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Gifted Students’ Understanding of Statistics:
Analysis of Data Arising From a Small Group Teaching Experiment

AISLING M. LEAVY
MARY IMMACULATE COLLEGE
UNIVERSITY OF LIMERICK
LIMERICK, IRELAND

ABSTRACT

The principal objective of the study was to gain insight into cognitive processes related to three gifted students understanding of
data. A small group teaching experiment was used to uncover students' understanding of the notion of distribution and consisted
of a clinical interview phase, teaching phase, and analysis phase. Fificen teaching episodes followed the initial clinical interview
and involved students working together on a variety of mathematical activities. The study examined how students organized daia,

described and indexed distributions of data, in addition to investigating their conceptualization of the mean. Results suggest that

(a) modes and ranges were the most salient features of distributions, (b) typical values were generally located in clusters of data,

(c) the mean was not wtilized in the constructed measures of wypicality, and (d) students had a relatively sophisticated
understanding of samples and populations. Implications for curricular treatment of statistics for gified students are discussed.

Introduction

Mathematics instruction for gifted students has often limited
students to a battery of standardized tests, advanced placement
programs and adherence to selected textbooks. This has
restricted the opportunities for gifted students to experience
mathematics as a creative and divergent discipline and further
reinforces the conventional view of mathematics as a well-
structured discipline where answers are either correct or
incorrect (Resnick, 1989). A variety of studies have advocated
multiple approaches in the education of gifted youths.
Arguments have been advanced for an cmphasis on
individualization (Coutant, 1983; Grant & Picchowski, 1999;
Hafenstein & Tucker, 1995; Stcin & Poole, 1997), developing
problem-solving abilities, stimulating originality, initiative, and
self-direction (Rimm, 1990), and investigating real problems and
solutions (Dewey, 1938; Olenchak, 1998; Stein & Poole, 1997).

Within mathematics, the domain of statistics offers currently
unrealized leaming opportunities for gified students as statistics
education has the potential to incorporate many of the features
advocated for inclusion in gifted curricula. Examination of the
nature and structure of the most recent statistics curricular
materials indicates a move towards treating statistics education
as an ill-structured discipline (Lajoie, Jacobs, & Lavigne, 1995)
requiring the use of critical and creative thinking and an inquiry-
based approach to mathematics. Rescarchers emphasize the
importance of students being involved in collecting and
analyzing data that will be used for further analyses (Cockcrofi,
1982; Curcio, 1987; Thompson, 1999; Tukey, 1977). In gified
education, real problems imply that students take on the role of
firsthand inquirers (Reis & Renzulli, 1985), and involvement in
analyzing their own data results in students arriving at
recommendations that have real conscquences. Lehrer &

Romberg (1996) refer to this approach as data modeling and
describe it as “the construction and use of data™.

A major body of research in statistics education focuses on
children’s and adults” ability to understand particular statistical
concepts related to measures of central tendency and/or
variability (Leavy & Middleton, 2001; Leavy & O’Loughlin,
2002; Mevarech, 1983; Mokros & Russcll, 1995; Pollatsek,
Lima & Well, 1981; Strauss & Bichler, 1988). While
distributions of data are described using concepts of central
tendency, variability, skew and kurtosis, research has focused
predominantly on students’ understandings of measures of
central tendency, in particular the mecan. Recent studies in
statistics have advanced knowledge relating to undergraduate
students” (Leavy & O’Loughlin, 2002; Mevarech, 1983) and
children’s understanding of the mean (Cai, 2000; Mokros &
Russell, 1995; Pollatsek, Lima & Well, 1981), children’s notions
of the mean as a conceptual or computational act (Gfeller, Niess
& Lederman, 1999; Pollatsck, Lima & Well, 1981; Zawojewski,
1988) and the development of children’s concepts of the
arithmetic average (Strauss & Bichler, 1988; Watson & Moritz,
2000). What is absent from the research base is a coherent model
of statistics learning that serves to explain the development of
gifted children’s understanding of the indices of distribution, and
how these measurcs are related to cach other and to the notion of
distribution. In addition, little is known of the processes involved
in gifted children undertaking data modeling projects.
Knowledge of thesc processes would inform the development of
curricular materials in statistics for gified children in addition to
providing insights into the potentialitics of statistics education
for non-gifted children.

The present research uncovered mechanisms of
development that explain how gifted children come to
understand the important concepts related to distribution and the
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decision-making processes used to choose appropriate indices of
a given distribution. The establishment of such a model is critical
because without a framework for interpreting students’ statistical
understanding, the resulting knowledge base will remain
disjointed, focusing merely on refining our understanding of
specific areas of statistics but providing no coherent picture of
how individual descriptive statistics contribute to gifted
children’s notion of distribution.

