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Abstract

In this thesis we give a complete description of the Bridgeland sta-
bility space for the bounded derived category of holomorphic triples
over a smooth projective curve of genus one as a connected, four di-
mensional complex manifold.

We will then prove a number of helpful facts that characterise the
bounded derived category of holomorphic triples and will subsequently
generalise some of the results on the stability space of the bounded
derived category of holomorphic triples to that of holomorphic chains.
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1 Introduction

This thesis attempts to contribute to the research on stability spaces of a
given derived category. The derived category to be investigated is that of
holomorphic triples on an elliptic curve.

Bridgeland introduced stability conditions on triangulated categories in
[18], formalising ideas from physics by Douglas (see [25] and [26]). As main
result of [18], Bridgeland asserted that the set of stability conditions has
the structure of a complex manifold, usually referred to as a stability space.
These have several applications in algebraic geometry. They serve for ex-
ample as an important invariant of and are therefore essential for the un-
derstanding of derived categories. There are — moreover — applications in
birational geometry as well ([35], [6]).

Describing stability spaces of a certain derived category is generally not
an easy endeavour and hence not many examples of derived categories are
known where the entire stability space has been computed. Bridgeland gave
a complete description of the stability manifold of non-singular projective
curves of genus one that was subsequently generalised by Burban and Kreus-
sler to singular irreducible projective curves of genus one in [20]. On the
other hand, Macri generalised the smooth case to higher genus in [45] while
Okada found the stability manifold for P! in [53]. In general, not as much
is known and one has to settle for less comprehensive results such as the
computation of a connected component as it was done in [51], [17], [61], []]
and in [7]. In other cases, the results are even weaker, such as whether the
stability space is non-empty or stability conditions are simply used in other
applications (for example in birational geometry) without even the attempt
to compute the stability space.

However, assuming C' to be a complex projective non-singular curve of
genus 1, we will provide a complete description of the stability space of the
bounded derived category of the (abelian) category of holomorphic triples,
sometimes denoted D°(T Coh(C)). The concept of a holomorphic triple was
introduced by Bradlow and Garcia-Prada in [I4] and [I5]. A holomorphic
triple consists of coherent sheaves F;, Fs on C' and a morphism ¢ : By —
E5. We will subsequently discuss what of these results can be generalised
to holomorphic chains and also investigate related questions that aim at
understanding the category D?(T Coh(C)) better.

As far as the organisation of this thesis is concerned, we will proceed
as follows. Section [2| will present the underlying basic notation and briefly
discuss the categories involved. Subsequently, an introduction to the theory
of stability spaces will be provided.

In section [3] we will discuss a technique which we call CP-gluing, that was



introduced by Collins and Polishchuk in [21] and that uses semiorthogonal
decompositions to generate the hearts of t-structures — as a key-ingredient
of a stability condition — on the generalised version of the derived category
of holomorphic triples from those of the derived category of the underlying
abelian category. This technique is in a very basic way quite broadly appli-
cable and we obtain some preliminarily results (theorems [3.2.34] and [3.2.39)
without imposing any restrictions on the abelian category that we start with.

In section [4, we impose the extra condition on the abelian category we
are starting with, that its derived category should have a Serre functor —
and for extensive parts even that it should be equal to the (abelian) category
of coherent sheaves on an elliptic curve — meaning the genus of the curve
should be 1. The condition of the existence of a Serre functor immediately
unlocks a variety of new possibilities since it provides us with new functors
and therefore with more semiorthogonal decompositions than in the more ba-
sic situation of section . Additionally it is now possible to apply an (older)
technique from which CP-gluing derives and that is known as recollement.
This technique which was introduced by Beilinson, Bernstein and Deligne
in [10] allows one to compute more t-structures than the CP-gluing tech-
nique provided that one has enough functors available. Hence, we will apply
recollement to our situation, however, will obtain the following important
theorem, clarifying the situation between CP-gluing and recollement in the
situation we are in (theorem .

Theorem 1 (Jealousy Lemma). If H;, g fori € {1,2,3} is the heart of a t-
structure as in definition[{.4.1] that is not obtained by CP-gluing via either of
the three semiorthogonal decompositions (Dy, D), (D3, D1) or (Da, Ds) then
there is no stability condition with heart H; o 3.

We then continue by developing the theory of the stability space and have
the following — crucial — theorem that provides the first characterisation on
the stability space as a whole (theorem [4.5.29)).

Theorem 2. Assume that D is the derived category of Coh(C), where C' is
an elliptic curve, then

pre Stab(DT) = @12 U @31 U @23.

with ©;; like in definition |4.5.27

Note that preStab(D") are stability conditions that do not necessarily
fulfil a condition added later which is that they need to satisfy what is called
the support property — however, we obtain the analogous result as a direct

implication anyway (corollary 4.5.30)).



Corollary 3. Let ©;; be like ©;; where now we assume o € Stab(D") instead
of pre Stab(DT), then we have

Stab(D') = 0], U 0%, U Ol,.

Prior to continuing with our investigation of the stability space we are now
also able to provide a description of the Serre functor on the level of objects
(theorem . We conjecture that the derived category of holomorphic
triples is fractional Calabi-Yau with the fraction in question being %.

