.5], so Proposition 2.4 applies and shows that there is
an étale slice at x.

It follows that the set of all points x ∈ X(k) with stabilizer Hx = Z is Zariski-

open. Since it is also H-invariant, it defines an open substack Md,rs
G ⊆ Md,s

G and

an open subscheme M
d,rs
G ⊆ M

d,s
G . �

Theorem 2.5. We still assume that G is reductive.

i) If g ≥ 3, then Md,rs
G is non-empty.

ii) If g ≥ 4, then the complement of Md,rs
G in Md

G has codimension at least

two.

In characteristic 0, this is proved in [10, Theorem II.6], with better bounds on g.
However, we were not able to generalize the cited proof to positive characteristic,
mainly due to difficulties with finite unipotent automorphism groups. After some
preparations in Sections 3 and 4, we prove Theorem 2.5 in Section 5.

3. Brill-Noether loci

By a G-module V , we mean a finite-dimensional vector space V over k together
with a morphism G → GL(V ) of algebraic groups over k. Given such a G-module
V , we can associate to each principal G-bundle E on C the vector bundle E ×G V
on C with fiber V . The Brill-Noether locus

WV := {[E] : H0(C,E ×G V ) 6= 0} ⊆ MG

is closed, according to the semicontinuity theorem. This section deals with codi-
mension estimates for such loci.

Each group homomorphism ϕ : H → G induces, by extension of the structure
group, a 1-morphism ϕ∗ : MH → MG. Moreover, ϕ allows us to turn G-modules
V into H-modules. We note that WV ⊆ MH is the inverse image of WV ⊆ MG in
this situation.

For a character χ : G → Gm, let ℓχ be the resulting 1-dimensional G-module.
Let 〈χ, d〉 ∈ Z denote the image of d ∈ π1(G) under the group homomorphism
χ∗ : π1(G) → π1(Gm) = Z.

Lemma 3.1. If χ 6= 0, then Wℓχ has codimension ≥ g − 〈χ, d〉 in Md
G.

Proof. We start with the special case G = Gm and χ = id. Note that Wℓid ⊆ Md
Gm

is empty for d < 0, and for d ≥ 0 it corresponds to the image of the Abel-Jacobi
map Cd → Picd(C). This image has dimension ≤ d, and hence codimension ≥ g−d
in Picd(C). Thus Wℓid has codimension ≥ g − d in Md

Gm
, as claimed.

In the general case, Wℓχ ⊆ MG is the inverse image of Wℓid ⊆ MGm
under

the induced 1-morphism χ∗ : MG → MGm
. Using the above special case, it thus

suffices to show that this 1-morphism χ∗ is flat.
If a closed normal subgroup N ⊆ G is smooth, then the canonical 1-morphism

MG → MG/N is also smooth by deformation theory. We apply this to the reduced

identity component N := ker(χ)0 ⊆ G. It contains the unipotent radical Gu ⊆ G
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and the commutator subgroup [G,G] ⊆ G, so G/N is a torus. The character
G/N → Gm induced by χ is nontrivial and has finite kernel, so it is an isogeny.
In particular, G/N has rank 1, and the induced 1-morphism MG/N → MGm

is
flat. It follows that the composition χ∗ : MG → MG/N → MGm

is also flat, as
required. �

For the rest of this section, we consider the group G := Ga⋊Gm for the standard
action of Gm on Ga. Let π : G։ Gm denote the projection.

Put q = 1, or let q be a power of p if char(k) = p ≥ 2. Let ℘q denote the
2-dimensional G-module given by the homomorphism G→ GL2 that sends t ∈ Ga
to

(
1 0
tq 1

)
, and h ∈ Gm to

(
1 0
0 hq

)
. We have an exact sequence

0 −→ ℓqπ −→ ℘q −→ ℓ0 −→ 0

of G-modules. In the case q = 1, we write ℘ := ℘1; here we get in particular an
exact sequence of G-modules

0 −→ ℓπ −→ ℘ −→ ℓ0 −→ 0.

It yields an equivalence of categories between principal G-bundles on C and exact
sequences of vector bundles on C

0 −→ L −→ E −→ OC −→ 0

with rank(L) = 1 and rank(E) = 2. Thus the fiber of π∗ : MG → MGm
over a line

bundle L on C parameterizes extensions of OC by L.
The type d ∈ π1(G) = Z of a principal G-bundle on C is the degree of the

corresponding line bundle L.

Lemma 3.2. The locus W℘ \Wℓπ ⊆ MG has dimension g − 1.

Proof. Let a line bundle L on C with H0(C,L) = 0 be given, and an extension
E of OC by L as above. Then H0(C,E) 6= 0 if and only if this extension splits.
Hence the restriction of the 1-morphism π∗ is an isomorphism of W℘ \ Wℓπ onto
MGm

\Wℓid . �

Corollary 3.3. If d ≤ 0, then W℘ has codimension ≥ g − 1 in Md
G.

Proof. Since its fibers parameterize extensions by OC , the 1-morphism π∗ : Md
G →

Md
Gm

is smooth of relative dimension g−1−d; see Lemma 2.10 of [16]. Hence Md
G

has dimension 2g − 2− d.
If d ≤ 0, then W℘ \ Wℓπ has codimension ≥ g − 1 in Md

G by Lemma 3.2, and
Wℓπ has codimension ≥ g in Md

G by Lemma 3.1. �

By a prime divisor D in an integral Artin stack M, we mean an integral closed
substack D ⊆ M of codimension 1.

