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ALGEBRAIC DIMENSION OF TWISTOR SPACES WHOSE
FUNDAMENTAL SYSTEM IS A PENCIL

NOBUHIRO HONDA AND BERND KREUSSLER

ABSTRACT. We show that the algebraic dimension of a twistor space over nCP? cannot be
two if n > 4 and the fundamental system (i.e. the linear system associated to the half-anti-
canonical bundle, which is available on any twistor space) is a pencil. This means that if
the algebraic dimension of a twistor space on nCP?, n > 4, is two, then the fundamental
system either is empty or consists of a single member. The existence problem for a twistor
space on nCP? with algebraic dimension two is open for n > 4.

1. INTRODUCTION

If Z is a compact complex manifold, the algebraic dimension of Z, usually denoted by
a(Z), is defined to be the complex dimension of a projective algebraic variety, the rational
function field of which is isomorphic to that of Z. We always have a(Z) < dimc Z, and in
case of equality, Z is called Moishezon. Any projective algebraic manifold is Moishezon. In
the other extreme case, a(Z) = 0, Z has no non-constant rational function.

Not so many compact differential manifolds admit complex structures whose algebraic
dimension ranges from zero to half of its real dimension. Complex tori of dimension d > 2
are examples of such manifolds. In complex dimension two, only complex tori and K3
surfaces are examples for which all three possible values of the algebraic dimension actually
occur. In dimension three, twistor spaces associated to self-dual metrics on 4-manifolds [1]
are good candidates of such manifolds.

By a result of Campana [3], if Z is a Moishezon twistor space, then the base 4-manifold
is homeomorphic to nCP?, the connected sum of n > 0 copies of complex projective planes;
by convention 0 CP? = §*. If n < 4, any twistor space on nCP? is Moishezon as long as the
corresponding self-dual metric has positive scalar curvature [15 22]. No example seems to
be known of a self-dual metric of non-positive scalar curvature on these manifolds. Thus if
n < 4, all known twistor spaces are Moishezon.

The situation is very different for n > 4. First, if n = 4, for any a € {1,2,3}, there
actually exists a twistor space Z over 4CP? which satisfies a(Z) = a, see [22, [6, 12, [13].
Also, it is known that a(Z) # 0 as long as the self-dual metric on 4CP? is of positive scalar
curvature [22]. Moreover, no example seems to be known of a self-dual metric on 4CP? of
non-positive scalar curvature. Thus our understanding of possible values of the algebraic
dimension is quite satisfactory in case n = 4, too.

The main focus of this article is on the case n > 4. For any n > 4 and a € {0,1,3} it
is known that there exists a twistor space Z on nCP? which satisfies a(Z) = a, [7, 22, 18].
Moreover, in [8, Main Theorem], it is stated that there exists a twistor space Z on nCP?
with a(Z) = 2 for any n > 4. These spaces satisfy dim |K /2| = 1, where K~1/2 is the
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natural square root of the anti-canonical line bundle on Z, which is available on any twistor
space [10]. This is in contrast to the following theorem, which is main result of this article.

Theorem 1.1. Ifn > 4 and Z is a twistor space on nCP? such that dim |K 2| = 1, then
a(Z) # 2.

At the end of this article we give a detailed explanation of the contradiction between this
result and the result of [§].

By a result of [I7], if a twistor space Z over nCP?, n > 4, satisfies dim |[K~'/2| > 1, then
Z is Moishezon. Therefore from Theorem [Tl we obtain

Proposition 1.2. If a twistor space Z over nCP?, n > 4, satisfies a(Z) = 2, then the
system |K_1/2| consists of a single member, or is empty.

To the best of the authors’ knowledge, existence of this kind of twistor spaces is not
known. Thus the existence of a twistor space on nCP? with algebraic dimension two seems
to be not known.

Here is an outline of our proof of Theorem [Tl Let Z be a twistor space over nCP? which
satisfies dim | K ~'/2| = 1 and assume that the base locus of the pencil | K /2| constitutes a
cycle of smooth rational curves. This assumption is always satisfied if n > 4 and a(Z) = 2
(Proposition B.7). By blowing up this base curve and then taking a simultaneous small
resolution of all ordinary double points that appear by the blow-up, we get the diagram

7z, sz

(1.1) fll

CP'.
Here, p; is the composition of the blow-up and the small resolution, and f; is a surjective
morphism induced by the pencil |p] K ~1/2 _ E|, where E is the exceptional divisor of the
birational morphism p;. Smooth fibres of f; are naturally identified with members of the
pencil | K ~1/2|, and they are rational surfaces.

From this fibration, if S denotes a generic member of the pencil, we have the equality
a(Z) =1+ k~(S), where k71(9) is the anti-Kodaira dimension [17, Corollary 4.3]. Hence
if a(Z) = 2, generic members of the pencil satisfy x~1(S) = 1. Moreover, for any smooth
member S of |[K /2|, we have a(Z) <1+ x~(S). Hence if a(Z) = 2, we have k= 1(S) > 1
for any smooth member S of the pencil. In Proposition B.4l we show that if some member of
the pencil satisfies k~1(S9) = 2, then a(Z) = 3. Hence if a(Z) = 2, any smooth member S of
the pencil must satisfy x~1(9) = 1. We shall show by contradiction that this situation can
never happen. This implies that even if some member S of the pencil satisfies k= *(S) = 1,
generic members of the pencil necessarily satisfy x~! = 0, which then implies that a(Z) = 1.
The main tool of our analysis is the Zariski decomposition for a divisor on a surface [25].

Finally, a remark about notation. If |L| is a complete linear system on some compact
complex manifold and if we write

L] =L+ D
for some effective divisor D, then D is a fixed component of |L|. But this does not imply
that the system |L’| is without fixed component.

We would like to express our sincere gratitude to Professor Fujiki for his generous and
helpful comments about the anti-Kodaira dimension of general members of the pencil
|KK=/2| on the twistor space. These are reflected not only in the explanation in Section
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4 but throughout this article. We would also like to thank the referee for forcing us to
improve the clarity of this article.

2. ZARISKI DECOMPOSITION OF AN ANTI-CANONICAL DIVISOR ON A RATIONAL SURFACE

In this section we fist recall basic properties of the Zariski decomposition of a divisor
on a projective surface, and then investigate the Zariski decomposition of an anti-canonical
divisor on a non-singular rational surface of anti-Kodaira dimension zero or one.

Let S be a non-singular projective surface, and C an effective divisor on S. Then the
Zariski decomposition of C' is the decomposition

C=P+N,

where P and N are effective Q-divisors (i.e. divisors with positive rational coefficients) or
the zero divisor, which satisfy

(i) P is nef, that is PD > 0 for any curve D on S,
(ii) if N # 0, N is negative definite in the following sense: if N = )" a; E; with distinct,
irreducible E; and «; # 0, the total intersection matrix (£;F;) is negative definite,
(iii) if N #0, PE; =0 for all 7.
Any effective divisor C' admits a unique Zariski decomposition, see [25, 24]. P is called the
nef part of C. Note that if C = P + N is the Zariski decomposition of C, then for any
integer m > 0, mC = mP 4+ mN is the Zariski decomposition of mC'. One of the most
important properties of the Zariski decomposition is that it disposes of sub-divisors of mC
which do not contribute to the dimension h®(Og(mC)) in the following sense:

Proposition 2.1. (24, Lemma 2.4]) Let S,C and C = P+ N be as above, and m > 0 an
integer. Then we have

|mC| = HmPH + [mN7,

where for an effective Q-divisor D, | D| and [D] denote the (integral) round down and the
round up of D respectively. In particular, the divisor [mN is a fized component of |mC!|.

Next let S be a non-singular rational surface. For an integer m > 0, the linear system
|mK =t on S is called the m-th anti-canonical system. If this is non-empty, the associated
rational map ¢,, : S — CP", r = h%(mK 1) — 1, is called the m-th anti-canonical map.
The anti-Kodaira dimension, x~1(.9), of a rational surface S is defined as

k1(S) = max dim ¢,,, (5) € {2,1,0, —o0}.