After this, we introduce another technique named tilting (see [1] for de-
tails) and use it to complete the picture of the stability space from a con-
structive point of view. We have the following (theorem .

Theorem 4. Let A = Coh(C). We have

pre Stab(D') =0, U0, UGz UT.

where ©; are stability conditions that are up to the &;(R)-action (lemma
2.5.50 and definition|2.5.4) obtained by CP-gluing and T' stability conditions

that are up to the GL, (R)-action obtained by tilting (see definition |4.8.20).

Finally, we investigate the support property mentioned above by distin-
guishing between different cases of possible discriminants of matrices given
as part of the data of a stability condition, which gives preStab(D') =
Stab(D') (theorem [4.9.37). We are then able to investigate the topology of
Stab(D') and to provide a description given by the main theorem (4.10.31))
on Stab(DT).

Theorem 5. The space of stability conditions of the derived category of holo-
morphic triples on an elliptic curve is a connected, four dimensional complex
manifold.

Both sections [3] and [4] are joint work with Eva Martinez and Alejandra
Rincén. The results in it appear in [49].

As part of the investigation of the stability space — that is after all first and
foremost a tool to understand its associated derived category better — cer-
tain questions have come up which are worth considering in order to achieve
a better understanding of the derived category of holomorphic triples and
that will be dealt with in section [} The investigation of recollement in sec-
tion [4] provides the question of the shape of a t-structure that is obtained
by recollement and that usually looks a lot more complicated then one ob-
tained by CP-gluing, be it part of a stability condition or not. Since this
is a rather constructive approach we will provide a manifold of examples to



illustrate our findings (theorems [5.1.18 and [5.1.23)). Section [5| additionally
investigates certain connecting-homomorphisms which are a key-feature for

the understanding of the derived category of holomorphic triples. We have
the following (theorem [5.2.8)).

Theorem 6. Let X = (A 5 B). The connecting morphism % of the ezact
triangle
ia(pa(X)) = X — in(M(X)) &

1s — up to isomorphisms — given by the chain-compler homomorphism ¢ via
the roof

A

. ida \
da A - 0

1A

A
igop Cone(idy)
wlllopap
(¢[1]s)
B

B Cone(idg)

Finally we conclude section |5 and therefore our investigation of the de-
rived category of holomorphic triples by altering our perspective to a situation
where we have an exceptional collection available — which allows us to apply
theory by Macri developed in [45] to obtain results on the stability space.
The most obvious example one would have in mind in this regard is that of
coherent sheaves on PYV. As well as the more general proposition we
obtain the following result (corollary [5.3.13)).

Corollary 7. There is an open, connected and also simply connected N -
dimensional submanifold ©¢ C pre Stab(D?((PM)1)).

Section [6] is dedicated to the generalisation of findings from section [
on the stability space of the derived category of holomorphic triples. We
generalise to holomorphic chains of length two initially and subsequently of
length n. For the case of n = 2, we will provide the basic data involved
by giving a description of the semiorthogonal decompositions that generalise
those of the n = 1 case and also describe the resulting recollement data.
We will demonstrate that stability conditions exist in this case (proposition
m After providing a generalisation of the Jealousy Lemma ([6.2.5)), we
will give a short description of what the basic data should look like in the



case of a holomorphic chain of length n. In this case we too will demonstrate
how to obtain a stability condition (proposition [6.3.7).

Section [4] is heavily based on the availability of a Serre functor on the
derived category of holomorphic triples and its existence is provided by the
fact that the derived category of coherent sheaves on a smooth projective
curve is equipped with one. We achieve this implication from a theorem of
Bondal and Kapranov (|12, Proposition 3.8]) who also provide a short proof.
Because of the importance of [12, Proposition 3.8] we provide a detailed proof
of it in the appendix (section [A)).

This thesis can be seen as a continuation of [22] on the research-level.
Therefore, the reader unfamiliar with the general concepts discussed here is
recommended to read [22] in addition to the standard literature.

2 Basics: notation and framework

This chapter is deemed to provide a common ground on which the findings
that this thesis discusses can be presented. We will therefore provide the

crucial notation and framework of stability conditions as it was introduced
by Bridgeland in [18].

2.1 Notation

This very brief subsection introduces the notation and explains the basic
concepts that we will use. We will, throughout this thesis, assume familiarity
with triangulated, and in particular with derived categories — we refer to [32]
for the definition and for basic properties of triangulated and to [58] for basic
properties of derived categories.

Since the motivating examples for our involved categories are those of
coherent sheaves over a variety we will start with the following.

Definition 2.1.1. We assume all varieties (hence in particular curves) to be
defined over C.

The following assumption is a condition for theorem [2.5.51| to hold.

Definition 2.1.2. A smooth projective curve C' will always be assumed to
have genus > 1 throughout this thesis.

Definition 2.1.3. Let 7R denote an arbitrary triangulated category.
Remark 2.1.4. Note that for F, E € TR, one defines

Hom"(E, F') = Hom(E, F[n]).



Accordingly Hom<(E, F) = @, _, Hom(E, F[n]) and analogously to that,
the sets Hom”’(E, F), Hom=°(E, F') and Hom="(E, F) are defined.

Definition 2.1.5. Let B be a subcategory of a category B. We say that ” B”
is strictly full if B is full and closed under isomorphisms.