Lemma 3.4. Suppose char(k) = p ≥ 2, and d ≤ 0.

i) If g ≥ 2, then the complement of W℘p in Md
G is non-empty.

ii) If g ≥ 3, and some prime divisor D ⊆ Md
G is contained in W℘p , then

D = (π∗)
−1(D′) for some prime divisor D′ ⊆ Md

Gm
.

iii) If p = 2, then W℘2 has codimension ≥ g − 1 in Md
G.



6 I. BISWAS AND N. HOFFMANN

Proof. We consider a principal G-bundle on C whose moduli point is in W℘p , but
not in W℘ ∪ Wℓpπ . The exact sequences 0 → ℓπ → ℘ → ℓ0 → 0 and 0 → ℓpπ →
℘p → ℓ0 → 0 of G-modules induce exact sequences

0 → L −→ E −→ OC → 0 and 0 → L⊗p −→ Frob∗(E) −→ OC → 0

of associated vector bundles on C, where Frob : C → C is the absolute Frobe-
nius. Our assumption means that the extension E doesn’t split, but the extension
Frob∗(E) does split.

In particular, there is a nonzero morphism Frob∗(E) → L⊗p of vector bundles
on C. Using adjunction, we obtain a nonzero morphism

ϕ : E −→ Frob∗(L
⊗p) = Frob∗(Frob

∗(L)) = L⊗ Frob∗(OC).

Since H0(C,Frob∗(OC)) = H0(C,OC) = k, the restriction of ϕ maps L ⊆ E to the
subbundle L ⊆ L⊗Frob∗(OC). Thus we obtain a nonzero morphism of short exact
sequences over C

(1) 0 // L //

��

E //

ϕ

��

OC
//

ϕ

��

0

0 // L // L⊗ Frob∗(OC) // L⊗ Frob∗(OC)/OC
// 0.

The top row doesn’t split, so ϕ 6= 0. This shows

W℘p ⊆ W℘ ∪Wℓpπ ∪ (π∗)
−1(W ′)

as closed loci in MG, where we put

W ′ := {[L] : H0
(
C,L⊗ Frob∗(OC)/OC

)
6= 0} ⊆ MGm

.

As d ≤ 0 by assumption, W℘ ∪ Wℓpπ has codimension ≥ g − 1 in Md
G due to

Corollary 3.3 and Lemma 3.1. Due to [23, Théorème 4.1.1], we have M0
Gm

6⊆ W ′

and hence Md
Gm

6⊆ W ′. This implies part (i) of the lemma.

In the situation of part (ii), we conclude D ⊆ (π∗)
−1(D′) for some irreducible

component D′ of W ′ ∩Md
Gm

. But D is a prime divisor, π∗ is smooth, and D′ 6=

Md
Gm

. It follows that D′ is also a prime divisor, and that D = (π∗)
−1(D′). This

proves part (ii) of the lemma.
Now suppose p = 2. Then Frob∗(OC)/OC is a line bundle on C, of degree g − 1

[23, p. 118]. If deg(L) = d, then ϕ is a nonzero section of a line bundle of degree
g − 1 + d. Sending our G-bundle to the divisor of this section defines a morphism

Md
G ∩W℘2 \ (W℘ ∪Wℓ2π ) −→ C(g−1+d).

This is an open embedding, since the top row in (1) can be reconstructed from L
and ϕ by pulling back the bottom row. Hence we conclude

dim
(
Md

G ∩W℘2 \ (W℘ ∪Wℓ2π)
)
≤ g − 1 + d.

As we are assuming d ≤ 0, part (iii) of the lemma follows. �
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4. B-modules

In this section, we assume that our algebraic group G over k is of adjoint type
and simple. Choose a Borel subgroup B ⊆ G, and a maximal torus T ⊆ B. Let us
denote by

Hom(T,Gm) ⊃ Φ ⊃ Φ+ ∋ α1, . . . , αl

the root system of G with respect to T , the positive roots with respect to B, and
the simple roots, respectively. We adopt the following:

Convention 4.1. In the case Φ ∼= G2, we number the two simple roots α1, α2 ∈ Φ+

in such a way that α1 is short and α2 is long.

Every B-module V decomposes into T -eigenspaces

V =
⊕

χ∈Hom(T,Gm)

Vχ.

E. g. the adjoint action of B ⊆ G on g yields the Cartan decomposition

g = g0 ⊕
⊕

α∈Φ

gα.

We choose basis vectors eα ∈ gα that form a Chevalley system; see for example [7,
p. 56f.]. Given a root α ∈ Φ, [9, Exposé XXII, Théorème 1.1] provides a unique
T -equivariant morphism of algebraic groups

expα : gα −→ G

whose derivative at 0 is the inclusion gα →֒ g. The map expα is an isomorphism
onto a closed subgroup, which we denote by Uα ⊆ G.

Put uα := expα(eα) ∈ Uα. Let U denote the unipotent radical of B; it is
generated by the Uα with α ∈ Φ+. For every B-module V , the action of Uα ⊆ B
on T -eigenvectors v ∈ Vχ satisfies

(2) expα(teα) · v = v +
∑

n≥1

tnρχ,nα(v)

for all t ∈ k, with linear maps ρχ,nα : Vχ → Vχ+nα; see e. g. Lemma 5.2 of [4].
Hence the space of invariants V B ⊆ V is the kernel of the linear map

⊕ρ0,nα : V0 −→
⊕

α∈Φ+

⊕

n≥1

Vnα.

Therefore, given a short exact sequence 0 → V ′ → V → V ′′ → 0 of B-modules, the
snake lemma yields an exact sequence of vector spaces

(3) 0 → (V ′)B −→ V B −→ (V ′′)B −→ coker
(
V ′
0

⊕ρ0,nα
−−−−→

⊕

α∈Φ+

⊕

n≥1

V ′
nα

)
.