Here, 71(S) = —o0 occurs when |mK | = () for all m > 0, but we will not encounter this
case in the following. Typical examples of rational surfaces with k~!' = 2 are Del Pezzo
surfaces, while simple examples with k' = 1 are obtained from CP? by blowing up the 9
intersection points of two anti-canonical (i.e. cubic) curves.

The anti-Kodaira dimension of rational surfaces was investigated in more detail by F.
Sakai [24]. His main tool was the Zariski decomposition of the anti-canonical divisor. Even
if k71(S) > 0, the anti-canonical divisor might not be effective. However, Sakai [24, Lemma
3.1] has shown that the divisor Kg is pseudo effective iff k=1(S) > 0. A divisor C on a
surface S is called pseudo-effective if CH > 0 for any ample divisor H. Fujita [9] has shown
that any pseudo effective divisor C' has a unique Zariski decomposition C' = P + N with
the same properties as above except that P is no longer required to be effective. Therefore,
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if k71(S) >0 and Kg ! — P+ N is the Zariski decomposition of an anti-canonical divisor,
one can define the degree of a surface S to be the self-intersection number

(2.1) d(S) := P?,

which is clearly a non-negative rational number. Rational surfaces with x~! = 2 may be
characterised in terms of the degree as follows.

Proposition 2.2. (Sakai [23, Proposition 1]) Let S be a non-singular rational surface with
k~HS) > 0, and let d(S) be the degree of S as above. Then xk~(S) = 2 if and only if
d(s) > 0.

In particular we have d(S) = 0 if (and only if) k~(S) € {0,1}. In the rest of this section
we focus on rational surfaces with d(S) = 0 which admit a special type of anti-canonical
divisor. For this purpose, by a cycle of rational curves, we mean either a rational curve
with one node, or a connected, reduced, normal crossing divisor

(2:2) C=Ci+-+C

on S, with all C; being non-singular rational curves, such that the dual graph of C'is a circle.
For simplicity, in the expression (2.2]), we allow k to be one, in which case C' = C} means a
rational curve with one node. We always assume that if £ > 2 in ([2.2]) the components C;
and Cj41 intersect and Cy1 = C1. By an anti-canonical cycle we mean a cycle of rational
curves which belongs to the anti-canonical class.

The following well-known lemma will be used frequently.

Lemma 2.3. ([2 p. 28, Lemmal) Let S be a smooth surface, Ci,...,Cy irreducible curves
on S for which > C; is a connected curve, p; > 0 rational numbers so that P = Zle p;C;
satisfies PC; =0 forj=1,...,k.

Then, the intersection matriz (Cicj)lgi,jgk is negative semi-definite with one-dimensional
kernel generated by P. More precisely, this means that, for D = Zle r;C; with r; € Q we
always have D? < 0 and D? =0 occurs iff D = rP for some r € Q.

For the rest of this section, let S be a non-singular rational surface and suppose that S
has an anti-canonical cycle C as in (2.2)) and let C = P + N be its Zariski decomposition.
Let mg > 0 be the smallest positive integer for which mgP is integral, and write

(2.3) moP =11C1 + -+ - + [ C, (ll € Zzo).

Lemma 2.4. (i) If P =0 then k= (S) = 0.
(ii) P2 =0 if and only if PC; =0 for 1 <i < k.

Proof. (i) If P = 0, the nef part of the Zariski decomposition for mC' is 0 for any m > 0.
By Proposition 1] this means that h°(mK ') =1 for all m > 0, hence k~1(S) = 0.

(ii) From (23) it is clear that PC; = 0 for 1 < i < k implies P% = 0.

For the converse, if an index i satisfies [; < mg in (2.3)), then N includes Cj;, and so
PC; =0 from the property (iii) of the Zariski decomposition. Therefore we have

(2.4) (moP)? = m0P< 3 zicz-> :mo( 3 l,-PC,-) =mi Y PC..
l

1<i<k 1<i<k i=mo

Further, as P is nef, we have PC; > 0 for any i. Because we assume P? = 0, (2.4]) implies
that PC; = 0 even when [; = my. O
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By Pic’(C) we denote the group of line bundles on the anti-canonical cycle C' that are
trivial on each component C;. Thus, part (ii) of Lemma 24 says that P2 = 0 is equivalent
to moP|c € Pic®(0).

Lemma 2.5. Let w : S — S be the blow-down of a (—1)-curve on S, and let C = 7(C)
be the image of the anti-canonical cycle C, and x € S the image of the (—1)-curve. Define
m = mult, C. Then,

(1) Uis an_anti-canonical cycle on S and m € {1,2}; B
(ii) if C = N + P is the Zariski decomposition of C' and m = 2, then P =0 iff P = 0.

Proof. (i) Let E C S be the exceptional curve of the blow-up 7. As EC = FK~! = 1,
either F is a component of C' or it intersects C transversally at one point. Let C’ be the
strict transform of C' = 7(C), then C' = C if E is not a component of C, or ¢/ = C — E
if £ is a component of C. In both cases, C clearly is a cycle of rational curves. Because
m = C'E and EC = 1, we obtain m = 1 if F is not a component of C, and m = 2 if F is a
component of C. In particular, C = C’ + (m — 1)E in both cases. Because 7*C = C' +mFE
and K~! = W*KE_I — E, we now obtain C' € \Kg_l\

(ii) As m = 2, the exceptional curve F is a component of C. We fix notation so that
Cy,=FEand C = Cy+ -+ Cy_1, where C; = 7(C;). Consider the intersection matrix
M = (Eiﬁj)lgi,jgk—l’ The intersection matrix M = (Cicj)lgi,jgk is obtained from M by
adding an extra row and a column with C;C, = Cp_1C, = 1 and C’,f = —1 being their
only non-zero entries. In addition, four entries in M have to be changed to get M, namely
C? = 6? -1, C,f_l = Ez_1 — 1 and C1C)_; =0, whereas C1C)_; = 1.

By adding the k-th column of M to columns 1 and k& — 1, the values of the entries of the
part of M that corresponds to M are restored to the original values they had in M. It now
follows easily from Sylvester’s criterion that the matrix M is negative definite if and only
if M is so. Because P = 0 is equivalent to M being negative definite and P = 0 if and only
if M is negative definite, the claim now follows. O

We will frequently need the following more detailed properties of the Zariski decomposi-
tion C' = P 4+ N of the anti-canonical cycle C on the surface S.

Proposition 2.6. Suppose that P # 0 and P? = 0.
(i) We have l; >0 for all i.
(ii) If m: S — S is the blow-up of a point x € C' and m = mult, C, then

k1(S) = k() if m =2
K 1(S) =0 ifm=1.

(i) We have l; =1 for some index i.
(iv) If K? <0, then mg > 1, k > 2, and we have l; # l; for some indices i and j.

Proof. For (i), if I; = 0 for some i, we have moPC; = l;_1 + l;41 since C is a cycle. But as
P? =0, Lemma 2.4 (ii) shows that PC; = 0 for all 4, hence l;_1 = l;;+1 = 0. Repeating this
argument, we obtain /; = 0 for any 7, but this contradicts P # 0.

To prove (ii) we recall from [I7, Lemma 5.1] that x~1(S) < k~1(S) = 1 with equality if
m > 2. Because C is a cycle of rational curves, the points on C' have multiplicity 1 or 2.
We assume now m = 1 and show £~ 1(S) = 0. From (i), Lemma[24 (ii) and Lemma 2.3} for

any divisor D = Zle n;C;, we have D? < 0 with equality only if D = rP for some r € Q.
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Let 5, be the strict transform of C; and C= Zle 5, Because we assumed m =1, C is
an anti-canonical cycle on S. We now show that the intersection matrix of the components
of C'is negatlve definite. To fix notation, we assume z € C1, so that C2 = C? — 1. Consider
D =% nC;and let D = Y% n,C;, then D? = D? —n} < D? < 0. If D> = 0
we then have D? = 0 and n; = 0, hence D = rP = Zf 1 71;C; for some r € Q and so
rly =ny; = 0. Asly # 0 this implies 7 = 0, hence D = 0, which gives D =0. This shows
that the intersection matrix (C C; )1<Z j<k is negative definite. This implies that P=0in

the Zariski decomposition C' = P + Nof the anti-canonical divisor C, hence x~ (S ) =0 by
Lemma [2.4] (i).