Definition 2.1.6. We say that a triangulated category 7R has a semiorthog-
onal decomposition TR = (i;(TR"),io(TR?)), if

e TR and TR? are triangulated categories and iy, i, strictly full em-
beddings of TR, TR? respectively into TR that commute with the
shift-functor and send exact triangles to exact triangles,

e we have that Hom(iy(E3),4,(E1)) = 0 for every E; € TR! and E, €
TR?,
e for every E € TR there is an exact triangle
ir(EBo) — E — ir(Ey) 5
with E; € TR and E; € TR”.

Remark 2.1.7. Note that definition is often given more generally for
n embedded subcategories that generate 7R by extensions and for which
Hom(i,(TR?),i,(TRF)) = 0if 1 < p < 0o < n. However we will — for the
most part — not require this level of generality.

Definition 2.1.8. Define

1. e )\(E) = Ej for an object E € TR and E; the corresponding
object of definition [2.1.6]

e \i(f) = fi for a morphism f € TR, where f; € TR! is the
morphism on F; induced by f,

2. e p(E) = E, for an object E € TR and E, the corresponding
object of definition [2.1.6]

e po(f) = fo for a morphism f € TR, where f, € TR? is the
morphism on F5 induced by f.

Notation 2.1.9. Let A denote an arbitrary abelian category. In the case
that A has the additional property that its bounded derived category exists,
we denote the bounded derived category of A (usually denoted by D°(A))
by D.



Remark 2.1.10. Although familiarity with derived categories will generally
assumed throughout this thesis, we include this quick reminder for the pur-
pose of convenience. The derived category of an abelian category A has
(bounded) chain-complexes of objects in A as objects — for more details on
the category C(A) of (bounded) chain-complexes see for example [62] or [55]
(or many other sources). The objects of C(A) also form the objects of the
homotopy category K(.A). The morphisms in K (.A) are those of C(A) modulo
an equivalence relation called homotopy equivalence — again we refer to [62],
[55] or other suitable literature for more details. The morphisms of D’(A)
are defined as the localisation of K(A) with regard to quasi-isomorphisms.
These are elements in mor(K(.A)) that induce isomorphisms on the cohomol-
ogy objects of the objects. A morphism in D?(A) hence is usually denoted
as a "roof”:

B

f
quis
A C

where quis denotes a quasi-isomorphism. This, on the other hand, implies
that any (F NS ) € mor(K(A)) can be considered a morphism in D°(A),
simply by denoting it as E < F ENy S , since the identity induces the identity
mapping on the cohomology objects, which, in particular, is an isomorphism.

It is now time to define the important concept of the arrow category,
which if defined over an abelian category is also abelian. We include a short
outline of the proof of this fact as part of the next subsection.

Definition 2.1.11. Let Z,,,n € N>; be the category given by the graph

._>...%.
——

n—arrows

with n + 1 dots and n arrows. Define A"" := Func(Z,,A) for an abelian
category A.

We will express this concept in a less theoretical language. The following
definition coincides with the previous for n = 1.

Definition 2.1.12. For an abelian category A denote by A" the category
for which obj(A") is the set of all arrows

A— B



between objects A, B € A. For (A EN B), (A ER B') € obj(A") denote by
Hom((A ER B), (A N B’)) the set of all pairs (¢, ¢') of arrows such that the
diagram

A2

bl
¢ /
B —— B
commutes.

The following example is that of ”"holomorphic triples” introduced by
Bradlow and Garcia-Prada (see [14], [15] and [27]). We replace ”holomorphic
vector bundles” in the original definition by coherent sheaves since however
unnecessary at this stage, we want to work with an abelian category in the
long run.

Example 2.1.13. Let C' be a smooth projective curve and let A be the cate-
gory of coherent sheaves on C. Then A" is called the category of “holomor-
phic triples” over C'.

Remark 2.1.14. Note that we could make definition [2.1.12 for any category,
abelian or else — the reason for us not to do so is that we want to use the
notation D' in a different sense, as expressed by

Notation 2.1.15. For functors L, R we write
LR

if L is left adjoint to R (and hence R right adjoint to L).

2.2 First properties of A" and D'

This thesis is based on the theory of ”Bridgeland stability”, a concept that
was introduced by Bridgeland in [I8]. The concepts, which Bridgeland es-
tablishes in [I§] and that will be discussed throughout the thesis will now be
introduced throughout this and the following subsections.

The first question that arises from the previous chapter is, if the nice
property of being abelian transfers from A to A". This — seen by the following
proposition that can already be found in [22, Proposition 5.3.1] — is indeed
the case.

Proposition 2.2.1. If A is abelian, A" is also abelian.



Proof. The proof of this is a lengthy yet straightforward exercise in such a
way that as a key point of the proof, the existence of all required concepts
in A" extends from that in \A. The requirement of a kernel in A" for any
morphism (3,3') € A" as in for example, is met in the obvious way
— one simply takes the kernels of § and ' in A and uses the morphism f,
induced by f as the connecting arrow:

K(8) —— K(3)

lkerw) lkerw')

B I, B

T

c 25

To prove this one needs to verify at first that there is an fthat does indeed
make the upper square commutative. We have ' o f oker(3) = go S oker(53)
since the lower square in the above diagram is a morphism in A" and hence
commutes. But Soker(8) = 0 and we obtain 8’0o foker(f) = gooker(f) =
g 00 =0, which means — due to the universal property of the kernel (of 3)
— that there is a unique f such that f o ker(8) = ker(8') o f.