For each simple root αi, we define a homomorphism of algebraic groups

πi : B = U ⋊ T −→ Ga ⋊Gm

as the product of αi : T → Gm with the projection U → Ga that vanishes on all
Uα with α ∈ Φ+ \ {αi}, and maps exp(teαi) ∈ Uαi to t ∈ Ga.

As G is of adjoint type, the product map
∏
i αi : T → Glm is an isomorphism.

Thus we get an exact sequence

(4) 1 −→ U ′ −→ B
∏

i πi
−−−→ (Ga ⋊Gm)

l −→ 1



8 I. BISWAS AND N. HOFFMANN

of algebraic groups over k, where U ′ is generated by all Uα with α ∈ Φ+ not simple.
In particular, U ′ is smooth and connected.

Put q = 1, or let q be a power of p if char(k) = p ≥ 2. Let ℘qi denote the
B-module obtained via πi from the (Ga⋊Gm)-module ℘q, and put ℘i := ℘1

i . These
are indecomposable B-modules of dimension 2.

Proposition 4.2. Let V be an indecomposable B-module of dimension 2. Then

V ∼= ℓχ ⊗ ℘qi for some character χ : B → Gm, some simple root αi, and some

number q as above.

Proof. Because V is indecomposable of dimension 2, there is a positive root α such
that Uα ⊆ B acts nontrivially on V .

Using relation (2), this observation implies V ∼= ℓχ ⊕ ℓχ+qα as T -modules, for
some character χ : T → Gm and some integer q ≥ 1.

Choosing eigenvectors vψ ∈ Vψ , we moreover see that exp(teα) ∈ Uα maps vχ to
vχ + ctqvχ+qα for a constant c ∈ k. Here c 6= 0, as V is indecomposable. Replacing
vχ by cvχ yields c = 1 without loss of generality.

Since the map Uα → GL(V ) at hand is a group homomorphism, we have q = 1,
or q is a power of char(k) ≥ 2. We claim that α is a simple root αi; then V ∼= ℓχ⊗℘

q
i

will follow.
Suppose that α is not simple. Then α = β + γ for some β, γ ∈ Φ+. We assume

without loss of generality that γ is not longer than β. Let n ≥ 1 be maximal such
that β0 := α− nγ ∈ Φ+; then n ≤ 3.

If γ is long, then β is also long by assumption, so n = 1, and β0 = β is long as
well. Thus γ is not longer than β0 in any case.

Due to [9, Exposé XXIII, Proposition 6.4], the equation

uβ0
uγ = uγuβ0

(uβ0+γ)
±1(uβ0+2γ)

±1(uβ0+3γ)
±1(u2β0+3γ)

±1

holds in B, using the convention uψ := 1 for ψ 6∈ Φ. One of these factors is (uα)
±1;

it acts nontrivially on V by assumption. But all other factors in this equation act
trivially on V , due to relation (2).

This contradiction proves the claim. �

Corollary 4.3. If V is a B-module with V B = 0, then V is a successive extension

of B-modules of the form ℓχ with χ 6= 0, or of the form ℘qi .

Proof. Suppose V B = 0 and V 6= 0. We argue by induction on dimV . As B is
solvable, there is a 1-dimensional B-submodule V 1 ⊆ V . From the exact sequence
(3), we see that there are two possible cases:

• (V/V 1)B = 0, and V 1 ∼= ℓχ for some nontrivial character χ : T → Gm.
• dim(V/V 1)B = 1, and V 1 ∼= ℓnα for some α ∈ Φ+ and some n ≥ 1.

In the second case, let V 2 ⊆ V be the inverse image of (V/V 1)B ⊆ V/V 1. Then
(V 2)B = 0, and V 2 ∼= ℓ0 ⊕ ℓnα as T -modules. Due to Proposition 4.2, this implies
V 2 ∼= ℘qi for some i and q. The short exact sequence

0 −→ (V/V 1)B −→ V/V 1 −→ V/V 2 −→ 0

of B-modules yields an exact sequence (3) of vector spaces, from which we conclude
(V/V 2)B = 0. This completes the induction. �

Proposition 4.4. Let φ : g → g be a B-equivariant k-linear map. Then φ = λ · idg
for some constant λ ∈ k.
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Proof. Since φ is a T -module endomorphism, it is a direct sum of components
φ0 ∈ End(g0) and φα ∈ End(gα) for α ∈ Φ. As dim gα = 1, we have φα = λα · idgα

with λα ∈ k. We put λ := λθ for the highest root θ ∈ Φ+.
Suppose that α = β + γ holds for α, β, γ ∈ Φ+, and let n ≥ 1 be maximal such

that β0 := α− nγ ∈ Φ+. The action of Uγ on g satisfies

uγ · eβ0
= eβ0

+
∑

m≥1

±eβ0+mγ

according to [7, p. 64], with the convention eψ = 0 for ψ 6∈ Φ. Comparing eigenval-
ues of φ on both sides, we conclude λβ0

= λβ0+γ = . . ., and in particular λβ = λα.
By symmetry, we also have λγ = λα.

Writing α as a sum of simple roots αir , an iteration of this argument shows
λαir

= λα for all r. All simple roots appear in the highest root, so we get in

particular λαi = λ for all i, and hence λα = λ for all α ∈ Φ+.
For every α ∈ Φ+, the formulas in [7, p. 64] contain in particular

uα · e−α = e−α + [eα, e−α]− eα.