To prove (iii), we recall from [24, Theorem 3.4] that there is a birational morphism
@S — Sy with So being non-singular, such that k~1(Sp) = x~1(S) and any anti-canonical
divisor Cy € ]K ] is nef, that is Ny = 0 in the Zariski decomposition Cy = Py + Ny of Cy.
Because P? = 0 and k~1(So) = k~(S), Proposition 22 implies that K32 5, = = P2 =0 as well.

The morphism ¢ is a composition of blow-ups. By Lemma (i) the image of C' in
each of these partial blow-ups is an anti-canonical cycle containing the blown-up point.
Moreover, as we have seen in the proof of (ii) above, if the blown-up point had multiplicity
one on the anti-canonical cycle, the nef part of the Zariski decomposition would vanish after
the blow-up. Because of Lemma[Z7] (ii), this would lead to P = 0 on S, in contradiction to
our assumption. Therefore, it follows that at each step a double point of the anti-canonical
cycle is blown-up and the nef part of the Zariski decomposition does not vanish.

Because the anti-Kodaira dimension does not increase under blow-up, [I7, Lemma 5.1],
and £71(Sp) = k71(S), all partial blow-ups in this process have k= = £71(S), in particular
the self-intersection number of the nef part of the Zariski decomposition is equal to zero.

From the above we infer that Cp := ¢(C') is an anti-canonical cycle on Sy which coincides
with the nef part, Py, of its Zariski decomposition. Thus, mg = 1 and all [; = 1 on Sy, and
so the assertion (iii) holds for the pair (Sp, Cp). To finish the proof of (iii) by induction, it
remains to show that, if (S, C) is a pair consisting of a rational surface and an anti-canonical
cycle on it that satisfies the assumptions of the current proposition and has I; = 1 for one
index ¢, and if 7 : S — S is the blow-up at a double point of C, then the nef part of the
new anti-canonical cycle C' on S also satisfies (iii).

To show this, we continue to use the notation introduced above, like ([2.2]), for S,C' and
P. To fix notation, we suppose that the point Cy N Cy is blown up by 7. Let 6’k+1 be
the exceptional divisor of m and write 6’2 for the strict transform of the component Cj
(1 <i<k). Werecall that I; >0 (1 <14 < k), define ly11 = 1 + I and consider the divisor
Don S

_ k+1 _
(2.5) D=>"IC;.
i=1

It is easy to see that DC; =0 fori = 1,...,k+1, and therefore D is nef and D? = 0. Hence,
again by Lemma 23], the intersection matrix (C;Cj)1<i<k+1 is negative semi-definite, and
if P is the nef part of C = > 6’2 and g is the smallest positive integer for which ﬁzolg is
integral, we have P = rD for some r € Qs0. Since [; = 1 for some index i (i < k) by the
inductive assumption, it follows that r € Z~g.

If r # 1, all the coefficients of mgP would be divisible by r. If all C; appeared in the
negative part, N , of the Zariski decomposition of C’ condition (ii) in the definition of the
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Zariski decomposition would imply P2 <0. Thus, P2 =0 implies that at least one of the
C; is missing in N. Hence, at least one of the coefficients of 771015 is equal to mg. But then
r would divide mg and all coefficients of 7710]3, which contradicts the choice of mg. This
shows that 7 = 1, and we obtain 7P = D. Thus from the expression [Z3) we now see
that the cycle C satisfies the property (iii).

The final item (iv) follows now easily, because K2 < 0 implies that the morphism ¢ in
the proof of (iii) is not an isomorphism and so there was at least one blow-up carried out.
The expression (28] for mgP shows then that at least one of the [; is greater than 1. Also,
note that my is equal to the largest coefficient in mgP. O

Lemma 2.7. Suppose P # 0, P2 = 0 and that there exists an integer v > 0 for which
hO(vmoP) > 1, then moP|c € Pic’(C) has finite order. Moreover, if v is the smallest
positive integer for which h°(rmoP) > 1, then rmoP|c ~ Oc.

Proof. Let r be the smallest positive integer for which h%(rmoP) > 1 and let s € H?(rmoP)
be a non-zero element that satisfies (s) # rmoP. Put D := (s) € |rmoP| and write

D=D + Z aiC’i,
1<i<k
where D’ (which may be 0 at this moment) does not include C; for any i. As D # rmoP =
> rl;Cy, we have a; # rl; for at least one i. Since D € |rmgP|, we have a linear equivalence

D,-i- Z a,-CiN Z TZZCZ

1<i<k 1<i<k

Collecting all indices that satisfy a; > rl; (if any) on the left-hand side, we obtain

(26) D/ + Z (CLi - TlZ)CZ ~ Z (le - CLj)Cj.
a;>rl; a;<rl;

If RHS is the zero-divisor, then so has to be LHS, which contradicts a; # rl; for some i.
So both sides of (2:6]) are effective divisors. Because LHS and RHS do not have a common
irreducible component, we obtain that the self-intersection number of RHS is non-negative.
Since P2 = 0, by Lemma 24 (ii) we have PC; = 0 for any i, 1 < i < k. Because of
Proposition (i) we can apply Lemma [2.3] to obtain that the total intersection matrix
(C’Z-C'j)1 <ij<k is negative semi-definite. Hence the self-intersection number of RHS has to
be zero. By Lemma [2.3] this can happen only when

Z (rl; — a;)Cj = r'mgP,

a;<rl;

for some " € Q. Because I; > 0 for all 7+ by Proposition (i), we can conclude that
rl; — a; > 0 for all i. Therefore from (2.6]) we obtain a linear equivalence

(2.7) D' ~7r'moP, 7' € Qsp.

On the other hand, we have l; = 1 for some index ¢ by Proposition (iii). Because D' is
integral, (Z.7)) implies now that 7’ € Z. Hence by the minimality of r, and as D’ < D, we
have r’ = r.

Because we have chosen D’ not to have any C; as a component and because D'C; =
r'moPC; = 0, the divisor D’ does not intersect any C;. As D' ~ rmgP, this means that
rmoP|c ~ Oc. Hence moP|¢ is of finite order in Pic%(C). O
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We will use this result to show the following property regarding pluri-anti-canonical
systems on S, which will be used in the next section.

Proposition 2.8. If P # 0, P? =0 and moP|c € Pic’(C) is of finite order T, then
(i) [TmoK | = |[tmoP| + tmoN, Bs|rmoP| =0, dim|rmoP| =1, and the associated
morphism S — CP' is an elliptic fibration;
(ii) k~1(9) =1;
(1ii) for any v > 0, the system |vTmgoP| is composed with the pencil |TmoP|, i.e. each
element of [vTmoP| is a sum of elements of |[TmgP)|;
(iv) for any integer v > 0, we have

|V7'moP — C| = ‘(1/ — 1)Tm0P| + (Tm()P — C).

Proof. Because C' is an anti-canonical divisor with Zariski decomposition C' = P 4+ N, we
obtain |[rmoK ! = |TmoP| + 7moN. By Lemma 27 we have

(2.8) R (vmeP) =1, if 0<v<rT.

Note that 7moP — C' is an effective divisor by Proposition (i). Using Serre-duality this
implies H?(tmoP — C) = 0. Using P? = 0, the definition of the Zariski decomposition
implies that
K?=C?=P?+2PN+N?=N><0

with equality iff N = 0. If (rmoP —C)? = C? = K? < 0, the non-empty system |rmoP —C|
has a (non-zero) fixed component. Indeed, if L is a line bundle on a smooth surface so that
|L| is not empty and L? < 0, then |L| must have a fixed component, as can be seen as
follows. Let Y =Y d;Y; € |L| with d; > 0 and prime divisors Y;. Then there exists k such
that LY} < 0, because otherwise we would have L? = LY d;Y; = Y. d;LY; > 0. If now Y’
is any element of |L|, then Y'Yy = LY} < 0, hence Y} is a component of Y’ i.e. a fixed
component of |L|.