Mathematical treatment of distribution

In recent years, clementary statistics education has moved
from a focus on teaching separate descriptive statistics to a more
holistic approach that examines distributions of data.
Distribution is the “statistical term for the arrangement of the
observations along the scale of measurecment™ (Hardyck &
Petrinovich, 1969). If the data from an assortment of
observations are plotted, there result a varicty of differently
shaped curves. A mathematical treatment of distribution cntails
the use of summary characteristics of the distribution. These are
the moments of the distribution described by Hays (1963) as the
“expectations of different powers of the random variable™.
Moments are used to describe the distributions of real random
variables. The first moment about the origin of a random variable
X is E(X) = mean (a measure of central tendency). The second
moment about the origin is E(X)* and if the mecan is subtracted
from X prior to raising the variable to the second power then
variance E[X - E(X)J’ is considered the sccond moment. The
third moment E[X - E(X)]® is considered to be a measure of
skew, and the fourth moment the kurtosis or pcakedness of the
distribution. If the entire set of moments (central tendency,
variance, skewness and kurtosis) arc taken into consideration,
the distribution can be described exactly.

At the elementary school level, the focus of attention has
predominantly been placed on mcasures of central tendency.
Measures of central tendency, however, do not completely
describe a data set. Averages provide a measure of one feature of
the data set - the center. To adequately describe a distribution,
other indices such as measures of variability are required.
Within the context of clementary school, students arc not
generally introduced to the concept of variability as an additional
means to describe distributions of data. There are few studics, if
any, carried out on children’s attempts to provide accurate
descriptions of a set of data. No investigation has been carried
out of children’s self-constructed mecasures of variability or
spread. No one has investigated if children recognize the need
for depictions of variability to supplement measures of central
tendency when describing data sets. This study sets out to
investigate gified students’ treatment of distributions.

This study examined gifted students’ understanding of
statistics through administration of tasks designed to probe the
following questions:

1. What approaches do gifted students use to organize a sct of
data?

2. What methods do gifted students usc to describe and
summarize a set of data?

3. What conceptualizations do gifted students have of “the
mean”?

Method

Participants

Three students were involved in the study, each of whom
was attending a 3-week mathematics course for academically
precocious children at a major South Western university in
Ireland. Two of the students were female and had just completed
third grade: the other student was male and had completed fifth
grade.

Methodology

Teaching experiment methodology was used to uncover
children’s conceptual understanding of the notion of distribution.
Steffe & Thompson (2000) state, “the primary purpose for using
tcaching experiment methodology is for researchers to
experience, firsthand, students’ mathematical learning and
reasoning.” Teaching experiment methodology is used in the
ficld of mathematics to assess the learning trajectories of
students engaged in mathcmatics and to construct models of
students’ mathematics. Involved were a sequence of teaching
cpisodes that served 10 allow the obscrvation of restructuring in
mathematical schemes. Teaching experiment methodology
consisted of a clinical interview phase, a teaching phase and an
analysis phasc.

Clinical interview

A clinical interview was administered to each of the students
prior to and following the teaching episodes. The purpose of
administering the clinical interview prior to starting the teaching
cpisodes was to identify the experiences that students had had in
statistics. Due to the interrelatedness of many areas of statistics,
for example, the need for children to be able to interpret graphs
before they can calculate measures of central tendency on data
presented to them in graphical form, the information derived
from the clinical interview was essential to the progress of the
study. This information provided a baselinc to anchor the
development of individual children’s learning trajectory. In
addition, a clinical interview was administered following the
teaching episodes. The purpose of this interview was to assess
growth and aid in constructing a model of the student’s statistical
recasoning following the teaching experiment. Both clinical
interviews were identical in structure and form i.e. the same
tasks were used in both.

Clinical interviews consisted of eleven tasks, lasted
approximately 60 minutes and were video taped. Tasks A-C
sought to develop a picture of the cxtent to which students were
familiar with graphical methods. Specifically, they assessed the
ability of students to construct and interpret bar graphs, line
plots, and stem-and-leaf plots. Task D investigated the features
of and factors affecting students’ self-constructed typical values
of a data sct. Tasks E and F investigated students’ ability to
calculate and differentiate between measures of central tendency
i.c. the mean, mecdian and mode. Task G investigated the
strategies children use to compare sets of data, with a view to
examining whether children consider the mean as a measure that
can be used in comparison across scts of data. Tasks H-J
examined children’s understanding related to the mean, in
particular they identified whether children understood certain
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features related to the mean, such as the value of the mean not
being higher than any value in the data set it indexes. All of tasks
H-J were similar to those developed by Strauss and Bichler
(1988). Task H was developed to assess how students understood
that the average is located between the extreme values in the data
set. Task I investigated the ways in which students came to
understand that the average is influenced by values other than the
average, and task J evaluates students’ understanding that the
average value is representative of the values that were averaged.
Task K investigated whether students understood the nced for
additional indices of distribution that supplement measures of
central tendency in order to adequately describe a data sct.

Teaching episodes

Teaching episodes took place after the initial clinical
interview and consisted of the three students working on a
variety of activities. Fifteen tcaching episodes lasting
approximately 30-45 minutes each were carried out with the
small student group; each episode was video taped. Small group
teaching experiment methodology was implemented as small
group structure was a common pedagogical practice. These
episodes were used to construct models of the students’
mathematical thinking and guide children to develop more
sophisticated ways of reasoning about data.