Comparing the effect of φ on both sides shows λ−α = λα = λ.
The map g0 → ⊕igαi , h 7→ (uαi · h − h)i, is an isomorphism due to the exact

sequence (4). Since φ is B-equivariant, it commutes with this isomorphism. Hence
φ0 = λ · idg0

follows; thus φ = λ · idg. �

Corollary 4.5. The B-module V := End(g)/k · id is a successive extension of

B-modules of the form

• ℓα for some root α ∈ Φ, or
• ℓα−β for some pair of different roots α 6= β ∈ Φ, or
• ℘i for some simple root αi, or
• ℘2

i for some simple root αi in the case char(k) = 2, or
• ℘3

1 in the case char(k) = 3 and Φ ∼= G2.

Proof. We use the short exact sequence of B-modules

0 −→ ℓ0 ∼= k · id −→ End(g) −→ V −→ 0.

Proposition 4.4 states End(g)B = k · id. Therefore, the associated exact sequence
(3) of vector spaces shows V B = 0. Hence Corollary 4.3 applies, so V is a successive
extension of some ℘qi and some ℓχ for nontrivial χ.

Here ℓχ can only appear if the T -eigenspace Vχ is nonzero, or in other words if
χ is a root or a difference of roots. Similarly, ℘qi can only appear if qαi is a root
or a difference of roots. According to the classification of root systems, the latter
happens only if q ≤ 2, or if q = 3 and Φ ∼= G2 and αi = α1 is short. �

5. Proof of Theorem 2.5

Let G be reductive, with center Z, and let π : G → G/Z be the projection.
For each principal G-bundle E with induced principal (G/Z)-bundle π∗E, we have
Aut(E)/Z ⊆ Aut(π∗E). Thus Mrs

G contains the inverse image of Mrs
G/Z under the

1-morphism π∗ : MG → MG/Z .
As this π∗ is flat according to [3, Lemma 2.2.2], it suffices to prove the theorem

for G/Z instead of G. Thus we can assume without loss of generality that G is of
adjoint type, and also that G is simple.



10 I. BISWAS AND N. HOFFMANN

Let E be a principal G-bundle on C. If its adjoint vector bundle ad(E) =
E×G g has only scalar endomorphisms, then Aut(E) is trivial. This shows that the
complement of Mrs

G in Ms
G is contained in the Brill-Noether locus WEnd(g)/k·id ⊆

MG. Hence Theorem 2.5 is a consequence of the following proposition.

Proposition 5.1. Let G be simple of adjoint type. Let d ∈ π1(G) be given.

i) If g ≥ 3, then the complement of WEnd(g)/k·id in Md
G is non-empty.

ii) If g ≥ 4, then WEnd(g)/k·id has codimension ≥ 2 in Md
G.

In order to prove this proposition, we use the notation of the previous section.
So T ⊆ B ⊆ G is a maximal torus in a Borel subgroup, and

α1, . . . , αl ∈ Φ+ ⊆ Φ ⊆ Hom(T,Gm)

are the simple roots, the positive roots, and all roots of G, respectively. If G is of
type G2, then α1 is the short simple root by Convention 4.1.

An element δ ∈ π1(B) = Hom(Gm, T ) is called minuscule if δ 6= 0, and 〈α, δ〉 ∈
{0, 1} holds for all positive roots α ∈ Φ+ of G with respect to B. Every nonzero
element d ∈ π1(G) has a unique minuscule lift δ ∈ π1(B) according to [6, Chapitre
VIII, §7, Proposition 8].

Lemma 5.2. Suppose that δ ∈ π1(B) is zero, or that −δ is minuscule.

i) If g ≥ 3, then the complement of WEnd(g)/k·id in Mδ
B is non-empty.

ii) If g ≥ 4, and WEnd(g)/k·id contains a prime divisor D ⊆ Mδ
B, then Φ ∼= G2,

δ = 0, and D = (α1)
−1
∗ (D′) for a prime divisor D′ ⊆ M0

Gm
.

Proof. Note that WV ⊆ WV ′ ∪WV ′′ for every short exact sequence

0 −→ V ′ −→ V −→ V ′′ −→ 0

of B-modules. Using Corollary 4.5, we may thus replace the B-module End(g)/k ·id
by the 1- and 2-dimensional B-modules V listed there.

The cases V = ℓα and V = ℓα−β follow from Lemma 3.1. It remains to treat the
cases V = ℘i, V = ℘2

i , and V = ℘3
1.

The exact sequence (4) shows that the kernel of πi : B ։ Ga⋊Gm is smooth. So
the induced map (πi)∗ : MB → MGa⋊Gm

is also smooth, by deformation theory.
Now use Corollary 3.3 and Lemma 3.4. �

Proof of Proposition 5.1. The claim 5.1.i follows from Lemma 5.2.i.
Now suppose g ≥ 4, and that WEnd(g)/k·id contains a prime divisor D ⊆ Md

G.

Then its ideal sheaf O(−D) is a line bundle, since Md
G is smooth. This line bundle

is nontrivial because H0(Md
G,O) = k, cf. for example [3, Theorem 5.3.1.i].

For any lift δ ∈ Hom(Gm, T ) of d, the pullback of O(−D) to Mδ
T is still non-

trivial, due to [3, Lemma 5.2.6 and Theorem 5.3.1.iv]. In particular, the pullback
of O(−D) to Mδ

B is also nontrivial. Thus the inverse image WEnd(g)/k·id ⊆ MB

contains a prime divisor in Mδ
B.

Assuming moreover that G is of type G2, we have π1(G) = 0, so d = 0, and
T = ker(α1) × ker(α2). The pullback of O(−D) to M0

ker(α1)
is nontrivial by [3,

Proposition 4.4.7.iii]. Thus WEnd(g)/k·id ⊆ MB contains a prime divisor in M0
B

that is no pullback along α1.
These conclusions contradict Lemma 5.2. The claim 5.1.ii follows. �
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6. The obstruction against Poincaré families

Let the smooth connected group G be reductive, and consider d ∈ π1(G).

