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k-fold exterior powers of V

Let K be a field with charK # 2.

Let V a vector space over K, dimk V = m < oo.

VEK .= V@K - @K V for k >0,
N
ktimes
Vel = K,
V&K .= 0 for k < 0.

For k > 0 we define the k-fold exterior power of V/, denoted AV, to be
the quotient space of V®k by the subspace generated by all vi ® - -- ® vy

with two of the vectors equal, the projection being

p: V&K L ARy, pP(i® - @ vg) =vi Ao A vg.
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k-fold exterior powers of V

If {v1,...,vmn} is a basis for V, then a basis for AXV is given by the set of
k-fold wedge products {vj, A---Av; :1<i; <--- <ix < m} and there

are (') such expressions.

AKV has dimension ('L’)
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k-fold exterior powers of ¢

Definition (Bourbaki)

Let ¢ : V X V — K be a bilinear form and let k be a positive integer not
greater than m. We define the k-fold exterior power of ¢,

Ao NV x AV — K
by
Ak‘P(Xl A AXiyr Ao A yg) = det (@(Xiayj))lg,"jgk o

We define A% := (1), the identity form of dimension 1. For k > m, we
define AKp to be the zero form, since AKV =0 for all k > m.
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k-fold exterior powers of ¢

Definition (Bourbaki)

Let ¢ : V X V — K be a bilinear form and let k be a positive integer not
greater than m. We define the k-fold exterior power of ¢,

Ao NV x AV — K
by
Nt A= Axi,y1 Ae+ A yi) = det (@(Xi,)ﬁ))lgiJSk :

We define A% := (1), the identity form of dimension 1. For k > m, we
define AKp to be the zero form, since AKV =0 for all k > m.

A¥p is a bilinear form and is symmetric if ¢ symmetric.
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Useful facts

Let ¢ be a symmetric bilinear form over K with ¢ ~ (a1,...,am). Then

Ao ~ J_ (@i -+ - aj,)-

1< < <ig<m

In particular,

Wi 1)) = () (1) and a4 x (1) = (7 ) = (-1,

Let ¢ and v be symmetric bilinear forms over K. Then

o L ap) =~ J_ N @ Nip .
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Examples of exterior powers of forms

Suppose ¢ = (a, b,c,d). Then

N2 = (ab, ac, ad, bc, bd, cd)
N3y = (abc, abd, acd, bed) .

Soif p =2 xH=2x(1,-1) then

Np=(-1,1,-1,-1,1,-1) ~ (-1,-1) L2 x H
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k-fold symmetric powers of V

We define the k-fold symmetric power of V, denoted Sk(V), to be the
quotient space of V®k by the subspace generated by

V1@ @V = V(1) @ © Vo(k)

for all v; € V and all permutations o : {1,--- ,m} — {1,--- , m}.
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k-fold symmetric powers of V

We define the k-fold symmetric power of V, denoted Sk(V), to be the
quotient space of V®k by the subspace generated by

V1@ @V = V(1) @ © Vo(k)

for all v; € V and all permutations o : {1,--- ,m} — {1,--- , m}.
If {v1,...,Vm} is a basis for V, then a basis for S¥V is

ki ki . .
{vill--~vi/:1311<---</g§m,k,-1+---+k,-e:k}

S*(V) has dimension (m+:_1).

R. Flatley (MIC) Symmetric powers of trace forms 11.06.2013 7/25



k-fold symmetric powers of ¢

Definition

Let V be an m-dimensional vector space over K. Let ¢ = (a1, -+ ,am) be
the diagonalisation of a symmetric bilinear form on V and let k be a

positive integer. We define the k-fold symmetric power of ¢,

Skp: Sk x Skv — K

Skp = J_ <a{(i1 ~--al.%> .
1<h<--<ig<m* " e
k,'1+---+k,'l:k

We define S% := (1). Clearly, Sty = o.
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Useful facts

Theorem 1 (McGarraghy, 2002)