We now have to prove that ker(f) EN ker(’) fulfils the universal prop-

erty by which kernels in abelian categories are defined. Assume that for a
morphism (o, ') € AT,

we have that the composition
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C—21
equals to the zero-morphism in A'. Since A is abelian, we obtain unique
morphisms ¢ and 7’ such that the diagram

N

C—2

commutes. We hence need to show that the diagram

A —S5 A

T
K(8) L= K(8)

commutes, in order to prove that it defines a morphism from the object

A 5 A to the object K(B) EN K(p') (Note that the uniqueness of this
morphism is due to the uniqueness of the morphisms i and ¢ in 4). We
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observe that o foker()oi = gofoker(f)oi = go0oi =0 which, by the
universal property of a kernel in the (abelian) category .4, implies that there
is a unique morphism m from A to ker(/5’) such that foker(f)oi = ker(5’)om.
We have — on the other hand — that ker(")oi’oe = o’oe = foa = foker(f)oi
which implies m = ¢’ o e and hence we obtain that the diagram

e

c—2 ¢
commutes, which finishes our proof. Similarly one extends the other parts

of the definition from A to A" in order to prove that the latter is indeed an
abelian category — the cokernel of (5, 5’) in

B p

IR [
C =
for instance is — in analogy to the concept of the kernel — given by the arrow

C(p) EA C(p'), completing the previous diagram to

lcoker(ﬁ) lcoker(ﬁ’)
C(B) —— C(3).
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]

Before we continue with the — particularly important — implication of the
previous, we will take the opportunity to introduce another nice property
that A" inherits from A.

Lemma 2.2.2. If A is noetherian then so is A'.

Proof. Assume A noetherian and consider a chain

% 7
Al ! A2 2/...

l l (2.1)

J1 J2

of embeddings (i, j.),r € Z in A'. Then both
A1‘1—1>A2‘2—1> aHdBl‘ji)Bzcji)...

are chains of embeddings in A and — therefore — become stationary after finite
numbers of steps. Denote these by n,m respectively. Let d = max{n,m},
then (2.1)) becomes stationary after d steps, which finishes the proof. m

We now continue with the implication that proposition [2.2.1] provides.
Corollary 2.2.3. The category D*(A") exists.

Proof. We work with the — common — notion of a derived category being
obtained from an abelian category. Since the derived category can be defined
for any given abelian category, proposition does indeed guarantee that
D(A") is a derived category. Note that it is possible to define a derived
category also when relaxing certain conditions on A. O

Notation 2.2.4. Let DT = D(A").

The important difference of the previous definition to [2.1.12]is that DT #
(D(A))'. Here, (D*(A))" is defined in analogy to definition [2.1.12| for a
derived category.

Remark 2.2.5. Note that by we require A" to be abelian in order for
to make sense — this is guaranteed by corollary [2.2.3]

The following definition will naturally integrate itself into language that
will be introduced later.
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Definition 2.2.6. For (X — Y) € obj(C(A")) and (f,g) € mor(C(A")),
define functors /\(1:(“4) and pg(A) by

[}
ANYX = y)=X
AW (fg) = f

and

X -Y)=Y
C(A
5V (f.9) =g.

Corollary 2.2.7. Let (X —Y) € C(A") then (X —Y) is an exact complex
if and only if )\f(A)(X —Y) and pg(A) (X = Y) are exact complexes.

Proof. Since exactness depends on taking kernels and images and, as seen
in the proof of proposition |2.2.1} both operations commute with )\f(A) and

pg(A), the proof is finished. O

Corollary 2.2.8. Let A 5 BeD and HZ, (A EN B) € A" be the cohomol-

oqy object of A LB at position n. Let H}(A) denote the cohomology object
of A € D and HE(f) be the morphism on the cohomology object at position
n induced by f. Then

n(AL B) = Hp(A) 2 Hy(B).

Proof. This is an implication of the proof of proposition [2.2.1] Since kernels
(and similarly images) are being taken componentwise, so is cohomology. [J

One might — somewhat intuitively assume — that the category D' should
be naturally related to the category (D°(A))'. The following shows that
there is no reason to assume equivalence of both categories. Since this is
a crucial fact we will borrow theory from section [3| to illustrate our point
better.

Definition 2.2.9. Define a functor T : D*(A") — (D*(A))" by T(A — B) =

(A LA B) for objects in D(A"). The functor T" acts on morphisms by
T(f) = (M(f), p2(f)) with A1, p2 as in lemma [3.2.§
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Remark 2.2.10. One easily checks that 7" is — indeed — a functor.

Lemma 2.2.11. There exists no triangulated structure on (D°(A))" such
that T is an exact functor.