If K2 <0 we let D be the (maximal) fixed component of |rmoP — C|. By Lemma 2.4
(ii), Proposition (i) and Lemma 23] the intersection matrix formed by the components
of the cycle C is negative semi-definite, hence (TmgP — C — D)? < 0. But if this was
negative, |TmoP — C — D| would still have a fixed component, in contradiction to the
choice of D. Hence (tmgP — C — D)? = 0. If K2 = 0, we simply take D = 0 to obtain
(rmoP — C — D)? = 0. Therefore, by Lemma 2.3] again, we have

(2.9) TmoP — C — D = smgP, s € Q.

Moreover, s is an integer since mgP has a component of multiplicity one, by Proposition
2.6 (iii), and the left-hand side is an integral divisor. From (29) we have s < 7, and so
hP(smoP) = 1 by (Z8). Therefore,

RO (rmoP — C) = h®(rmoP — C — D) = h®(smoP) = 1.

By Riemann-Roch we readily obtain x(rmoP — C) = 1. Because H?(tmoP — C) = 0 and
RO (tmoP — C) = 1, we must have H'(tmoP — C) = 0. Since h°(tmoP|c) = h°(O¢) = 1,
the standard exact sequence

0 — tmoP —C — ™moP — ™moP|c — 0

implies now that h°(7mgP) = 2. In addition, this sequence provides us with a surjection
H°(tmoP) — H°(tmoP|c) ~ H°(O¢), from which we obtain Bs|rmoP| = 0.
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The general fibre of the morphism ¢ : S — CP! associated to the pencil |rmgP| is non-
singular, because S is smooth. The smooth (and hence all) fibres of ¢ are connected. To
see this, let ' be a smooth fibre of ¢, then h°(F) = h%(tmoP) = 2 and Og(F) = ¢*O(1),
hence Op(F) = ¢*O(1)|p = Op. Because h'(Og) = 0, the exact sequence

0 — Os — F — Op(F) — 0

implies 2 = hO(F) = h%(Og) + h°(OFr) = 1 + h°(OF). Therefore, h°(Or) = 1, ie. F is
connected. Then, since P? = PK~! = 0, the genus formula implies that the general fibre
of ¢ is an elliptic curve. This completes the proof of (i).

To prove (ii) we just have to observe that (i) immediately implies x~(S) > 1. The
assumption P2 = 0, on the other hand, gives k~(S) < 2, and so x~1(S) = 1.

To prove assertion (iii), first observe that [vTmoP| = [¢*O(v)|. As ¢ has connected
fibres, we have ¢,Og = Op1 and the projection formula implies ¢.¢*O(v) = O(v). Hence,
HO(vtmoP) = H(¢*O(v)) = H°(O(v)), which shows that each element of |vTmgP]| is a
sum of fibres, i.e. a sum of elements of |TmgP]|.

Finally, for (iv), let ¢ : S — CP! be as above and let t; € CP! be the point for which
TmoP = ¢~ 1(t1). Let D € |vtmgP — C| be any member. Then since D + C € |vrmgP]
and each member of this linear system is a sum of members of |TmgP)|, i.e. fibres of ¢, and
because C' C ¢~ 1(t1) there exist points ta,13,...,t, such that

D+C = Z o' (t;) andso D= Z o~ () + (o1 (t1) — O).

1<i<v 2<i<v
This implies assertion (iv), because h’(rmoP — C) = 1, as we have shown above. O
Corollary 2.9. Suppose that P # 0 and P2 =0. Then
kHS)=1 <<= mgP|c has finite order in Pic’(C).

Proof. If k~1(S) = 1 there exists an integer v > 0 for which h°(vmoP) = h°(vmoK 1) > 1,
hence moP|c has finite order by Lemma [27l The converse is Proposition 2.8 (ii). O

3. TWISTOR SPACES WHOSE FUNDAMENTAL SYSTEM IS A PENCIL

Let Z be a twistor space on nCP?, and F be the natural square root of the anti-canonical
bundle over Z, which is known to exist on any twistor space [10]. Following Poon [22], we
call F' the fundamental line bundle, and the associated linear system |F| the fundamental
system. Basic properties of the fundamental line bundle are

FL =2, and ¢*F ~ F,

where L is a fibre of the twistor projection Z — nCP? which is called a real twistor line,
and o : Z — Z is a natural anti-holomorphic involution called the real structure.

By the works of Poon [20], 22], Kreussler and Kurke [15], when n < 3, for any twistor space
7 over nCP? whose self-dual metric is of positive scalar curvature, we have dim |F| > 3, and
the structure of these twistor spaces is well understood through the rational map associated
to the fundamental system |F'|. In particular, all of these twistor spaces are Moishezon.

Let now Z be a twistor space on nCP?, n > 4, and assume that dim |F| > 2. In this
situation |F'| needs to contain an irreducible divisor, because otherwise there would exist
two pencils, |D| and | D], of divisors of degree one that define a surjective rational map to
CP! x CP' and for which D + D is a fundamental divisor. But then the image of |F| would
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be at least two-dimensional and Bertini’s Theorem implies that not all elements in |F'| could
be reducible. This allows us to apply the results of [17].

First, by [I7, Theorem 3.6], if dim |F| > 3, we always have the equality dim|F| = 3,
and Z has to be a so-called LeBrun twistor space [I8], the structure of which is also well-
understood. In particular, such twistor spaces are Moishezon. Second, by [I7, Theorem
3.7], if dim |F| = 2 and n > 5, then Z has to be one of the twistor spaces investigated in
[5], and they are again Moishezon. Third, if dim |F| = 2 and n = 4, then Z is either one of
the Moishezon twistor spaces studied in [5], or a twistor space that satisfies a(Z) = 2. The
former happens exactly when Bs|F| # () ([13] Proposition 2.4]), and if the latter is the case,
the morphism Z — CP? associated to the net | F| is an elliptic fibration which is an algebraic
reduction of Z. Thus the basic structure of Z is also well-understood if dim |F| = 2.

For the rest of this paper we let Z be a twistor space over nCP? (n > 4) and suppose
dim |F| = 1. Then general members of the fundamental system |F| are irreducible, since
otherwise we readily have dim |F| > 3. This implies that the self-dual metric on nCP? has
positive scalar curvature, see [17, Proposition 2.4].

Let S € |F| be a smooth fundamental divisor and recall that H'(Oz) = 0 because Z is
simply connected. As we assume h’(F) = 2, the standard exact sequence

(3.1) 0— 0Oz — F — Kg' — 0,

implies h°(Kg') = 1. This means that the anti-canonical system |Kg'| consists of a single
member, say C. In particular, we have x~1(S) > 0. From the surjectivity of the restriction
map HO(F) — H°(Kg') we have

(3.2) Bs|F| = C.

By a theorem of Pedersen and Poon [19], any real irreducible member S € |F| is non-
singular and obtained from CP' x CP! by blowing up 2n points. On such a surface, the
anti-canonical curve C' is real (i.e. o(C) = C) since S and so K§1 are real. Moreover we
have the following result on the structure of the base curve C.

Proposition 3.1. Let Z — nCP?, n > 4, be a twistor space satisfying dim |F| = 1, and
let the curve C be the base locus of the pencil |F|, as above. If C' is non-singular, it is an
elliptic curve. If C is singular, it is a cycle of rational curves which is of the form

(3.3) C=Ci+--+C+Ci+---+Cy

for some k > 1, where C; means o(C;), and in the presentation ([33) two components
intersect iff they are adjacent, or they are Cv and C}.

Proof. Recall that C' C S for each smooth real S € |F|. If C' is non-singular, the adjunction
formula immediately implies that C is an elliptic curve. If C is singular it is a cycle of
rational curves, by [16, Proposition 3.6]. If C' arises from item (I) or (III) in [16, Proposition
3.6], it consists of conjugate pairs of rational curves, as required in ([B.3]). If C' arose from
item (II) in [16, Proposition 3.6] it would have exactly two irreducible components, one
of them a real twistor line. Because a real twistor line in S generates a pencil, we would
readily have h°(K 571) = 2, in contradiction to our observations just after the exact sequence
B1). Therefore C'is a cycle of rational curves as described in (3.3]). O

In the sequel, for simplicity of notation, we often write Cjq for C'; and Cj4q for C; for
components of the cycle [B3]). This cycle will be significant throughout our proof of the
main result.
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Another important property of twistor spaces satisfying dim |F| = 1, which we next
explain, concerns reducible members of the pencil |F|. The cycle (83]) can be split into
connected halves in exactly k ways. For example, if £k = 3, the possibilities are:

(Cy + C2 + C3) + (C1 + Ca + Cs),
(Co+ C5 + 61) + (62 +C3+ C1),
(03 + 61 + 62) + (63 +C + 02)-

The following proposition, which was proved in [16], implies that if the base curve is singular,
these subdivisions are nicely realised by reducible members of the pencil |F|.