Let ¢ be an m-dimensional symmetric bilinear form over K. Then

[k/2]

mi+i—1 _oj
SQ@:%( ; )x/\k2<p.
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Useful facts

Theorem 1 (McGarraghy, 2002)

Let ¢ be an m-dimensional symmetric bilinear form over K. Then

[k/2]

kp ~ 'JF <m+.i_ 1) x N2y,
1= I

Ko L) ~ J_SIQD®SJ
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Useful facts

Theorem 1 (McGarraghy, 2002)

Let ¢ be an m-dimensional symmetric bilinear form over K. Then

[k/2]

kp ~ 'JF <m+.i_ 1) x N2y,
1= I

Ko L) ~ J_SIQD®SJ

A< is always a subform of Ski. \
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Examples of symmetric powers of forms

Suppose ¢ =< a, b,c,d). Then

S%p = (a%,b?,c2,d?) L (ab, ac, ad, bc, bd, cd)
= (2%, b%, 2, d%) L A?p.

Soifo=2xH=2x (1,-1) ~ (1,1,—1,—1) then

SPp~10xH =8xH L Asp.
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Hyperbolic forms: results

Proposition 1

Let ¢ ~ h x H where h € N and k odd with 1 < kK <2h — 1. Then

N ~ %(2:) x H.
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Hyperbolic forms: results

Let ¢ ~ h x H where h € N and k odd with 1 < kK <2h — 1. Then

Ao ~ L (2/’) x H.

2\ k

Proposition 2

Let p ~ hx H where he N, k=2¢and 0 < ¢ < h. Then

s () 0 3 ((2)- ()<=
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Hyperbolic forms: results

Let ¢ ~ h x H where h € N and k odd with 1 < kK <2h — 1. Then

Ao ~ 1<2h) x H.

2

Let p ~ hx H where he N, k=2¢and 0 < ¢ < h. Then
h 1 2h h
k. _ a0, _ 1\ - _
Nop=A ¢_(£>><<( 1))J_2<<2€> (E))XH'

McGarraghy (2001) proved Proposition 2 for ordered fields.

k
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Hyperbolic forms: results

Let ¢ ~ h x H.

When K is an ordered field then
A¥¢ hyperbolic <= k odd. (McGarraghy, 2001)

Proposition 2 shows that this is not true for fields in general.

e.g. If K contains v/—1 and ¢ ~ 4 x H, we have
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Hyperbolic forms: results

Proposition 3

Let k be any positive odd integer, h € N. Then

Sk(h x H) = %(2h+kk_l) x HL.
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Hyperbolic forms: results

Let k be any positive odd integer, h € N. Then

Sk(th):%(%—i_k_l) x HL.

k

Remark
In the proof we use a Vandermonde-like identity, namely,

i<h+;—1)(h+::;—l> :<2h+kk—1>

i=0

for h and k arbitrary natural numbers (Gould, 1956).
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Hyperbolic forms: results

Proposition 4

Let k be any non-negative even integer, k = 2¢,h € N. Then

Sk (hxH) ~ (h+§—1)x<1>J—%(<2h+22€€—1) - (h—i_ﬁ_l))x]}ﬂ.
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Hyperbolic forms: results

Let k be any non-negative even integer, k = 2¢,h € N. Then

Sk (hxH) ~ (h+§_1)x<1>J_%(<2h+22€€_1) - <h+§_1)>x]1-]1.

RENEILS
The identity

z‘f: <2h +ii— 1> (zﬁ i>(_1)g_,- _ <h+ﬁ— 1) |

i=0

is used in the proof.
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Hyperbolic forms: summary

O~ h x H
k] Mo | Sk |
odd Hyp Hyp

even (g) X (=1)%) L Hyp (H g - 1) « (1) 1 Hyp
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Symbol algebras

Let A be a central simple algebra of degree n over K.

We write T4: A — K for the quadratic trace form
Ta(z) = Trda(2?) for z € A,

where Trd, is the reduced trace of A.
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Symbol algebras

Suppose K contains a primitive n-th root of unity w, n € N arbitrary. Let

a,be K* and let S be the symbol algebra over K generated by elements
x and y with

x"=a, y"=b and yx=wxy.