Proof. Assume for a contradiction that (D°(A))" does carry the triangulated
structure induced by T. Then let A € A and observe that the short exact
sequence

0 > 0 A > A > 0
l idAl l (2.2)
0 > A >y A > 0 > 0
in C(A") induces exact triangles
0= A) > AB AL UA-0)S (2.3)
and ‘
(A A) > (A—-0)2(0—A0) S (2.4)

in DT and by our assumption hence also in (D°(A))". Therefore we obtain
from the axioms of triangulated categories that Cone(f) = (0 — A[l]),
making the morphism + in a pair (g1, 92) € (D"(A))" for which g; €
Homp(A,0) = 0 and ¢g» € Homp(0, A) = 0. We have (g1, g2) = (0,0) which
is the 0-morphism in (D°(A))". By [59, Tag 05QT] we obtain from that

(AL A)=(A>0)a (0= A). (2.5)

Observe now that Hom pe( 4yt ((A g A),(0 - A)) = 0 by commutativity
(see definition [2.1.12)). Combining this with ﬁ this provides us with

0 = Homp(y1((4 ™ A), (0 4)) =
HOHI(Db(_A ((A — O) (O — A)) D HOHI(Db(_A)) ((O — A), (0 — A)) 7é 0

whenever A # 0 since that implies Hompb (41 ((0 — A), (0 — A)) = 0. This
is the contradiction we wanted and therefore the proof is finished. O

Similarly we prove another enlightening result on (D°(A))".
Lemma 2.2.12. The functor T is not an equivalence of categories.

Proof. Since D' is triangulated and (2.2)) an exact sequence in C(A"), (2.3)
is an exact triangle — and hence % non-zero in general. Therefore, g of (2.4)),
which equals to His generally non-zero. However,

T'(g) € Hompe(ayt(A — 0,0 — A[1]) =0
by commutativity in (D?(A))T and therefore T is not faithful. O
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Remark 2.2.13. Note that the finding of lemmas [2.2.11| and [2.2.12| are based
on the exactness of the triangle

0 0 — > A—5A—50
Lol
00— A—— A 0 — 0.

which is via that on DT essentially inherited from the triangulated structure of
D. Therefore, one might generalise lemma to the analogous statement
for a triangulated category in general — leading us to the conjecture that
taking the arrow category of a given triangulated category will generally not
give a triangulated category back.

2.3 Motivation

The motivation to introduce stability spaces is based on the theory of sta-
bility of vector bundles and, more general, coherent sheaves. The idea is
to compare the sheaf to its subsheaves in terms of the invariants rank and
degree. Classically this was only done for vector bundles (note that on a
smooth projective curve any torsion-free sheaf is a vector bundle), for rea-
sons that will become obvious with the definition of ;& in Note also
that there are concepts available that generalise this definition to all non-zero
objects in the yet to be defined category C. We will however omit this theory
altogether.

Notation 2.3.1. Let C = Coh(C') denote the (abelian) category of coherent
sheaves on a smooth projective curve C'.

Definition 2.3.2. Let E € C be non-zero torsion-free and deg(E) and
rank(E) denote degree and rank of E. We define p(E) = deg(E)/ rank(E).

Definition 2.3.3. A torsion-free sheaf F' € C is called " u-stable” if for any
non-zero subsheaf F of F' with E # F,

W(E) < u(F).
Analogously p-semistability is defined as

Definition 2.3.4. A torsion-free sheaf F' € C is called ” u-semistable” if for
any non-zero subsheaf F of F'

w(E) < p(F).
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Definition 2.3.5. Let E € C be non-zero and torsion-free. A filtration:
O=FkFCE C---CFE,1CE,=EneN

where all F; = E;/F;_; are p-semistable objects of C and p(Fy) > u(Fy) >
-+« > u(F,) is called a "Harder-Narashiman filtration”.

Theorem 2.3.6. There is a unique Harder-Narashiman filtration for any
non-zero torsion-free F' € C.

Proof. [42, Proposition 5.4.2] We will prove the existence of the filtration first.
For F' p-semistable the result is trivial. Hence we assume F' not p-semistable
which implies the existence of subsheaves of higher p. Consider the subset
of subsheaves among these which have maximal p. This is possible as both
rank and degree are bounded above. These subsheaves are p-semistable, as
by assumption they cannot have a subsheaf of higher ;1. We narrow this set
down further by choosing those subsheaves amongst them that have maximal
rank and choose a subsheaf F} of this set of subsheaves with maximal x4 and
rank. This Fj is the first non-zero object of the required chain. If we now
consider the quotient F'/Fj, we obtain a non-zero torsion-free sheaf that is
either p-semistable or has — by the same construction we used above — a
semistable subsheaf of maximal rank and pu. We denote this subsheaf by
F,/F; which we can do, since F} C F,. Repeating this procedure with F}
now assuming the place of Fj, we obtain an ascending chain of subobjects
0= Fy C F} C ... with u-semistable quotients F;/F;_;.