Proposition 3.2. ([16, Proposition 3.7]) If the base curve of the pencil |F| is a cycle of
rational curves as in ([B.3)), then |F| has exactly k reducible members. Moreover each of
them is real and of the form SZ-'" +S7 (1 <i < k), where SZ~+ and S; are non-singular
irreducible divisors satisfying gzr =S, . Furthermore, the divisor S;r + S, splits the cycle
C into halves in the following manner:

e if L; denotes the real twistor line joining the two points C; N Ciy1 and C; N Cipq,

then SZ-'" NS, = L;,
e the intersections SZ-'" NC and S; NC are connected.

Note that all the reducible fundamental divisors SZ-'" + .S, are singular along the twistor
line L; = S;r NS; . Therefore, all smooth fundamental divisors are automatically irreducible.
We will also need the following property of the Zariski decomposition of the cycle C.

Proposition 3.3. In the situation of Proposition [31, let S be a smooth member of the
pencil |F|. Then, the degree of S (see (21))) and the Zariski decomposition of the cycle
C C S are independent of the choice of S.

Proof. Let S € |F| be any smooth member, which is irreducible as we have seen above,
and let C' C S the base locus of the pencil |F'|. For the self-intersection numbers in S of
components of the cycle C' we have

C?=-2+Kg'Ci=-2+FC;,

hence these self-intersection numbers in S are independent of the choice of the smooth
member S. Obviously the intersection numbers between different components of C' are
independent of the choice of S as well.

Let C = P + N be the Zariski decomposition of the cycle C' regarded as a curve in S.
Then P is nef as a divisor in S. In particular PC; > 0 for any index i. As the intersection
number PCj is determined by the coefficients of P and the intersection numbers C;Cy, it is
independent of the choice of S and it follows that P is nef also in any other smooth member
of |F|. Similarly, N is negative definite not only in S but also in any other smooth member
of |F|. By the same reason, we have PC; = 0 for each C; which is included in N, not only in
S but also in any other smooth member of |F'|. Thus all the properties (i), (i) and (ii) that
characterise the Zariski decomposition are satisfied for P+ N in all smooth members of the
pencil |F|. Therefore, the Zariski decomposition of the cycle C' is independent of the choice
of a smooth member S € |F|. This implies that the self-intersection number P? = d(S) is
also independent of the choice of S. Hence we obtain the proposition. O

Note that, even though the Zariski decomposition C' = P + N is independent of S, it
is possible that the divisor moP|c in Pic(C) does depend on S. The reason is that the
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restriction moP|c actually is Og(moP) ® O¢ and like Og(C) ® O¢, the normal bundle of
C in S, this may depend on S. The independence of the Zariski decomposition just means
that the rational coefficients of P and N do not depend on S.

Since the works of Poon [2I] and Campana [4], it has long been well realised that the
algebraic dimension a(Z) of a twistor space Z on nCP? is closely related to the anti-Kodaira
dimension of a smooth member of the system |F|. Actually, if S is a smooth member of
|F'|, the standard exact sequence

(3.4) 0 — (m—1)F — mF — mKg" — 0, m>0
and the equality a(Z) = k(Z, F) imply the inequality
(3.5) a(Z) <1+ rw7H9).

Does equality hold in (B.5]) when Z satisfies dim |F'| = 17 For instance, if at least one smooth
member S of the pencil |F| satisfies K~1(S) = 0, we clearly have the equality a(Z) = 1.
The following proposition shows that the same is true if some S € |F| satisfies x~1(S) = 2.

Proposition 3.4. If at least one smooth member S of the pencil |F| satisfies k= 1(S) = 2,
then equality holds in [B.5]), and the twistor space Z is Moishezon.

Proof. Let S € |F| be smooth with x~1(S) = 2. If the base curve C of the pencil |F| is
non-singular, we readily obtain £~1(S) < 1 from C? = K% = F3 =8 —2n < 0. Hence C
is singular, and by Proposition Bl C is a cycle of rational curves on S as in (33]). Let
C = P + N be the Zariski decomposition of C' on S. For the degree of S we then have
d(S) > 0 by Proposition Since the degree is independent of the choice of a smooth
member S of |F| by Proposition B3] we obtain that d(S’) > 0 for any smooth member
S’ € |F|. By Proposition 2.2}, this implies x~!(S") = 2 for any smooth S’ € |F|.

Once this is obtained, the equality a(Z) = 3 follows from a general estimate of the
algebraic dimension from below in the case of a fibre space. We refer to [8, Proposition 4.1]
and [I7, Corollary 4.3] for details. O

In order to determine the algebraic dimension of Z if dim|F| = 1, we are left with the
case where the pencil |F| contains a smooth member S satisfying x~!(S) = 1. This is well
understood for the case n = 4, which we next explain in order to clarify the difference to
the case n > 4.

Let Z be a twistor space on 4CP? satisfying dim |F| = 1 and let C be the base locus
of |F|. Suppose that Z has a smooth fundamental divisor of anti-Kodaira dimension one.
Using (3.3)), this implies a(Z) < 2. As we assume n = 4, we can apply [16, Theorem 6.2] to
conclude that F is nef. Therefore, Kg' ~ F|g is nef for each smooth S € |F|, i.e. N =0 in
the Zariski decomposition of C on S. As K2 = 0, Corollary 2.9 shows now that £~ (5) = 1
if and only if the line bundle Kg'|c is of finite order in Pic?(C'). Because

(3.6) Kg'l, ~ (Fls)|, ~ Fle,

this order does not depend on S. Hence the anti-Kodaira dimension of smooth members of
|F’| is constant. From this, exactly like at the end of the proof of Proposition [3.4] we obtain
the following result.

Proposition 3.5. Let Z be a twistor space over 4ACP? satisfying dim |F| = 1. Suppose that
there exists a smooth member S of the pencil |F| satisfying k= 1(S) = 1. Then a(Z) = 2.
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We should mention that a much more concrete result was obtained in [6l Theorem 3.4]
without using the general estimate on the algebraic dimension of a fibred space. Namely, if
7 denotes the order of the line bundle K§1|C in Pic’(C), then dim |7 F| = 741, Bs|7F| = 0,
and the associated morphism Z — CP™! provides an algebraic reduction of Z which is
an elliptic fibration. Strictly speaking, the paper [0] assumes that the base curve C' is
smooth, but the proof equally works even if it is a cycle of rational curves because K§1|C is
trivial on each component of C in the situation considered here. Although we are assuming
dim |F| =1 here, the case 7 = 1 actually happens, and then dim |F'| = 2, see [111 [12].

Now we are ready to state the main result of this article. It says that, in contrast to the
case n = 4, when n > 4 and £~ 1(S) = 1 for some S € |F|, equality in ([B.5) never holds.

Theorem 3.6. Let n > 4 and Z be a twistor space on nCP? satisfying dim |F| = 1. Suppose
there exists a smooth member S of the pencil |F| such that k=1(S) =1, then a(Z) = 1.

If such a member S € |F| exists, inequality (3.5]) implies a(Z) < 2. On the other hand
we have a(Z) > 1 from the presence of the pencil. Thus for the proof of Theorem it is
enough to show a(Z) # 2. We emphasize here that in Theorem we are not assuming
that the member S is generic in the pencil |F|. Indeed, by [I7, Corollary 4.3], under the
assumption of Theorem 3.0 if S is generic in the pencil |F|, equality in ([3.5]) holds, which
means

(3.7) a(Z)=1+r"19) =2.

Hence Theorem implies that the member S € |F| in the theorem cannot be generic in
the pencil |F|. In other words, even if a twistor space Z on nCP?, n > 4, with dim |F| = 1
possesses a smooth member S € |F| which satisfies s71(S) = 1, a generic member S’ of the
pencil has to satisfy x71(S") = 0.