The initial teaching episode (Episode 1) was used to further
probe the results arising from the initial clinical interview and to
test hypotheses arising from the interview. Teaching episodes 2-
3 then focused on data collection and organization. Students
collected sets of raw data and were required to reorganizc the
data in some way they could present it to others. These episodes
were uscd to examine the strategies students might use to
organize the data, identify strategies that might be useful to
students, and facilitate the incorporation of these strategics into
their conceptual schema. Two episodes (4-5) were devoted to
providing instruction on graph construction; in particular the
construction of stem-and-leaf plots and line plots. This was
followed by teaching cpisodes 6-9 devoted to describing and
summarizing distributions. These episodes evaluated how
students described sets of raw and graphical data and
investigated the strategies utilized by children to summarize
data. Specifically, the intent was to investigate the features of the
data to which students attended when describing the data sets
and when constructing typical values. Errors and weaknesses in
children’s reasoning were identified, and tasks were designed to
alert children to alternative and additional strategies. This was
facilitated by constructing data sets that incorporated a range of
features of interest in the study: outliers, modes, and large
variability in data scores. Episode 10 provided experiences in
comparing data sets, both raw and graphical. Further episodes
(11-13) were designed to help children investigate the features of
the mean and develop conceptual understanding of the mcan.
Children were engaged in balancing distributions around mean
values and in constructing distributions around a mean. The final
episodes (14-15) pulled together the components taught and
focused on helping children integrate their learning experiences.
Other unexpected issucs that had arisen and been discussed over

the course of the teaching experiment (sampling, populations,
ethical issues related to data collection etc.) were examined in
the final teaching episodes.

Tasks

The tasks used in the study were from a variety of sources;
the majority were developed by the instructor and others adapted
from previously published research. These tasks were designed
to elicit models of children’s understanding of certain statistical
phcnomena. Tasks were categorized into groups, cach group
tapping into a specific arca of study: group onc tasks investigated
children’s approaches to organizing data, group two tasks were
designed to draw out children’s approaches to describing and
summarizing data (through the construction of typical values),
the third group of tasks cvaluated the methods used by children
to compare data sets, and the fourth group of tasks explored
students’ understanding of the mean.

In so far as possible, the data used in the investigation were
collected by students. Investigation of children’s
conccptualizations of typical values involved students’
determining typical values for the presented data distributions.
The experimenter/teacher then manipulated data in the data set
(adding outliers, replacing modal values, etc.) and confronted
students with making sense of the newly manipulated data.
Problems were presented in several forms (e.g. graphical,
tabular, and word problems). Graphical representations generally
took the form of linc plots and stem-and-leaf plots. These
representations were chosen as they facilitated the viewing of
individual data values as opposed to other graphical
representations in which data are collapsed (pie charts, box-and-
whisker plots). Other activities involved presenting students with
open-cnded problein solving scenarios and engaging students in
discussions related to the problem situations,

Analvsis

The analysis phase involved examining the data gathered
from the clinical interviews and the teaching episodes. Ongoing
analysis occurred between teaching episodes and a retrospective
analysis focused on the cumulative episodes. The main sources
of data were the rescarcher’s field notes, video records of the
interactions, and samples of the student’s written work.

Analysis of the data involved consolidating, reducing and
making sense of the utterances and actions of each of the
participants during cach of the teaching episodes. Key phrases
and statements arising from small group tcaching episodes were
identified, hypotheses relating to the participants’ mathematical
reasoning were made, and tasks were designed to test these
hypotheses (emergent tasks). Emergent tasks were presented in
the subsequent teaching cpisode, examination of the data arising
from the emergent tasks involved seeking disconfirming as well
as confirming evidence to reject or support the previously
constructed hypotheses. When disconfirming evidence was
identified the previous hypothesis was rejected and new
hypotheses and tasks constructed. If confirming evidence was
found, then tasks were designed 1o either further examine the
participant’s conceptualizations, or to challenge the students’
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reasoning in relation to the concept.

Ongoing analysis involved coding and analyzing the audio
records of students’ responses in the teaching cpisodes. The
purpose was to create descriptions of students’ mathcmatical
behaviour and provide explanations of students’ progress over
time. These descriptions took the form of models that denoted
the current understanding of children’s mathematical realities.
Different trajectories evolved as a result of the constraints of
interacting with individual students. Students’ contributions to
the trajectory were noted and attempts made in task construction
to promote the greatest possible progress in learning. Hence the
teaching experiment methodology takes the form of a recursive
cycle (Steffe & Thompson, 2000) in which hypotheses were
formulated, tested, and reconstructed. The language and actions
of students resulting from the continuous interaction with
researchers served as data to confirm or disconfirm hypotheses.

Retrospective analysis of the record of the teaching
experiment occurred after completion of the teaching experiment
and was a critical part of teaching experiment mcthodology.
Careful analyses of audio and videotapes activated rccords of
experiences with students. Thesc experiences were re-examined
in a historical perspective and provided new insights not
available to the researcher at the time the event occurred. Quite
often changes in students’ mathematical structures become
apparent only in retrospect. Hence, the teaching episodes
provided the means to generate in-depth knowledge of children’s
conceptual understanding of data and how it was fostered in a
coherent instructional sequence.