If we now consider quotients Fy_1/Fy o C F/Fy o and Fy/Fy o C F/Fy o
for d € N>y with all F; taken from this filtration, we observe that since
without loss of generality F;/F; 1 # 0 can be assumed, we also obtain
Fy 1/Fy 5 C F;/F; 5. This means on the other hand that u(Fy_1/F; 2) <
w(EFy/Fy_s) because Fy_1/F,_o was chosen to be the maximal rank subsheaf
of F/F; 5. If we now consider the exact sequence

0— Fdfl/Fde — Fd/Fd,Q — Fd/Fd,1 — 0,

we obtain p(Fy_1/Fi_2) > pu(Fy/Fa—2) > w(Fy/F;—1), which implies that
W(Ey—1/Fq_9) > pu(Fy/Fq—1). This is the required condition on the quotients.
Moreover, it implies the (also required) finiteness as — due to the fact that
rank and degree of the sheaves are bounded — the set of potential us is finite.
Hence, the sequence p(Fy) > p(Fy/Fy) > ... must eventually stabilise and
therefore with it the sequence 0 = Fy C F} C ... which finishes the existence-
proof.

To prove the uniqueness of the Harder-Narashiman filtration for a non-
zero torsion-free F' € C we start with the observation that if 0 = Fy C
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F, C --- C F, = F is a Harder-Narashiman filtration of F and F’ C F a
subbundle, then u(F') < p(Fy) with F' = Fy if equality holds. To prove
this we define a filtration of F’ setting F] = F' N F; for i € {1,...,n},
which implies F}, | /F] C Fi1/F;. It follows from the semistability of F;,/F;
that, provided that F},,/F] is not zero, u(F},,/F; < p(Fiy1/F;). From the
canonical exact sequence 0 — F; — F; 11 — Fi11/F; — 0 we obtain p(Fjyq) <
W(Fins /). Hence p(F") < u(F}) = p(F/Fy) < p(Fi/Fo) = p(F) which
means that p(F’) < p(Fy). If, on the other hand, equality holds in this
equation, this would also imply p(F”) = u(F]) and all quotients hence had
to be 0. In other words, F' = F| C F}, proving that F' C Fy if u(F) = p(F").

We can now set up a classic uniqueness-proof. Assume we have two
Harder-Narashiman filtrations E;,i € {1,...,n} and F;,;i € {1,...,m} of a
non-zero torsion-free F' € C. Defining F’ from above as [’ = F; we obtain
u(F1) < p(Ep) when similarly letting F' = E; provides u(E;) < u(F)
resulting in p(E7) = p(Fy). This results in £y C F) and at the same time
F) C FE; giving E; = Fi. Repeating the procedure with F'/F; and F/E; we
obtain the required equality. O

2.4 Stability functions

The Grothendieck group is one of the key tools in defining stability condi-
tions.

Definition 2.4.1. For an abelian category A let G be the free abelian group
that is generated by isomorphism classes of objects in A. Let Ey, Ey, E3 € A
and let G be the subgroup generated by all elements of the form Fy — Ey — Ej
and there exists an exact sequence 0 — Fy — E; — E3 — 0. We define the
”Grothendieck group” K(A) of A as the quotient G/G.

The motivation of Bridgeland stability is based on the concept of u-
stability as defined in 2.3.3] To be able to define Bridgeland stability it
is hence very important to generalise this concept — in [18], Bridgeland does
this by introducing the notion of a stability function Z. The role that u had
to play in the previous will now be assumed by this Z. To introduce it we
need the notion of the strict upper half plane.

Definition 2.4.2. We define

e The "upper half plane” Hy is defined as

Hy = {rexp(irg) |0 < ¢ < 1,7 >0} C C.
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e The "strict upper half plane” H is defined as

H = {rexp(ir¢) |0 < ¢ <1,r >0} C C.

Definition 2.4.3. A "weak stability function” on an abelian category A is
a group homomorphism Z : K(A) — C such that for any E € A, we have
Z(F) € Hy.

Definition 2.4.4. A 7stability function” is a weak stability function such
that for any £ € A4y, we have Z(FE) € H.

Example 2.4.5. Related to the concept that was described in definition
we can, for example, define a stability function Z on K(C) as Z(E) =
—deg(FE) + irank(F). One could think of n(F) = deg(FE)/rank(E) as the
function that sends Z(E), regarded as a vector in the complex plane to it’s
slope.

More generally we define

Definition 2.4.6. Let Z : (A) — C be a stability function. The "phase”
of a non-zero object E € A is defined to be

¢(E) = (1/m) arg(Z(E)) € (0, 1].
Following we introduce the slope phase correspondence.

Definition 2.4.7. Let Z : K(A) — C be a stability function. For £ € A
define the "slope” of Z by

_ —R(Z(E)

HaAB) = 570m)

Lemma 2.4.8. Let Z : K(A) — C be a stability function and E € A. There
1S a correspondence between phase and slope provided by

u2(E) = — cot(mo(E))
Proof. This is seen from
= ————=- = —cot(mp(E)).

]

Generalising the concept of a p-(semi)stable object in definitions and
Bridgeland has introduced the crucial concept of a semistable object:
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Definition 2.4.9. Let Z : K(A) — C be a stability function. A non-zero
object E € A is called "semistable” (with respect to Z), if for every non-zero
subobject A C E we have ¢(A) < ¢(E).

Remark 2.4.10. Note that this definition is equivalent to saying that for any
non-zero quotient B of E we have ¢(B) > ¢(E). Once lemma [2.4.22] is
established it will follow as an immediate consequence.