We note that, by investigating small deformations of twistor spaces of Joyce metrics [14],
the existence of twistor spaces that fulfil the properties of Theorem was shown in [§].
Our result shows that they have algebraic dimension 1.

The proof of Theorem will be completed at the end of this section. In preparation
for this proof, we first note that under the assumptions of Theorem the base curve C of
|F'| cannot be smooth and moreover k > 2 holds in (B3]

Proposition 3.7. Let Z and S be as in Theorem[3.0, and C be the unique anti-canonical
curve on S. Then C is a cycle of rational curves as in (B3] with k > 2.

Proof. By Proposition 3] the base curve C is either a smooth elliptic curve or a cycle
of rational curves as in ([B3)). If C is smooth, from K? = 8 — 2n < 0 we easily obtain
ho(ngl) =1 for any m > 0, but then x~!(S) = 0. Therefore C' cannot be smooth.

If C is as in B3.3) with k =1, then C = C; + C1, and C1C; = 2 as C is a cycle. Together

with K2 = 8 — 2n, this means C} = U? = 2 —n. Hence the intersection matrix for the cycle

C becomes
2—n 2
2 2—n/"

If n > 4, this is negative definite. Hence P = 0 in the Zariski decomposition C'= P + N of
C, which implies k~1(S) = 0, see Lemma 2.4 (i). Therefore k > 2. O

Let Z,S and C be as in Theorem and Proposition B7 and let p : Z — Z be the
blow-up with centre C. The space Z has singularities, but we discuss this later. Let E; and
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E; (1 <i<k) be the exceptional divisors over the curves C; and C};, respectively. Write
E:=(E1+ - +E)+(E1+-+E)

for the sum of all exceptional divisors. Any two distinct smooth members S’ and S” of
the pencil |F| intersect transversally along the cycle C' in the sense that S”|g» = C as a
divisor on S’. Therefore, the blow-up u : 7 — 7 composed with the rational map Z — CP!
associated to the pencil |F| is a morphism

f : Z — CP',
the fibres of which are the strict transforms of the members of the pencil |F|. This is nothing
but an elimination of the indeterminacy locus of the rational map Z — CP!. We will use
the same letters to denote divisors in Z and their strict transforms in Z.
Recall from Proposition 3.2l that the pencil |F| has exactly k reducible members SZ-'" +5;,

and that & > 2 by Proposition B77l Let \; € CP', 1 < i < k, be the point over which the
reducible fibre S;" U S; is lying. Evidently we have the basic relation

(3.8) f*0(1) ~ u*F — E.

For any index i, the exceptional divisor E; comes with two fibrations f |5, : B — CP! and
e, Ei — C; ~ CP'. Both are clearly (CIP’l-bundles, and fibres of different fibrations
intersect transversally at one point. Hence we obtain an isomorphism E; ~ CP! x CP* for
any 4. The same is true for the real conjugate divisor E; from reality.

Since the centre C' of the blow-up p is singular, being a cycle of rational curves, the space
Z has ordinary double points over the singularities of the cycle C'. Concretely, these are
exactly the points where the four divisors

(3.9) St S E; and Eipqp (1<i<k)

meet and the real conjugate points of these, see Figure [l where these points for ¢ = 1 are
indicated by black circles. Thus Z has precisely 2k ordinary double points in total. Since
each ordinary double point admits two small resolutions, the number of simultaneous small
resolutions of all the double points, which are compatible with the real structure, is 2¥ in
total. Let Z; — Z be any one of these small resolutions. We denote by uy : Z1 — Z the
composition Z; — 7 — Z of the small resolution and the blow-up. We continue to use
the same letters F; and E; to denote the strict transforms of the exceptional divisors in
Z1. Also, E denotes the total sum (Ey + --- + Ey) + (E1 + --- + Eg) in Z;. We write
f1: Z; — CP for the composition Z; — Z — CP'. From (B:8]) we obtain the relation

(3.10) fiO(1) ~ i F — E,

and f; has reducible fibre SZ~+ U S, over the point \;, 1 <4 < k.
If we regard the cycle C' as a curve on a real smooth member of the pencil |F|, it has a
Zariski decomposition with P and N both real

(3.11) C=P+N.

By Proposition B3] this Zariski decomposition is independent of the choice of the smooth
member. As in Section 2 let my be the smallest integer for which mgP is integral, and
write

moP:llCl—km—i—lka—i—llUl+---+lk6k.
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For later use, we use these coefficients [; and define a Q-divisor P on Z; by the equation

(3.12) moP =01FE1+ -+ Ep + 11E1 + -+ lka
Similarly we define a Q-divisor IN on Z7 by the equation
(3.13) P+ N=F.

Thus P and IN may be regarded as enlargements of the nef part and the negative part,
respectively, of the Zariski decomposition ([B.I1]) to divisors in Z;. The key feature of these
divisors is that if we restrict [B.I3) to a smooth fibre of the projection pg : Z; — CP!, we
obtain the Zariski decomposition (B.I1).

Because we assume k~!(S) = 1 for a given S € |F|, we obtain from Proposition and
Lemma[2.4] (i) that P2 = 0 and P # 0 in S. Because of Proposition 3.3] the same is true for
all smooth fundamental divisors. In particular, we can apply Proposition to get [; >0
for all 4 and I; = 1 for at least one i. Moreover, by Proposition (iv), as n > 4, the k
integers [; cannot all be equal to each other. Continuing to write Iy 1 := [, it follows that
there is an index 4 for which /; > [;11 holds. After a cyclic permutation of the indices we
may assume that [y > [.

For arbitrary integers r, p we define a line bundle M(r, p) on Z; by

(3.14) M(r, p) = f{O(r) + pmoP.

Proposition 3.8. Let S’ be any smooth fibre of the fibration fi : Zy — CP', and identify
the pair (S',S' N E) in Zy with (S',C) in Z by the map p1 : Zy — Z. Then for any r € Z
and p € Z, we have

(3.15) M(r, p) € Pic%(0).

S'NE

Proof. Recall that Pic’(C) denotes the group of those line bundles on C' that are of degree
zero on each component of C. By the identifications F; N S' ~ C; and E; NS’ ~ C; induced
by the birational morphism 1, we obtain that the restriction of M(r, p) to S’ is isomorphic
to pmgP. Here we have disposed of f;O(r) since S’ is a fibre of f;. Because P? =0 on ',
Lemma 2.4 (i) implies that moP|snx € Pic®(C), hence so is pmoP|sng. d

We now take a closer look at the ordinary double point Sfr NSy NEy{NEsin Z. Without
loss of generality, we may suppose that Sfr and S| are distinguished by the property that
the intersection S N Ej is (not a curve but) a point, see Figure [l

The small resolution Z; — Z blows up one of the pairs {S, B2} or {S;", F1}. Because
there is no essential difference between these two, we may suppose that the pair {S7, Ea}
is blown up. We denote the exceptional curve over the point Sfr N E; by Aj.

Since u blows up the cycle C', we cannot speak about strict transforms of the components
C; of C into Z;. But, if we specify a fibre of f; : Z; — CP!, we can. In particular, we
denote the strict transforms of C; and C; in the fibre fi 1()\1) by

(3.16) Cl,z’ and 6172', 1 < 1 < k.

These are identified with C; and C;, respectively, by the birational morphism 1 : Z; — Z.
The first index, 1, indicates that the curves are included in the fibre f;° 1()\1) = Sf usSy,
and the second index reflects that they correspond to C; and C; respectively. Unlike in
the original space Z, the union of all the curves ([BI6]) is not a cycle because the excep-
tional curves A; and A; are inserted between (1,1 and C 2, and between 61,1 and 61,2,
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—

small
resolutions

FIGURE 1. The small resolution of the ordinary double points on the fibre
f~1(\1) depicted for k = 3. The bold lines in the right figure mark the cycle
C that is defined below.

respectively, see Figure[ll Hence the union of all the curves (8.16]) consists of two connected
chains

(3.17) 0172 U 0173 U---u Cl,k U 6171 and 6172 U 6173 U---u 617k U 0171,
and by adding A; and A; we get a cycle of rational curves, which we denote by C. We

clearly have
C= fl_l()\l) NE

in the sense that C is the restriction of the divisor F to the fibre f; 1()\1) or, equivalently,
C is an element of the linear system |(f1|g)*O(1)] on the surface E.