Definition 6.1. A Poincaré family for an open subscheme U ⊆ M
d,rs
G is a prin-

cipal G-bundle E on C × U such that for every point x ∈ U , the corresponding
isomorphism class of stable G-bundles contains E|C×{x}.

Let Z ⊆ G denote the scheme-theoretic center. The coarse moduli map

π : Md,rs
G −→ M

d,rs
G

is a gerbe with band Z for the étale topology; local sections of π are given by the
étale slices in the proof of Proposition 2.3. Let

ψdG ∈ H2
ét(M

d,rs
G , Z)

be the cohomology class corresponding to the gerbe π, according to [11]. Note that
a Poincaré family for U is a section of the gerbe π over U . Thus ψdG vanishes if and

only if there is a Poincaré family for Md,rs
G .

Now suppose M
d,rs
G 6= ∅. Slightly abusing notation, we also denote by ψdG its

restriction to the generic point ηMd
G
∈ M

d,rs
G . This restriction

ψdG ∈ H2
ét(ηMd

G
, Z)

vanishes if and only if there is a Poincaré family for some open subscheme ∅ 6= U ⊆
M
d,rs
G . In this section, we determine the order of these obstruction classes. The

result is given in terms of the root system of G.
Let G for the moment be of adjoint type. Choose a maximal torus T ⊆ G. Let

Λcoroots ⊆ ΛT := Hom(Gm, T ) denote the subgroup generated by the coroots of
G. The Weyl group W of (G, T ) acts on ΛT . This action preserves the subgroup
Λcoroots, and the induced action on the quotient group ΛT /Λcoroots = π1(G) is
trivial.

Lemma 6.2. Given an even W -invariant symmetric bilinear form

Λcoroots × Λcoroots −→ Z,

its bilinear extension ΛT × ΛT → Q descends to a symmetric bilinear map

π1(G) × π1(G) −→ Q/Z.

Proof. Let b : Λcoroots×Λcoroots → Z beW -invariant, symmetric, bilinear, and even
in the sense that b(λ, λ) is even for all λ ∈ Λcoroots. Given a root α : ΛT → Z of G,
with corresponding coroot α∨ ∈ ΛT , the formula

b(λ, α∨) = α(λ) · b(α∨, α∨)/2

holds for all λ ∈ Λcoroots, according to [5, Chapitre VI, §1, Lemme 2]. In particular,
the map b( , α∨) : Λcoroots → Z is an integral multiple of α, and hence extends to
a linear map ΛT → Z. Thus the bilinear extension ΛT × ΛT → Q of b is integral
on ΛT × Λcoroots, and also on Λcoroots × ΛT by symmetry. Hence the composition
ΛT × ΛT → Q ։ Q/Z descends to a bilinear map π1(G)× π1(G) → Q/Z. �

Definition 6.3. Suppose that G is of adjoint type. We denote by

Ψ(G) ⊆ Hom(π1(G)⊗ π1(G),Q/Z)
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type of G π1(G) Ψ(G) generator of Ψ(G)

Al, l ≥ 1 Z/l+1
Z/l+1 mult: Z/l+1 ⊗ Z/l+1 −→ Z/l+1

Bl, l ≥ 2 Z/2 0 —

Z/2 mult: Z/2 ⊗
Z/2 −→ Z/2 l odd

Cl, l ≥ 3 Z/2
0 — l even

Z/4
Z/4 mult: Z/4 ⊗ Z/4 −→ Z/4 l odd

Dl, l ≥ 4 ( 0 1
1 0 ) : (

Z/2)
2 ⊗ (Z/2)

2 −→ Z/2 l ∈ 4Z
(Z/2)

2 Z/2
( 1 0
0 1 ) : (

Z/2)
2 ⊗ (Z/2)

2 −→ Z/2 l ∈ 4Z+ 2

E6
Z/3

Z/3 mult: Z/3 ⊗ Z/3 −→ Z/3

E7
Z/2

Z/2 mult: Z/2 ⊗ Z/2 −→ Z/2

E8 0 0 —

F4 0 0 —

G2 0 0 —

Table 1. The abelian group Ψ(G) for simple G of adjoint type.
(To obtain the required maps to Q/Z, embed Z/n into Q/Z).

the abelian group of all bilinear maps b : π1(G) × π1(G) → Q/Z that come from
even W -invariant symmetric bilinear forms Λcoroots × Λcoroots → Z.

Note that Ψ(G) is determined by the root system of G. If G = G1 × G2, then
Ψ(G) = Ψ(G1) ⊕ Ψ(G2). If G is a simple group, then the abelian group Ψ(G) is
cyclic, and a generator is given by Table 1.

Now return to the general case where G is reductive. Let Z0 be the (reduced)
identity component in the center Z of G. The central isogenies

G′ := [G,G] ։ Ḡ := G/Z0
։ Gad := G/Z

correspond to subgroups π1(G
′) ⊆ π1(Ḡ) ⊆ π1(G

ad). If G is semisimple, then
G′ = Ḡ = G, so we just have one subgroup π1(G) ⊆ π1(G

ad).

Definition 6.4. For reductive G, we denote by Ψ′(G) ⊆ Ψ(Gad) the subgroup of
all elements b : π1(G

ad)× π1(G
ad) → Q/Z in Ψ(Gad) with

b(π1(Ḡ)× π1(G
′)) = 0.