Results

Results of the study present implications for instructional
approaches and the design of statistics curricula for gified
students. Results are structured according to the objectives of the
primary task groupings.

Approaches to organizing data

The practice of organizing data 1o facilitate interpretation
was not a process students entered into naturally. Throughout the
study, there was a lack of awarencss of the need to organize and
categorize data. In cases where students were encouraged to
categorize and organize data for display purposes, data were
rearranged but only in one case did this rearrangement result in
a summarization of the data. The Spare Time Task, developed by
the McClain group at Vanderbilt, presents data on how a class of
seventh graders spends their spare time. This task required
students to reorganize the data (consisting of 24 activitics) so
that the results can be presented on a bulletin board, Examination
of the transcript indicates that Jonathan and Tanya merely
reorganized rather than summarized the data, their approaches
reflecting a temporal rearrangement of the data. Jane was the
only student who provided a summarization of the data, using a
pie chart.
Researcher: How would you organize the information to
make it easier to read?

Jane:

Rescarcher:
Tanya:

Jane:
Tanya:

Researcher:

Jonathan:

Researcher:

Jonathan:

I made a pie graph basically 1 put them into
categories and my first one was something
calm, basically it is when you are doing
something calm. The second was watch TV,
third was on the computer, my fourth was
moving around, and my fifth was musical ..
like something that had to do with music.
Very good .. Tanya what did you do?

I went by ones having something to do with
the other like ..one was read .. 2 was read
comic books .. then watch TV which is like
comics on the TV .. then MTV and then 5 is
watch reruns of the X-files .. then watch old
movies and listen to the grateful dead .. which
leads to listening to music and you exercise
then cause music helps stimulate exercise,
play with the dog which is probably my
exercise .. play the piano .. because it is sort of
relaxing .. 12 ..practice the guitar cause that
has to do with music .. talk on the phone
some people call the phone an instrument
then you go to 14 .. which is write letter, which
is communication .. then you clean your room
so you can find more letters and so on .. and
then surf the internet because .. (shrugs
shoulders) .. 17 is watch sports on TV .. well
you’ve just surfed on the internet so you feel
you want to watch TV then shoot basketball
and then you visit with friends on e-mail .. just
communicate with them .. and you know if
you want to communicate with them .. then
you jog to get out the cobwebs from watching
TV and stuff.

Jonathan, can you explain once again what
you did? :

So what did 1 do with all this stuff .. 1 ..
wouldn’t do the music category all at once ..
and reading a lot so .. [ first ..read and then
watch some sports .. maybe some exercise ..
and play the piano and talk on the phone and ..
play with the dog, write letters and visit with e-
mail, shoot the basketball .. then I'd jog .. I'd
read and 1’d watch MTV and listen 1o Grateful
Dead, surf the net and clean up my room,
watch reruns of X-files, watch old movies,
practice guitar, listen to music, and last read
comics.

Did you put them in order of what you’d like
to do or just ..

Well [ kinda .. mainly what I like to do like .. 1
put the jog and exercise kinda far apart .. and
go outside cause you need to go outside every
once in a while .. I put them in between like 1
exercise and then go outside and play
basketball and then jog so I go outside .. I put
those in between.
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What is interesting about the above transcript is that children
arc aware that the data fall into specific categorics. They also
demonstrated the ability to construct pie charts and bar charts in
the initial clinical interviews. Hence it would seem that they have
at their disposal the skills and prerequisites needed to summarize
the data using a graphical representation. Nevertheless, two of
the children did not consider using graphical representations in
any of the tasks in this category of tasks.

Approaches 1o describing and summarizing distributions of data
When describing data sets, students tended to report a) data
values that appeared at the highest (modal) and lowest
frequencies, and b) the upper and lower values (range) of the
distribution. This was illustrated in the Raisin data task, a task in
which students were required to count the number of raisins in
27 boxes of raisins and graph the result on a line plot. The
purpose of using the Raisin data task was to evaluate how
students describe sets of raw data and to investigate the strategies
utilized by children to summarize the data. Examination of a
conversation arising from the Raisin data task illustrated the
students’ awareness of the frequency of occurrences of particular
values, and Tanya’s awareness of clusters and gaps in the data.

Researcher: 1 want you to look at the line plot on the board
of our raisin data. 1 want you to tell me —what
does it look like?

Tanya: Okay .. we have a thing then we have a double
space then we have three things then we have
a space and then we have three more things
and then we have a space. Em, the most
common was 32 and the least common was 24.

Researcher: Does anyone else see a pattern?

Jane: Well the least was 24, 27, and 28.

Researcher: Why do you say that Jane?

Jane: ‘Cause they are all the same .. all have 2.

Researcher: Very good, Jonathan do you sce anything?

Jonathan: Em, ... all of them except the numbers 29 and

32 were all in the same range of 2, 3, and 4.

In addition, students referred to clusters of data and to
instances of outlying data values. In the following transcript
related to the Paperclip 11 activity, each student blew a paperclip
on 10 occasions. The 30 resulting data values were entered on a
line plot. Examination of the transcript highlights the children’s
awareness of clusters of data that occur within a distribution of
data. Analysis of the data set and the transcript indicated that the
children were aware that the majority of data values cluster in the
range of 1-10 centimeters. Students also referred to the low
frequency of occurrences of scores above 10 centimeters.