We denote S as (a, b; n, K,w).
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Symbol algebras

Suppose K contains a primitive n-th root of unity w, n € N arbitrary. Let
a,be K* and let S be the symbol algebra over K generated by elements
x and y with

x"=a, y"=b and yx=wxy.
We denote S as (a, b; n, K,w).

Proposition 5

We have

(i) Ts~(n)y LHyp n odd
(i) Ts =~ (n)(1,a,b,(—1)"?ab) L Hyp n even.
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Exterior powers of Ts

Ts ~ (n) L Hyp, for n odd

Let n be odd and k an integer such that 0 < k < n%. Then
n?—1
e (%) x ((~1)'7") L Hyp, if k is odd;
( 2 ) x ((~1)3) L Hyp, if k is even.
2
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Exterior powers of Ts

Let n be even. We write Ts ~ gs | Hyp where

gs ~ (n){(1,a, b,(—1)2ab) .

Let n be even. Then, for 0 < k < n?,
(a) If k is odd,

2
. n(k—1)

N Ts ~ (;) x{((-1)" 4

)gs L Hyp.

(b) If k is even,

v
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Exterior powers of Ts

(b) If k is even,

n2
<E> (1) L Hyp, if n=0 (mod 4);
2

) L Hyp,

N—
X
M\»

k ~
NTs = |fk<”2andnz2 (mod 4);

n?
i) X J_Hyp7
2

if k> % and n=2 (mod 4).
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Exterior powers of T,, A csak of degree 4

Let K be a field containing a primitive 4" root of unity.

Let A be a central simple algebra of degree 4 over K.

Proposition 8 (Rost, Serre, Tignol, 2006)

In W(K), for j =1,...,15, we have:

0  forj even,

TA forj odd.

NTy=

Corollaire 2, "La forme trace d'une algebre simple centrale de degré 4",
C. R. Acad. Sci. Paris, Ser. | 342 (2006) 83-87.
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Exterior powers of Ts

Corollary 9 (to Prop. 7)

Se

Suppose n = 2"p;" ... p,* where r > 2 and the p; are odd primes, s; > 0.
If k=24p;*...p/", 1<u<2r—1and0 <y <2s, then AkTs is
hyperbolic.
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Exterior powers of Ts

Corollary 9 (to Prop. 7)

512

Suppose n = 2"p;* . where r > 2 and the p; are odd primes, s; > 0.
If k =2"p;*...pJ", 1<u<2r—1and0< vi < 2s;, then AKTs is
hyperbolic.

Corollary 10 (to Prop. 7)

52

Suppose n = 2p;* .. where the p; are odd primes, s; > 0 If
k=2p;*...p/ 0<v; <2s, then Ak Ts is hyperbolic.
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Symmetric powers of Tg

Proposition 11

Let n be odd and kK > 0. Then

n4+k=2
( e ) x (1) L Hyp, if k is odd;
k _ K=4
S'Ts = n2+2k—1
i ) x (1) L Hyp, if k is even.
2
11.06.2013 23 ,/' 25
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Symmetric powers of Tg

Proposition 11

Let n be odd and kK > 0. Then

24 k—2

+
=

n

) x (1) 1L Hyp, if k is odd;

x
| N

1
-1

SKTs = (

=N

n’+

) x (1) L Hyp, if k is even.

NIx N

We use the identity
Zfz 2h+ 0\ (B g (M
pars i 0—i ~\h )
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Symmetric powers of Tg

For odd degree n, power k, the k™" symmetric power of Ts has dimension

n”+k—1
« .

When k is even, the corresponding number of copies of (1) is

n’+k=1
2
k .
2
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Symmetric powers of Tg

Proposition 12
Let n be even, k odd.
We write Ts ~ gs L Hyp where gs ~ (n)(1,a, b, (—1)2ab).

m+k—1
Sk:( 31>XQSJ—HYP-
2

(TO BE CHECKED)
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