Remark 2.4.11. If A = Coh(C') where C' is a smooth projective curve and
Z(E) = —deg(E) + irank(E) for E € A

then for vector bundles on C' we obtain the usual u-stability and additionally
all torsion sheaves are semistable since ¢(7') = 1 for any torsion sheaf T on

C.

In the context of stability conditions — the one in which we are interested
— a very important feature of a stability function is the so-called Harder-
Narashiman property. Since it has proved to be an important feature, the
existence of Harder-Narashiman filtrations will be included in the definition of
a stability condition. We will now generalise the definition of u-semistability,
given in [2.3.4] and that of the Harder-Narashiman filtration defined in [2.3.5
in order to provide a definition of the Harder-Narashiman property.

Definition 2.4.12. For a given stability function Z : K(A) — C on an
abelian category, a ”Harder-Narashiman filtration” of a non-zero object E €
A is a finite chain of subobjects

0=k CEC---CE,1CE,=En>1

such that F; = E;/E;_; for i € {1,...,n} are semistable objects of A and
O(F1) > ¢(Fy) > - > ¢(F)).

Lemma 2.4.13. If for a stability function Z : K(A) — C and an object
E € A a Harder-Narashiman filtration exists, then it is unique up to isomor-
phisms.

Proof. Assume that, using a suitable change of notation
O=FE,CE,1C---CE.CEy=En>1

and
0=E CE, ,C---CECE/=En>1

are Harder-Narashiman filtrations of a non-zero object E € A with regard to
the stability function Z. We proceed by induction and observe at first that
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Ey = E = Ey. Assume now that for an i < n,i < m, we have E; = E for
every j < i. Consider the exact sequences

0— Eiy1 — B — F,—0
and
0—E_ ,—E —-F —0

where F; and F] are the quotients defined in [2.4.12| (recall that the notation
has been reversed). Without loss of generality we assume ¢(F;) > ¢(F)).
Consider now the diagram

O—>E7;+1—>EZ' >E > 0
0 — £, — L] > F! 0

and apply the functor Hom(F; 1, —) to the second row — we obtain the exact
sequence

0— HOIII(EHJ, E,L{+1> — HOI’Il(EiJrl, E:) — HOm(EZ'Jrl’ F;/)

It can be proved by induction that ¢(E;+1) > ¢(F;) and since ¢(F;) > ¢(F))
we obtain ¢(FEii1) > ¢(F]) implying Hom(E; 1, F]) = 0. Hence we now
have Hom(E;;1, ;) = Hom(E;11, E}) and conclude that we get an arrow

Eit1 — Ej,, and via that an arrow F; — F such that the diagram

0 — By — B, F; > 0
0 — £, — L] > FY > 0

commutes.

The arrow F; — F! is not zero as otherwise E! — F/ would be zero
implying F/ being zero. This means, on the other hand, that ¢(F;) < ¢(F))
and as we have ¢(F;) > ¢(F!) we obtain ¢(F;) > ¢(F/). Similar to what
we did before, we can therefore apply the functor Hom(E!, ;, —) to get a
commutative diagram

0 — Ely, B, Fl —— 0
0 —— Eipa E; F; > 0,

in other words we have arrows in both directions. Combining both diagrams
we get a new diagram
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O—)EZ’+1 Ez >E >O
0 —— Eiy > F; > F; > 0

and, as before, we have Hom(E;, 1, F;11) = Hom(FE; 1, E;). This means, that
the identity as a possible choice for the arrow F;;; — E;; is in fact the only
possible choice.

We proceed in the same manner with the diagram

0 — Efyy — E — F, 0
0 — Ej, > Bl > FY 0,

to obtain that E/ , — Ej , from the diagram has to be the identity. We
obtain that
(Bl = Eipn)o (B — Eiyy) =idg

and that
(E’H—l — E’L{-‘rl) o} (EZ{—I—I — E,H_l) = ldE/ .

This means F;,; = Ej | which finishes the proof.

]

Definition 2.4.14. A stability function Z : K(A) — C on an abelian cat-
egory A has the ”"Harder-Narashiman property” if every non-zero object
E € A has a Harder-Narashiman filtration with regard to Z.

This definition however is somewhat hard to handle — we do, on the other
hand, have an easier approach available, that Bridgeland introduced in [18]
and that is based on certain chain-conditions that the stability function needs
to satisfy. Our aim is to establish theorem [2.4.23] in order to do that, we will
start with stating the chain conditions that by theorem will provide a
criterion to decide whether a stability function has the Harder-Narashiman

property.

Definition 2.4.15. Let Z : K(A) — C be a stability function.

(a) We say that Z satisfies the ”subobject-chain condition” if there are
no infinite sequences --- C E;yy C E; C --- C Ey C E) of subobjects in A
with ¢(Ej11) > ¢(E;) for all j.

(b) We say that Z satisfies the ”quotient-chain condition” if there are no
infinite sequences £y — Ey — .-+ — E; — FE;1; — ... of quotients in A
with ¢(E;) > ¢(E;4+1) for all j.
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We will now, after introducing the concept of a maximal destabilising quo-
tient, prove the theorem [2.4.23. To do so, we need a series of lemmas which
we have worked out from a somewhat less extensive version by Bridgeland.