The intersection numbers of the line bundle M(r, p) with the components of the cycle C
will play an essential role in the subsequent proofs.

Lemma 3.9. We have

B 0 i #2
(319 M(r,0) - O = {_p(ll o
and
(3.19) M(r, p) - Ay = p(ly — l2).

Proof. Let S’ be any smooth fibre of f; : Z1 — CPL. If 4 # 2, the curve C; is homologous
in E; to C; = S’ N E;. Therefore, using Proposition 3.8, we have

(3.20) M(r,p)-Ci; =0 forall i # 2.

The case ¢ = 2 requires more attention. Dropping components that are disjoint from C' o,
see Figure [II, we first obtain

(3.21) M(T, p) . 0172 = p(lgEQ + lgEg)Cl,g.

Further, as C12 N E3 is one point and the intersection is transverse, we have F3C o = 1.
Next, ExC12 = (01,2)2,;r since Eo N Sfr = (1 2 and the intersection is transverse. Moreover,

since the pairs (577, C12) in Z; and (S;, C1) in the original twistor space Z are isomorphic,
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the self-intersection number 012’2 in S;" C Z; is equal to C% calculated in S;” C Z. We let

ap := —C2, calculated in S C Z. By the adjunction formula and because Sf +S5, =F on
Z, we have

(Cg)i,;r = -2+ KS_;}CQ = -2+ (Kgl — SY)CQ = -2+ (F + Sl_)CQ

=2+ FCy+ 870y =2+ Kg'Co+1=(Co),+1=—ay+1.

By Lemma [2.4] (ii) we have moPCy = 0 on the original surface S C Z of which we assumed
xk~1(S) = 1. Thus, we have the relation

(3.22) lh —agla+13 =0,
with which we obtain
(loB2 4+ [3E3)Cr2 = lao(—ag + 1) + I3 =1 — 1.
Therefore, from (B.21]), we get
(3.23) M(r,p) - Cr2 = —p(ly —2).

For the remaining intersection number (3.19]) we notice that the curve A; UC| o, regarded
as a curve in the surface Es, is homologous to the fibre SN Ey ~ Cy of the projection fi|g, :
FEy — CP!. Because M(r,p)|s = moP and M(r, p)-(S-Ey) = (M(r, p)-S)-Ey = (mgPCy)s
is zero, we obtain

M(r,p) - (A1 +C12) =0,
and (3.19) follows from (3.23)). O

Let p > 0 be an integer and recall that we have chosen notation so that Iy > lo. From
BI8) for i = 2 we then obtain M(r,p) - C12 < 0. Using (B.18) for i # 2 and reality it
follows now that the two chains

(3.24) 0172 U C1,3 J---u Cl,k U 6171 and 6172 U 61,3 J---u 61,k U 0171

are contained in the base locus of the linear system |M(r, p)|. This will be a stepping stone
for the following stronger statement, which will play a key role in the proof of the main
theorem.

Proposition 3.10. For any r € Z and p > 0, we have
HY(E,M(r,p)|g) = 0.

In particular, if p > 0 the divisor E is a fized component of the linear system |M(r,p)| on
AR

Proof. Recall that the cycle of rational curves C belongs to the linear system |(f1|g)*O(1)|
on E and that M(r,p) = M(r —1,p) ® f{fO(1). Therefore, multiplication by a section of
f1O(1)|g with zero locus C provides an exact sequence

0 — M(r—1,p)lg — M(r,p)lpg — M(r,p)lc — 0.
To first show that ¢ = 0 in the induced exact sequence
(3.25) 0 — H(M(r—1,p)|g) — H®(M(r.p)|p) - H°(M(r.p)lc) .

we let
s € HO(EvM(Tv p)|E’)
be a non-zero section and note that ¢(s) = s|c.
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Suppose that s identically vanishes on a component of E. Then since, for each 7 the degree
of the line bundle M(r, p) on a general fibre of fi|g, : E; — CP! is zero by Proposition
B8 we obtain that s vanishes identically on E. Hence s cannot vanish identically on any
component of E. Therefore we can consider the effective Cartier divisor (s) on E, and the
restriction (s|g,;) is a curve on E; for any 1.

From the intersection numbers (B.I8]) we have seen above that the divisor (s) includes
the two connected chains (324 for p > 0 and all » € Z. Hence the curve (s|g,) passes
through the point C; N Ay, see Figure[Ill This point is not on Cj 2, because C; 1 and C1 o
are disjoint curves in f; (A1) C Z;. If the divisor (s|g,) had a component other than Ay,
containing this point, then we would have s|g, = 0 by Proposition B.8], since the fibre of
fi|E, through this point is Ay + C 2 and so (s|g,) would have to intersect any fibre of the
projection fi : E5 — CP'. Therefore such a component does not exist. Hence the divisor
(s|g,), and so (s), includes A;. The same argument shows that (s) D A;. We have seen
before that (s) includes all the other components C ; and 61,i of C = fl_l()\l) N E and so
we obtain C C (s), which implies ¢(s) = s|¢c = 0. This shows that ¢ = 0.

From the exact sequence ([3.25]) we obtain now for all p > 0 and all » € Z that

(3.26) HY(BE,M(r —1,p)|g) 2 H*(E,M(r,p)|E) -
On the other hand, using (3.14) and the projection formula for f; : E — CP', we obtain
JuM(r,p)|E = fra(f{ Ogpi (1) @ Op(pmoP))
= OCPI (7‘) ® fl*OE(pm()P) .

For any coherent sheaf 7 on CP' and for sufficiently large j, H®(Ogpi(—7) ® F) = 0.
Taking j so that this holds for F = f1,Og(pmoP), we obtain from (3.26]) that

HY(B,M(r,p)|g) = H°(E, M(—j,p)|E)
= H°(CP, f1. M(~3, p)| &)
=~ H%CP', Ogpi (—j) @ F) =0
for all 7 € Z and all p > 0. -

By Propositions 3.8 the restriction of moP to f~1(A\) N E ~ C gives an element Py €
Pic?(C) for each value of X for which the fibre f;*()\) is smooth.

Proposition 3.11. Assume that Py has the same finite order T for all smooth fibres fl_l()\).
Then, for any r € Z and v > 0, we have

\M(r,v7)| = | ffO(r)| + vrmo P.
Proof. Recall that
M(r,vr) = ffO(r) + vrmoP.
By Proposition 310 the divisor E is a fixed component of | M(r,v7)| and so
(3.27) |M(r,vr)| = | fiO(r) + vimoP — E| + E.

Let S be a general fibre of f; : Z; — CP', and identify the pair (', S’ N E) with the pair
(S7,C) included in the original space Z by the birational morphism p; : Z; — Z. Because
we assumed Py to have finite order, we can use Proposition 2.8 (iv) to obtain

(3.28) lvrmoP — C| = |(v — 1)rmoP| + (tmoP — C)
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on S’. As this is valid for any smooth fibre of f;, we obtain that the divisor TmoP — E
on Zj is a fixed component of the system |f;O(r) + vTmoP — E|. Hence, from (B.27)) and
using definition (B.14]), we obtain

|M(r,v7)| = | ffO(r) + (v — 1)TmoP| + Tmo P
= [M(r, (v = 1)7)| + Tmo P.
Using induction on v > 0 we finally obtain
\M(r,v7)| = [M(r,0)| + vrmeP = | ffO(r)| + vTmo P,

as required. O
We are now ready to prove our main result.

Proof of Theorem [30. We first show that if the order of the restriction Py of mgoP to
C =~ f~Y(\) N E is not the same for all smooth fibres f;*()\) then we have a(Z) = 1. To
see this, we note that the set of points of finite order in Pic’(C'), which is isomorphic to
C*, has the property that any continuous path that connects two distinct points of finite
order necessarily contains points of infinite order. Moreover we have a continuous function
X = Py € Pic?(C) which is defined on the open set of CP! over which f; has smooth fibres.
Therefore, if the order of P, is not constant, the image of the continuous function mentioned
above contains an element of infinite order. If S’ € |F| is the member corresponding to such
an element of infinite order, Corollary shows that k~1(S") # 1. As d(S’") = d(S) = 0,
Proposition implies k71(S’) # 2, and we conclude £~1(S’") = 0. As we have seen from
B3, this implies a(Z) = 1.