Researcher: What about the distribution. When you look
at the data values - is there any type of
pattern you can see? How would you describe
it?

Jonathan: Em, there is a pattern that 1 to 10 they got a

lot there compared to all the other places.

Yeah the pattern is that there is a lot in the 1
to 10s.

Jane, do you have an idea?

Well like most of us it was like from 1 to 10
and then it started getting above 20 it was
only 1’s and 2’s.

Researcher:
Jane:

The younger students were reluctant to provide summary
measures of data sets. They were inclined toward providing a
range of values within which the summary/typical value would
fall. Student-constructed ranges tended not to cncompass the
entire data set. In data sets resembling a normal distribution,
students usually chose a range that excluded the lowest and
highest data values and contained the modal values of the data
set. In situations where the greatest frequency of values lay at the
upper or lower end of the distribution (skewed data sets),
students provided ranges that enveloped the modal values lying
on cither end of the data set. This implies a predisposition on the
part of younger students to utilize measures of variability rather
than central tendency, and also suggests a concentration on
modal values. The sixth grade student was, at times, more
disposed to providing single summary measures of data sets;
however, he predominantly quoted ranges. In the Raisin data
task the children were asked to provide a single value that
represented the number of raisins occurring in a box of raisins.
Examination of Jane and Tanya’s responses show their
predisposition to providing ranges, compared to Jonathan’s
contribution of a single typical value.

Researcher: So, generally how many raisins do you think
are in a box of raisins?

Jane: I think there’s a range .. em .. of 31 to 33
raisins in that range .. in a box of raisins.

Researcher: Very good, why do you think that Jane?

Jane: Cause that’s what I counted in each of the
boxes .. it is kind of close .. the numbers
‘cause they are going 31 and 32.

Researcher: Tanya, what do you think?

Tanya: I have an argument to that because in the sun
maid raisins they were mostly in the 20s so
1'd say 24 to 33 would be the amount.

Researcher: Okay Jonathan .. You are very quict over
there. I know you have a theory .. what do
you think?

Jonathan: [ em I think that also all the raisins vary from
33 all the way down to 28.

Researcher: Can you provide a typical value for the data
set?

Jonathan: Like between 24 and 33.

Researcher: Between 24 and 33, okay very good. So what
if 1 pick a box (of raisins) at random from a
bag, Jane how many raisins do you think,
based on the data from the board, how many
raisins would be in the box that I pick?

Jane: Probably 27 to 33 or something like that.

Rescarcher: Why do you think that?
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Jane: Because .. actually I ..because em .. actually
I think 29 between 29 to 32 because 32 and
29 mostly had the most.

Researcher: Tanya, what do you think?

Tanya: Between 29 and 32 actually between 33 and
28 because 29 and 32 are in that category.

Researcher: Why is it important that 29 and 32 arc in that
category?

Tanya: Because they had the most results shown and
they were the most common of all raisins.

Researcher: Jonathan, what about you?

Jonathan: Em, somewhere around 30

Researcher: Why do you pick 30?

Jonathan; Because 29 had a lot ... and 32 is right below

30 ... no 32 is above 30 and you only got 2
that were 24 and none that were 25 or 26.
They are all in the range of 27 and higher. So
30 ... yeah 30.

Surprisingly, on no occasion did a student calculate a mean
value when requested to provide a typical value. The typical
values chosen were predominantly medal values. In this sense
typical did not embody a ‘fair share’ notion nor did it exemplify
representativeness. The Cat & Dog Weights exercise was used to
examine children’s self-constructed measures of typicality, and
to investigate the effect of extreme measurcs on these values.
The children graphed the data values on a stem-and-leaf plot; the
importance of the mode to the children in constructing measures
of typicality was evident in the transcript,

It is interesting to note in this task that children
demonstrated little reluctance in generating individual typical
values when compared to their disposition to provide ranges in
previous tasks. Onc rcason that may account for this change in
strategy is that this task appeared in a later tcaching episode (¥
11). Thus children had greater experience with data and may
have been more comfortable in constructing individual measures
of typicality when compared to tasks presented in carlier
teaching episodes. A sccond possible explanation may lic in the
representational form. The data for this task were presented on a
stem-and-leaf plot whereas the previous tasks utilized a line plot.
Perhaps the representational form (stem-and-leaf plot) invoked
the construction of individual typical values whereas previous
graphical representations (line plots) invoked measures of
variability.

Researcher: Tanya, what do you think is the typical weight
of a dog based on the data?

Tanya: About 29 Ibs because it’s the most common of
my data on dogs.

Researcher: Okay, what do you mcan by most common?

Tanya: Em, it was the most common number .. in
other words the mode.

Researcher: Oh okay because it was the mode. Janc what
did you get?

Jane: I got 29 Ibs too for the dogs because it was the

most common too.
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Researcher: Okay good, and Jonathan?