Given an element d ∈ π1(G) with image d̄ ∈ π1(Ḡ), we denote by

evdG : Ψ′(G) −→ Hom(
π1(G

ad)

π1(G′)
,Q/Z)

the evaluation map that sends b to b(d̄, ) : π1(G
ad) → Q/Z.

Remark 6.5. This finite abelian group Hom(π1(G
ad)

π1(G′) ,Q/Z) can be identified with

the character group Hom(Z ′,Gm) of the center Z ′ ⊆ G′; cf. the equations (7) in
the proof of Proposition 7.2 below.
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Theorem 6.6. Assume g ≥ 3. Let G be reductive, with scheme-theoretic center

Z. The order of ψdG in H2
ét(ηMd

G
, Z) is the exponent of the finite abelian group

coker(evdG) in Definition 6.4.

Corollary 6.7. Assume g ≥ 3. There is a Poincaré family for some non-empty

open subscheme U ⊆ Md
G if and only if the evaluation map evdG in Definition 6.4

is surjective.

Theorem 6.8. Assume g ≥ 4. The order of ψdG in H2
ét(M

d,rs
G , Z) is the least

common multiple of its order in H2
ét(ηMd

G
, Z) and the exponent of the finite abelian

group Hom(Z/Z0,Gm).

Corollary 6.9. Assume g ≥ 4, and that there is a Poincaré family for some non-

empty open subscheme U ⊆ Md
G. Then there is a Poincaré family for M

d,rs
G if and

only if Z is a torus.

Theorem 6.6 and Theorem 6.8 are proved in the next section.

Remark 6.10. The assumption g ≥ 3 (respectively, g ≥ 4) is needed only to ensure

that Md,rs
G is non-empty (respectively, that its complement has codimension ≥ 2

in Md
G). In the case char(k) = 0, these statements about Md,rs

G are proved also
for smaller g in [10, Theorem II.6]. In this case, Theorem 6.6 and its Corollary 6.7
follow also for g = 2, while Theorem 6.8 and its Corollary 6.9 follow also for g = 3,
and even for g = 2 unless there is a nontrivial homomorphism G→ PGL2.

7. Gerbes with band Z

We say that an algebraic group Z over k is of multiplicative type if it is of the
form Z ∼= Grm × µn1

× · · · × µns with r, s ≥ 0 and n1, . . . , ns ≥ 1.
Let U be an integral scheme of finite type over k. Let π : U → U be a gerbe

with band Z for an algebraic group Z of multiplicative type over k. We denote the
cohomology class of this gerbe by ψU ∈ H2

ét(U,Z).
The stack U is given by a groupoid U(S) for each k-scheme S. Since π is a gerbe

with band Z, we have an isomorphism ιE : Z(S) → AutU(S)(E) for every object E
in U(S). These data are subject to appropriate compatibility conditions.

Now let L be a line bundle on U . Recall that L is given by a functor LS from
U(S) to the groupoid of line bundles on S for every k-scheme S. In particular, LS
defines for every object E in U(S) a group homomorphism

LS,E : AutU(S)(E) −→ AutOS(LS(E)) = Γ(S,O∗
S).

The compatibility conditions ensure that the compositions

Z(S)
ιE−→ AutU(S)(E)

LS,E
−→ Γ(S,O∗

S)

define a 1-morphism Z × U → Gm × U over U . Because U is connected and
Hom(Z,Gm) is discrete, this 1-morphism is the pullback of some character χ : Z →
Gm. We call χ the weight of L. Sending each line bundle L on U to its weight χ
defines a group homomorphism

wt : Pic(U) −→ Hom(Z,Gm).

If L has trivial weight, then it descend to U , so we have an exact sequence

0 −→ Pic(U) −→ Pic(U)
wt
−→ Hom(Z,Gm).
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Example 7.1. Let ∅ 6= U ⊆ Md
G be an open substack, with G reductive. Given a

k-scheme S, the objects in U(S) are principal G-bundles E on C × S. The center
Z ⊆ G acts by automorphisms on every principal G-bundle. Thus we obtain a
homomorphism ιE : Z(S) → AutU(S)(E) for every object E in U(S).

Suppose U ⊆ Md,rs
G , and let U ⊆ M

d,rs
G be the corresponding open subscheme.

Then all ιE are isomorphisms, and they turn the coarse moduli map π : U → U
into a gerbe with band Z. In particular, the action of Z on fibers of line bundles L
on U defines a group homomorphism

wt = wtdG : Pic(U) −→ Hom(Z,Gm).

However, the definition of wt(L) used only the homomorphisms ιE , not the fact

that they are isomorphisms. Thus we can drop the assumption U ⊆ Md,rs
G , and the

same construction yields a group homomorphism

wt = wtdG : Pic(U) −→ Hom(Z,Gm)

for every non-empty open substack U ⊆ Md
G.

Proposition 7.2. Given G reductive and d ∈ π1(G), consider the map

wt = wtdG : Pic(Md
G) −→ Hom(Z,Gm).

i) The kernel of wtdG contains the torsion in Pic(Md
G).

ii) The cokernel of wtdG is isomorphic to the cokernel of the map evdG in Defi-

nition 6.4.

Proof. In [3, Definition 5.2.1], we have defined a finitely generated free abelian group
NS(Md

G) in terms of the root system of G. Instead of repeating the definition, we
just recall the properties that we need here:

(a) There is a canonical epimorphism cG : Pic(Md
G) ։ NS(Md

G).
(b) Every homomorphism of reductive groups ϕ : G→ H induces a homomor-

phism of abelian groups ϕNS,d such that the diagram

Pic(Me
H)

cH // //

ϕ∗

��

NS(Me
H)

ϕNS,d

��

Pic(Md
G)

cG // // NS(Md
G)

commutes, with e := ϕ∗(d) ∈ π1(H).
(c) If G = T is a torus, then NS(Md

T ) = Hom(T,Gm) ⊕ NS(M0
T ), and the

weight map wtdT : Pic(Md
T ) → Hom(T,Gm) is the composition

Pic(Md
T )

cT−→ NS(Md
T )

pr1−−→ Hom(T,Gm).