Thus it remains to consider the situation in which the order of P, is the same for all
smooth fibres f| L(X\). We will show by contradiction that this situation never happens.

So suppose that the restriction Py has the same finite order 7 for all A for which f; ()
is smooth. Then, by Corollary X9, we have k~1(S) = 1 for each smooth S € |F|. Hence
k1 =1 for generic members of the pencil |F| and, using [17, Corollary 4.3], we obtain that
a(Z) = 2.

On the other hand, with the aid of Proposition BI1] we are able to show a(Z) = 1 as
follows. For each integer v > 0, (811 gives a Zariski decomposition in S

vrmoC = vrmgP + vTmgN,

and since the Zariski decomposition of the cycle C' is independent of the smooth member S
by Proposition B3] this is the Zariski decomposition of the divisor v7mgC on any smooth
member of the pencil |F'|. Therefore, by Proposition 2] for any non-singular fundamental
divisor S’ € |F|, the divisor v7moN is a fixed component of the system |v7moK | on S'.
Hence the pull-back pj(vtmoF) to Z; has the divisor v7moIN as a fixed component; the
divisor N was defined in ([B.I3]). We define a line bundle £ on Z; by

(3.29) L:= pi(tmoF) — tmoN =~ ffO(tmg) + 7TmoP = M(1mg,7),

where we have used the relation (3.10) to get the isomorphism. The line bundle £ is equipped
with a natural real structure coming from that on F' on Z. The morphism p; : 7y — Z
provides a bijection between the members of the two linear systems |v7moF| on Z and
|£®"| on Z1. Moreover, the composition of y; with the rational map defined by |[vrmoF]| is
the rational map which is given by [£®”|. Because

L% = [M(vrmg,vT)| = | ffO(vTmg)| + vrm P,
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by Proposition B.I1] we see that the rational map associated to |[£%”| has one-dimensional
image, equal to the image of a Veronese embedding of CP'. Hence, for all v > 0, the
rational map defined by |v7moF'| has one-dimensional image as well, and this implies that
a(Z) = k(Z,F) = 1. This contradicts our previous conclusion a(Z) = 2. Hence it is
impossible that Py has finite order not depending on . O

It might be interesting to observe that in the argument that leads to the contradiction
in the second part of the above proof, the constancy of the order of Py is only needed to
apply Proposition [3.111

4. COMMENT ON A RESULT IN THE PAPER [§]

In [8], the existence of a twistor space on nCP? with algebraic dimension two is claimed
for any n > 4. The proof of this assertion consists essentially of the following two parts.

1. For a non-singular surface S which admits an anti-canonical cycle, it is shown in
[8, Lemma 3.2] that the finiteness of the order of a certain line bundle L, on a
cycle of rational curves implies x~!(S) = 1. With the aid of formula (Z3]) it can be
shown that the pull-back of the line bundle L, to S is isomorphic to the line bundle
O(myP)|c studied in Section 2.

2. If a twistor space Z on nCP?, n > 4, admits a divisor in |F| which is biholomorphic
to the surface S in the above part 1 satisfying x~1(S) = 1, then we always have
dim |F| = 1. It is claimed in the proof of [8, Lemma 4.3] that the isomorphism class
of the line bundle L, from part 1 is the same for generic members of the pencil |F|.

It follows that a generic fundamental divisor S in a twistor space Z as in part 2 above
satisfies k~1(S) = 1. Using [8, Proposition 4.1] it is then concluded that a(Z) = 2. This
conclusion is in conflict with our Theorem [I[T]

To resolve this contradiction, we first recall some notation of [8] and then focus on a key
step in the proof that the order of the line bundle L, does not depend on S.

Each non-singular fundamental divisor S; (t € CP!) is given as an iteration of blow-ups

(4.1) Sy 2 T T % CP' x CP.

Here, « is the blow-up of 4 points, all of which are nodes of an anti-canonical cycle on
CP' x CP' consisting of 4 components. The morphism u is a composition of blow-ups of
which each centre is a node of the anti-canonical cycle. Both T” and T are toric and their
isomorphism classes are independent of ¢ € CP!. On the other hand, w; blows up 4 points,
where each centre belongs to the strict transforms of the 4 exceptional curves of « which
are disjoint to each other. Thus the variation of the complex structure on S; is entirely
encoded in the variation of the 4 points blown up under wy. It is important to keep in mind
that the sequence (4.1J) is constructed for each non-singular S; individually, and there is no
natural way to identify the surface 7’ (and T and CP' x CP! also) for different choices of
t € CP*.

Let C be the anti-canonical cycle on S, which is the base curve of the pencil |F|, and
B’ = w(C). The argument that the order of the line bundle L, does not depend on the
surface S in the fundamental pencil is built in an essential way on the assertion that the
pull-back (wi|c)*(K7'|p) does not depend on t. This independence is based on the claim
that the morphism wy|c : C — B’ does not depend on ¢.
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We now derive a contradiction from the assumption that w¢|c : C' — B’ is the same for
two nearby values of ¢ for which S} is a real smooth member of the fundamental pencil.
This confirms that there is a gap in the proof of [8, Lemma 4.3] on line 10, page 1105.

Let S and S’ be two real irreducible fundamental divisors on a twistor space Z over nCP?
such that both are obtained be a sequence of blow-ups from CP! x CP! as in @I). The
linear system of twistor lines on each of these smooth surfaces gives, see [19], a morphism
with target CP! and we can choose the morphisms in (1)) so that their composition with
the first projection p; : CP! x CP* — CP! is the morphism given by the pencil of twistor
lines. We now identify the surfaces 77, T and CP' x CP! obtained by blowing down some
curves on S with those obtained by blowing down some curves on S’. As mentioned above,
there is no natural way to do so.

From Proposition we can deduce that the two component of the cycle C' that are met
by real twistor lines in a real fundamental divisor Sy do not change as long as t varies within
one connected component of the set of real irreducible fundamental divisors, which is the
complement of a finite set of points on a circle. We assume that S and S’ belong to such a
connected component and denote the morphisms w; for these two surfaces by w: § — T’
and w’ : §” — T’, respectively. We let 7 be the composition

m:8 -5 T —% T - CP' x CP* 2% CP!
and define 7’ : S/ — CP* similarly. Both restrictions w|c and w’|c have the same image

B’ C T'. Because piou : T' —s CP' is the same for both surfaces S and S, the assumption
that w|c = w'|¢ implies that the two compositions

u

tle:CYS B T T % CP x CP! 2 CP!
and

e 0 B T % T %5 CP! x CP! 2% CP!
coincide. Let now L C S be a real twistor fibre, then LNC = {p, P} is a set of two conjugate
points. Consider the fibre L' C S’ of 7’ over the point 7(p) = 7(p). As 7’ has only finitely
many reducible fibres and the real twistor lines in S and S’ meet the same components of
C, we can choose L so that L' is irreducible. Because, by assumption, w|c = 7’|, we have
L'NC = {p,p} as well. However, as there do not exist two real twistor fibres in Z through
the point p and S N S” does not contain a real twistor fibre, L’ cannot be a real member
of the pencil |L'| in S’. Hence, L’ and its conjugate are two different members of the same
pencil on S” and they intersects at least at the two points p and p. But this is absurd as
the irreducible curve L’ has self-intersection number 0 on S’. This contradiction shows that
wt|c : C — B’ cannot be the same for any two values of ¢ for which S; is real.

A detailed analysis of the argument in [8], p. 1105] reveals that the core problem is whether
for s # t the automorphism (ws|c) o (we|c)™t : B’ — B’ extends to an automorphism
T — T', or more precisely, to an isomorphism between neighbourhoods of B’. This seems
to have been overlooked in [8]. A priori there is no reason for this to hold, and our Theorem
LI shows that for generic s € CP', such an extension cannot exist and even if some member
in the pencil |F| satisfies ™' = 1, the general member of the pencil needs to satisfy x~! = 0.
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