Jonathan: Em .. | got 291bs because 1 got .. em 38 and 29
were the mode of Ibs and because most dogs
em .. are middle size .. [ think that 29 fits the
dog.

Researcher: Okay, so you pick 29?

Tanya: Yes.

Researcher: Jane?

Jane: Nods in agreement.

Rescarcher: And Jonathan?

Jonathan: Neds in agreement.

When faced with choosing between scveral modes in a data
set, students attended to the distribution of data values around
each mode and sclected values based on this criterion. In
distributions containing no obvious mode, students tcnded to
choose median values as typical values. Hence situations in
which the mode was ambiguous showed potential for developing
the concept of median as an important measure of central
tendency as children naturally attempted to define the median.

Students were aware of values lying at a distance from the
main data corpus. In the majority of cases, students chose to
disregard outlying values. As a result, typical values were in no
way adjusted to reflect outlying values; rather such values were
eliminated from all deliberations. In the Paper Clip activity
several of Jonathan's values were considerably different from
those of Janc and Tanya. The transcript outlines the children’s
decision-making processes regarding how to deal with the
outlying valucs.

Researcher: What would you say the average distance that
one of you could blow a paper clip?

Jonathan: Ah, not including mine because I mostly blew
mine above the 20s. So, not including mine the
estimated is about 10. Most scored around the
arca of 1 to 10.

Researcher: Okay. Tell me again why you didn’t include
your scores?

Jonathan: Mine were all 20 and above. And the rest of
them were not as high as that.

Researcher: So you thought it was okay to drop those
numbers out of your estimation? Jane, what
about you? What do you think is the average
distance onc of you can blow a paper clip?

Jane: I would think around 10. Because 10 had the
most because me and Tanya got most of ours
around 10.

Researcher: So you are also going to ignore Jonathan’s?

Jane: .. nods affirmatively

Researcher: Why do you think so?

Jane: Because his were mostly higher and they were

only like one or two or something like that.

The only instances in which outliers were attended to, and
were in fact considered pivotal to the determination of an
answer, was when the purpose of the exercise was to contrast two
data sets rather than constructing a typical value. Hence, when
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the task involved comparison of data sets, outliers becamce
seminal in deliberations. The purpose of using the Skipping Rope
activity, an activity designed by Lappan, Fey, Fitzgerald, Fricl &
Phillips (1998), was to evaluate the strategies used by children to
compare sets of data. As can be scen from the transcript, students
did not use the mean to compare the data sets, rather the outlying
scores in the task were the primary factors influencing the
students’ decisions.

Rescarcher: So can you tell me which class you think
jumped rope more?

Jane: I think Mr. Kale’s class made most jumps
because there’s a person who made 300 jumps
so mostly Mr. Kale’s class had the wide range.
As for Miss Rich’s class it doesn’t have a large
range at all because the highest they got was
113 which is about 150 less than 300. Also, Mr
K’s class doesn’t have as many numbers in the
1's (meaning less than 100), Mr. K's class has
24 in the 1's and Miss Rich’s .. Miss R's has
27.

Very good thank you very much. Jonathan?
Okay, | think Mr. K's class because the kids in
Mr. K’s class got more higher scores than
lower scores like for example his class was the
only one that got em 151 and higher .. yeah his
class got 151, 160 twice and 300 but Mrs R’s
class didn’t get above em .. ah .. 113 so and em
.. Mrs R’s class got more in the lower .. more
I'’s and more 20s, more 10s compared to Mr.
K’s class.

Researcher:
Jonathan:

Conceptualization of the mean

Understanding of the mean was varied. Students displayed
no appreciation of the benefit of using mean values to compare
data sets, indicating an instrumental rather than functional
understanding of the mean. The fourth graders exhibited
difficulties reasoning about situations involving the mean, unless
information pertaining to thc number and value of clements in
the data set were included. This indicated a lack of awareness of
universal features associated with the mean, featurcs that are
independent of the actual elements of the data set. For example,
in contexts where both the mean and the largest data element
were provided, none of the students were aware that the mean
could not exceed the value of the largest element in the data set.
The Barbeque task (adapted from Strauss and Bichler. 1988) was
used to evaluate whether children understood that the mean is
located between the extreme values in a distribution of data. Jane
and Tanya’s responses to the Barbeque task indicate a lack of
understanding of this particular property of the mean.
Rescarcher: Do you think that if Amy brought 10 marsh
mallows and she brought the most, and the
teacher gave them out evenly to people, could
people have gotten 12 cach?
Jane: Yeah.

Rescarcher: Tanya, what do you think?

Tanya: { don’t think there’s enough information. You
need the number of people and how many
marshmallows that they brought.

Rescarcher: Okay, so apart from that you could make any
type of educated guess or estimate?

Tanya: Em .. not without the number of children that
were there.

Janc: Jane nods.

Rescarcher: Okay. You agree Jane?

Jane: Yeah. At first I thought it could be okay. But
now | think I need to know how much every
one brought.