(d) Choose a maximal torus T ⊆ G. In the notation of Definition 6.4, let
T ′

։ T̄ ։ T ad be the induced tori in G′
։ Ḡ։ Gad. Their lattices

ΛT ′ := Hom(Gm, T
′) ⊆ ΛT̄ := Hom(Gm, T̄ ) ⊆ ΛT ad := Hom(Gm, T

ad)

all contain Λcoroots. Let Ψ̃(G) denote the group of all bilinear maps

b : ΛT̄ × ΛT ′ −→ Z
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whose restriction Λcoroots × Λcoroots → Z is W -invariant, symmetric, and
even. Then one has a canonical exact sequence

0 −→ NS(Me
G/G′)

πNS,d

−−−→ NS(Md
G)

pr2−−→ Ψ̃(G) −→ 0

where π : G։ G/G′ is the projection, and e := π∗(d) ∈ π1(G/G
′).

(e) Let ι : T →֒ G be the inclusion. Choose a lift δ ∈ ΛT of d ∈ π1(G), and let
δ̄ ∈ ΛT̄ be the image of δ. Then the following diagram commutes:

NS(Md
G)

pr2 //

pr1◦ι
NS,δ

��

Ψ̃(G)

b7→b(−δ̄, )

��

Hom(T,Gm)
χ7→χ|T ′

// // Hom(T ′,Gm)

These properties are contained in Proposition 5.2.11 and Theorem 5.3.1 of [3]; see
also its Subsection 3.2 for (c), and its Definition 5.2.5 for (e).

The inclusion ι : T →֒ G of a maximal torus and the maximal commutative
quotient π : G։ G/G′ induce a commutative diagram

(5) Pic(Me
G/G′)

π∗

//

wte
G/G′

��

Pic(Md
G)

ι∗ //

wtdG
��

Pic(Mδ
T )

wtδT
��

Hom(G/G′,Gm)
π∗

// Hom(Z,Gm) Hom(T,Gm).oooo

In particular, the map wtdG factors through the torsionfree abelian group Hom(T,Gm);
this proves part (i).

Let Z ′ denote the scheme-theoretic center of G′; then Z/Z ′ ∼= G/G′. In this
diagram (5), the map wteG/G′ is surjective by property (c), so the image of wtdG
contains the image Hom(Z/Z ′,Gm) of π∗; consequently, the cokernel of wtdG is
isomorphic to the cokernel of the composition

(6) Pic(Md
G)

ι∗
−→ Pic(Mδ

T )
wtδT−−→ Hom(T,Gm) ։ Hom(Z ′,Gm).

Using the canonical identification

(7) Hom(Z ′,Gm) =
Hom(ΛT ′ ,Z)

Hom(ΛT ad ,Z)
= Hom(

ΛT ad

ΛT ′

,
Q

Z
) = Hom(

π1(G
ad)

π1(G′)
,
Q

Z
),

the above properties (a) – (e) yield a commutative diagram

Pic(Md
G)

cG // //

ι∗

��

NS(Md
G)

pr2 // //

pr1◦ι
NS,δ

��

Ψ̃(G) // //

b7→b(−δ̄, )

��

Ψ′(G)

−evd
G

��

Pic(Mδ
T )

wtδT // Hom(T,Gm) // // Hom(T ′,Gm) // // Hom(Z ′,Gm)

where the unlabeled arrows are the obvious canonical surjections. Because the three
maps in the top row of this diagram are surjective, the cokernel of the composition
(6) is isomorphic to the cokernel of evdG. �
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Lemma 7.3. Let M be an Artin stack which is locally of finite type and smooth

over k. Let U ⊆ M be an open substack.

i) The restriction map Pic(M) → Pic(U) is surjective.

ii) If M\ U has codimension ≥ 2 in M, then Pic(M) = Pic(U).

Proof. i) Suppose U ( M, and let L be a line bundle on U . Using Zorn’s lemma, it
suffices to extend L to a line bundle on M′ for some open substack U ( M′ ⊆ M.
We can choose a quasi-compact open substack U ′ ⊆ M not contained in U , and
take M′ := U ∪ U ′. To extend L to M′, it suffices to extend L|U∩U ′ to U ′. Thus
we may assume without loss of generality that M is quasi-compact.

Now M and U are of finite type over k. Then [19, Corollaire 15.5] allows us to
extend L to a coherent sheaf on M, namely to a coherent subsheaf of j∗(L), where
j : U →֒ M is the inclusion. Using smoothness, the bidual of this coherent sheaf of
rank one on M is the required line bundle extending L.

ii) Suppose that M\U has codimension ≥ 2 in M, and let L be a line bundle on
M. Every section of L or L−1 over U extends uniquely to M by Hartog’s theorem.
Hence the restriction map Pic(M) → Pic(U) is also injective. �

Lemma 7.4. Let ϕ : Z → Z ′ be a homomorphism of algebraic groups over k, with
Z and Z ′ of multiplicative type. Given an integral scheme U of finite type over k,
and a gerbe π : U → U with band Z, the following conditions are equivalent:

i) The class ψU ∈ H2
ét(U,Z) is in the kernel of H2

ét(U,Z)
ϕ∗

−→ H2
ét(U,Z

′).
ii) There is a group homomorphism σ : Hom(Z ′,Gm) → Pic(U) with

wt ◦σ = ϕ∗ : Hom(Z ′,Gm) −→ Hom(Z,Gm).