When provided with the same information, the sixth grader
Jonathan realized that changing the value of an element of a data
set would result in a change in the mean. However, all students
understood that the mean value was not necessarily a value
represented in the data set. Students initially displayed difficulty
constructing data sets around a preordained mean principally due
to unawarencss that ‘mean’ referred to the arithmetic mean.
Following explanation that arithmetic mean was intendced,
students succeeded in constructing data sets to reflect a particular
mean.

Students did not display any problems determining the
relative stability of the mean, median and mode and provided
sophisticated arguments for the lack of stability of the mcan
relative to the other values. For example one student mentioned
“if a new value were added 1o the data set it would have to be
shared fairly among the other values when finding the mean .. so
.. the mean would change more than the median or mean™. In the
Watching Movies task the students demonstrated sophisticated
understanding about the measures of central tendency and their
ability to index distributions of data.

Rescarcher: Which measure, the mean, median or mode
will be most affected by adding John’s score?

Jane: The mean.

Rescarcher: Okay Jane, the mean, tell me why?

Jane: Causc the mode is going to stay the same
*cause there is only going to be one 96, the
median will not change cause 96 will be at the
very end inevitably not close to the middle and
the mean will change because it wouldn't be a
fair share.

Rescarcher: Okay, so which would be affected the most
then?

Jonathan: The mean.

Rescarcher: Okay, Tanya?

Tanya: Mean.

Rescarcher: Why?

Tanya: Because you see what [ do with the mean is |

add them all up and divided them by the
number of people so it’d be most affected if 1
added 96 to that because there are very few
numbers near that. Now that would affect the
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mean a lot. It is a very large number.

Researcher: Okay, what about the mode and the median?

Tanya: The mode .. em wouldn’t be affected at all.

Researcher: Why?

Tanya: Because it wouldn’t be common.

Researcher: And what about the median?

Tanya: The median still wouldn't be affected .. not
very much.

Researcher: Why?

Tanya: It would em .. median would move to 9 but
that is all it would do.

Researcher: Okay very good and Jonathan what do you
think?

Jonathan: Em .. the mean because em the mcan right now
with the 96 is 9.88 and if you add the 96 it will
goupto 12,25,

Researcher: Okay.

Jonathan: So that is a big lcap from 9.88. | still think the
rest of them wouldn’t be as affected ‘cause the
median will just move up to the next 8.

Researcher: And what about the mode?

Jonathan: The mode .. it’ll stay the same.

Comparison of students’ responses between the first and second
clinical interviews

Discernable changes in students’ statistical rcasoning were
evident from a comparison of pre- and post- clinical interview
data. Certain changes in the frequency and types of data
organization strategies were apparent. In the initial clinical
interview, numerical data were not reorganized. In the post
clinical interview, students organized the data by initially
ordering the data and then constructing ‘bands’ or intervals of
data. The use of these approaches emerged as a result of data
modeling activitics, in which students were involved over the
course of the study, wherein students collected and organized
data arising from their own investigations. Fewer changes were
evident when students were presented with catcgorical data.
While students used more sophisticated and inclusive categorics
within which to reorganize data, the data remained largely
unsummarized. Students remained reluctant to collapse
categorical data and ‘lose’ the visibility of individual data values.

Approaches used to describe and summarize distributions of
data also changed between initial and post-clinical interviews.
Students maintained their concentration on notions of variability:
the researcher cultivated this focus, as variability was an
important and desirable feature of students® descriptions. The
post-clinical interview data revealed an increase in the use of
measures of central tendency, in particular the mean, when
describing scts of data. Students used balancing and leveling out
analogies of the mean in their descriptions, as thesce conceptual
or kinesthetic notions of the mean had been developed over the
course of the study. These attempts at balancing distributions
brought about a concomitant dircction of attention towards
modes and outlicrs, in particular a factoring-in of the outlier,
which had been ignored in the initial clinical interview.

Conceptualizations of the mean also changed. Initial notions
of the mean were instrumental (Skemp, 1979) in that children’s

understanding consisted of having a collection of isolated rules
at their disposal rather than an appropriate conceptual schema.
This resulted in a demonstrated ability to compute the mean but
the abscence of a strong conceptual understanding of the nature of
the mean. Conceptual difficulties were rcvealed through
students’ struggles when solving problems that involved
anything more than direct application of the mean algorithm.
However. the design and use of specific tasks to emphasize
conceptual notions of the mean resulted in a richer understanding
of the mean in the post-clinical interview. Improved conceptual
understanding was evident in improved performance on tasks
examining knowledge of features of the mean, and through the
use of the mean to describe distributions of data and to compare
data sets.

Other findings

Students demonstrated an understanding of the relationship
between sample and populations. There was awareness that
values occurring with low frequency would not be represented to
a great extent in a large data set. This was particularly evident in
the discussion on the Raisin data activity.

Researcher: If we did the experiment again - what about
24? Would you get any more 24s again?

Jane: No.

Tanya: No, 24 is out of it.

Jonathan: You might get some but 24 is the lcast.

Tanya: Yeah, it is the least probable.

Researcher: Do you think in the factory that there are a lot
of 24s (boxes of raisins) coming out?

Jonathan: Well they probably have a lot coming out but
not like as many as the ones up higher, near 27
and above because .. em .. 24 is a lot less than
32 and 29 and the all ones that scored high.

Researcher: Do you think we could get one that is 35?

Jonathan: Probably.

Jane: Yeah.

Researcher: Jane?

Jane: It’s kind of like 24, you might not get a lot but
you could get some.

Tanya: Em, I agree with her. The possibility is very

very slim. If you look at the number of 32’s
and 29’s we found and you add them up to the
total number of raisins in the factory. I don’t
think that 35 would have had a chance.

Furthermore, when asked about the relationship between
samples, the students provided a sophisticated explanation of
possible similaritics and differences between samples. What is
interesting in this excerpt is that the children identify the
variability of thc data remaining relatively constant between
samples and the implicit understanding that measures of location
(or central tendency) may fluctuate within the parameters of the
range.
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Researcher: What if we got another sample of bags of
raisins, do you think we would get a pattern
like that again?

Jonathan: Probably.

Tanya: It would be possible but if you buy the same
two brands it is very very possible.

Jane: They would probably be in the same range.

Tanya: If you point the camera at the results that was
in all of the boxes (directing that the video
camera scan the chart) ... I think we would get
the same results .. or close to it.

Jane: They would be in the same range.

Researcher: What do you mean by in the range?

Jane: Like between 24 and 33.

Researcher: Between 24 and 33, okay very good. Jonathan,
what do you think - if we were to get another
15 boxes?

Jonathan: I think we would get .. like Janc was saying ..

probably in the range of 24 and 33. And there
probably wouldn’t be much of a difference .. 1
mean a couple of differences .. but not that
much. The same probably.

Discussion

Several general observations were made over the course of
the study. Firstly, students exhibited a lack of awareness of the
relationship between raw data and graphical representations of
data. Students rarcly considered that a graphical representation
initially consisted of a set of data values prior to the graphical
construction. This finding suggests that wherever appropriate,
raw data sets and their graphical representations should be
presented in tandem. Related to this difficulty was the finding
that children were unlikely to summarize data sets using
graphical representations despite their demonstrated ability to
construct graphs when requested, thus suggesting a lack of
understanding of the functionality of graphical representations,
These findings highlight the importance of engaging children in
data modeling projects so as to strengthen the association
between question construction, data collection, representation
and analysis. Students in the study demonstrated a great deal of
interest and motivation when engaging in their data modeling
projects. They wrote research questions, hypotheses, designed
data collection, collected and analyzed data. Students
demonstrated great pride and ownership of the projects
indicating both the merit and appeal of sclf-directed inquiry for
gifted students.

Secondly, despite their ability to compute the mean of a data
set (when asked), on no occasion did a student calculate a mean
value when requested to provide a typical valuc. Neither did the
students consider utilizing the mean as a comparative index
when comparing data sets. This inability to spontancously
employ the mean indicates poor functional knowledge of the
concept of the mean and supports findings of other rescarch in
this area (Leavy & Middleton, 2001; Leavy & O'Loughlin,
2002; Mevarech, 1983; Pollatsek et. al., 1981). This finding

necessitates the provision of further studies asscssing the
function and significance that gifted students attach to the mean.
Furthermore, students were very influenced by the occurrence of
modal values. The majority of typical values constructed by
students were modal in nature. This tendency to choose modes,
combined with the propensity to ignore scores that are a distance
from the main data corpus and avoid utilizing mean values,
resulted in students’ self-constructed measures of typicality
being unrepresentative of the elements of the distribution. This
may reflect a curricular emphasis on developing computational
rather than conceptual understanding of the mean, and stresses
the need for development of a curriculum emphasizing
conceptual understanding of statistical phenomena.

A key finding of the study was that of the sophisticated
reasoning children used when referring to samples and
populations. Despite the fact that it was the first occasion on
which they were engaged in focusing on distributions as
individual cntities, their ability to draw conclusions about
populations based on samples indicated statistical inference
abilities previously unrecorded. Further study of this area should
be carried out and a component of statistical inference included
in elementary curricula for gified students.

Finally, students were reluctant to provide summary
measures of data sets, and were inclined more toward providing
a range of values within which the summary/typical value would
fall. This tendency to refer to the range suggested that the natural
tendency to cxamine the variability of a data sct may have
conceptual precedence to examining mecasurcs of central
tendency. This predisposition to providing measures of
variability, rather than measures of central tendency, when
requested to provide typical values for a distribution of data is a
very interesting and a potentially important finding. The study
demonstrated that students reasoned about variability and were
very aware of the ‘spread-out-ness’ or ‘bunched-up-ness’ of the
data, awareness not demonstrated to date by their non-gified
peers. In fact, it was obvious from the study that the student’s
notion of variability determined his notion of central tendency.
The fact that the measures of central tendency were determined
by their connection to variability may suggest that students have
the natural tendency to cxamine the variability of a data set
prior to ecxamining measures of central tendency. The
establishment of this proposition necessitates further study into
this area.

Conclusion

This study suggests that gified children are spohisticated in
reasoning about statistics and employ non-traditional ways of
thinking about the importance of data sets. Further research on
different prototypes of gifted learners is highly warranted.
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