Proof. Let π′ : U ′ → U be a gerbe with band Z ′, and let ψU ′ ∈ H2
ét(U,Z

′) be
its class. According to Proposition IV.3.1.5 and Théorème IV.3.4.2 in [11], the
relation ϕ∗(ψU ) = ψU ′ holds if and only if there is a 1-morphism U → U ′ over U
which induces ϕ on automorphism groups.

In particular, ψU is in the kernel of ϕ∗ if and only if there is a 1-morphism
Σ : U → BZ ′ which induces ϕ on automorphism groups.

Given such a 1-morphism Σ, the required group homomorphism σ is

σ := Σ∗ : Hom(Z ′,Gm) = Pic(BZ ′) −→ Pic(U).

Conversely, let σ : Hom(Z ′,Gm) → Pic(U) be given. Choosing an isomorphism

Z ′ ∼= Grm × µn1
× · · · × µns ,

let χ1, . . . , χr : Z ′ → Gm and χr+i : Z
′ → µni for i = 1, . . . , s be the projections.

Their images under σ are line bundles L1, . . . ,Lr+s on U such that L⊗ni

r+i is trivial
for all i.

The tuple (L1, . . . ,Lr) defines a 1-morphism U → BGrm, and Lr+i together with
a trivialisation of L⊗ni

r+i defines a 1-morphism U → Bµni . Let Σ : U → BZ ′ be the
product of these 1-morphisms. If wt ◦σ = ϕ∗, then Σ induces ϕ on automorphism
groups, and ϕ∗(ψU ) = 0 follows. �

Proof of Theorem 6.6. Consider a positive integer n ≥ 1.
Suppose n · ψdG = 0 generically. Then n · ψU = 0 ∈ H2

ét(U,Z) for some open

subscheme ∅ 6= U ⊆ M
d,rs
G , with U := π−1(U) ⊆ Md,rs

G . Applying Lemma 7.4 to
n : Z → Z, we get a map

σ : Hom(Z,Gm) −→ Pic(U)
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with wtdG ◦σ = n. In particular, the cokernel of

wtdG : Pic(U) −→ Hom(Z,Gm)

is annihilated by n. But wtdG : Pic(Md
G) → Hom(Z,Gm) has the same cokernel,

because the restriction map Pic(Md
G) → Pic(U) is surjective due to Lemma 7.3.i.

Using Proposition 7.2.ii, it follows that the cokernel of evdG is also annihilated by
n.

Conversely, suppose that coker(evdG) is annihilated by n. We write

Hom(Z,Gm) ∼= Zr ⊕ Z/n1 ⊕ · · · ⊕ Z/ns,

and let χ1, . . . , χr+s ∈ Hom(Z,Gm) be the corresponding generators. Using the
assumption, Proposition 7.2.ii allows us to find line bundles

L1, . . . ,Lr+s ∈ Pic(Md
G)

such that Li has weight nχi. Then the line bundles

L⊗n1

r+1 , . . . ,L
⊗ns
r+s

all have trivial weight. Hence their restrictions descend to M
d,rs
G , and are thus

trivial over some open subscheme ∅ 6= U ⊆ M
d,rs
G . Consequently, the line bundles

L1, . . . ,Lr+s define a group homomorphism

σ : Hom(Z,Gm) −→ Pic(U), U := π−1(U) ⊆ Md,rs
G .

We have wtdG ◦σ = n by construction. Hence n · ψU = 0 ∈ H2
ét(U,Z) according to

Lemma 7.4. This shows n · ψdG = 0 generically. �

Proof of Theorem 6.8. Consider a positive integer n ≥ 1.

Suppose n·ψdG = 0 in H2
ét(M

d,rs
G , Z). Applying Lemma 7.4 to the map n : Z → Z,

we get a homomorphism σ : Hom(Z,Gm) → Pic(Md,rs
G ) with wtdG ◦σ = n. Here

the map wtdG vanishes on all torsion elements, according to Proposition 7.2.i and
Lemma 7.3.ii. It follows that n annihilates the torsion subgroup Hom(Z/Z0,Gm)
of Hom(Z,Gm).

Conversely, suppose that n annihilates Hom(Z/Z0,Gm), and n · ψdG = 0 generi-

cally. Then there is an open subscheme ∅ 6= U ⊆ M
d,rs
G with

n · ψU = 0 ∈ H2
ét(U,Z), U := π−1(U) ⊆ Md,rs

G .

We choose characters χ1, . . . , χr : Z → Gm whose restrictions to Z0 form an iso-
morphism Z0 ∼= Grm. Applying Lemma 7.4 to n : Z → Z, and using Lemma 7.3.i,
we can find line bundles

L1, . . . ,Lr ∈ Pic(Md,rs
G )

such that Li has weight nχi. We define σ0 : Hom(Z0,Gm) → Pic(Md,rs
G ) by sending

χi to Li. Then the homomorphism

σ : Hom(Z,Gm) −→ Pic(Md,rs
G ), χ 7→ σ0(χ|Z0),

satisfies the equation wtdG ◦σ = n, because both sides of this equation vanish on
Hom(Z/Z0,Gm) and map χi to nχi.

Due to Lemma 7.4, this implies n · ψdG = 0 in H2
ét(M

d,rs
G , Z). �
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Paris: Hermann, 1975.

[7] R.W. Carter. Simple groups of Lie type. London etc.: John Wiley & Sons, 1972.
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