Definition 2.4.16. We define an "mdq” (maximal destabilising quotient)
of a non-zero £ € A to be a non-zero quotient £ — B with the property
that every non-zero quotient £ — B’ satisfies ¢(B’) > ¢(B) and in case of
equality £ — B’ factors via £ — B.

Lemma 2.4.17. Assume that the quotient-chain condition holds. A quotient
E — B is an mdq of a non-zero E € A if every non-zero semistable quotient
E — B’ satisfies ¢(B') > ¢(B) and in case of equality E — B’ factors via
E — B.

Proof. Every E € A has a semistable quotient as otherwise we would get
an infinite chain of non-semistable quotients with descending ¢ (the dual
statement is proved more detailed in theorem . Let £ — B” be a
quotient of E, then there is a semistable quotient B” — B’ of B” with
®(B") > ¢(B’'). If B” is not semistable, then we have indeed ¢(B") > ¢(B’).
Semistability implies, that B” is its own semistable quotient — in other words
¢(B") = ¢(B’) implies that B” = B’ meaning then that £ — B” factors
via B. If, on the other hand we assume ¢(B”) > ¢(B’) and observe that B’
is also a quotient of F and since B’ is semistable, we obtain by assumption
that ¢(B’) > ¢(B) which in turn implies that ¢(B”) > ¢(B’) > ¢(B) and
hence ¢(B") > ¢(B). O

Remark 2.4.18. Note that if B is an mdq £ — B of £ € A, B must be
semistable and ¢(E) > ¢(B) as non-semistability of B would imply the exis-
tence of a non-zero quotient B’ of B with ¢(B’) < ¢(B), which is impossible

by definition since via
E—+»B—D

we obtain that B’ is a quotient of E as well. Since we also have £ — E it
follows from the definition of an mdq that ¢(E) > ¢(B).

If, furthermore, E is not semistable, we can observe that there is a quo-
tient £ — E’ with ¢(F) > ¢(E’). We obtain B - E — E’ and conclude
that B — E’ is a quotient with ¢(F) > ¢(E’), which contradicts £ being
and mdq..

Lemma 2.4.19. If E € A is semistable it is its own mdg.

Proof. Since E is semistable, we obtain ¢(E’) > ¢(F) for any non-zero quo-
tient £ — E’ of E. As any quotient £ — E’ factors via the quotient £ — E,
so do those quotients E’ where ¢(E') = ¢(FE). O
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Lemma 2.4.20. Let a stability function Z fulfil the quotient-chain condition
then every non-zero E € A has an mdq.

Proof. If E is semistable it is its own mdq by lemma [2.4.19| — otherwise, if
we assume F not semistable, there are objects A, £’ € A and a short exact
sequence: 0 - A - E — E’ — 0 with A semistable and ¢(A) > ¢(F) >
¢(E'"), as being not semistable means that £ has a subobject A with bigger
¢ then itself, E’ is the corresponding quotient.

Assume that an mdq of F', B/ — B, exists. We will prove that under
this condition the quotient £ — B is an mdq for E. If E — B’ is a quotient
with B’ semistable and ¢(B’) < ¢(B) (recall that by lemma [2.4.17]it is good
enough to conduct this proof under the assumption that B’ is semistable)
then ¢(B') < 6(B) < 6(E") < 6(E) < 6(A), implying 6(B) < 6(A). Since
both A and B’ are semistable, this implies that Hom(A, B’) = 0. So we
deduce from the exact sequence Hom(E’, B') — Hom(E, B") — Hom(A, B’)
which hence equals to Hom(E', B') — Hom(FE, B') — 0 that £ — B’ factors
via E/. The map E — B’ on the other hand factors as £ — E' — B’
We have ¢(B') < ¢(B) and E' — B is an mdq for E’, which means that
®(B') > ¢(B), hence ¢(B') = ¢(B) implying that the quotient £’ — B’
factors via B. This means that the quotient £ — B’ factors via B as well.
We have proved that B is indeed an mdq for F.

If, on the other hand, there is no mdq for E’, we apply the same procedure
as before, where now E’ is assuming the role of E. If we keep on repeating
this process, we will eventually find an mdq for E, as otherwise we would

get an infinite sequences Ey — Ey — --- — E; — F;1; — ... of quotients
in A with ¢(E;) > ¢(Ej41) for all j. This Would violate the quotient-chain
condition. We have proved that F has indeed an mdq. O

Lemma 2.4.21. Let 21, 29 € C* such that z; = rexp(ia) and zo = sexp(if3)
and texp(iy) = 21+ 22 forr,s,t € Rsg and assume |a— | < w. Then either
a = [ = or~ lies strictly between o and .

Proof. If a = =, then rexp(ia) + sexp(if) = 2rsexp(i). This implies
B=n.

Otherwise, assuming without loss of generality that o < 3, we obtain
rexp(ia) + sexp(iff) = exp(ia)(r + sexp(i(8 — «))) and as exp(if) is a
rotation we may — again without loss of generality — assume that § = 0 and
additionally that 8 € (0,7). We then have exp(ia)(r + sexp(i(f — a))) =
exp(ia)(r+sexp(i(8 —a))) = exp(i0)(r + sexp(i(f —0))) = r+sexp(iff) =
r+ s(cos() +isin(f)) and at the same time ¢ exp(iy) = t(cos(7y) + isin(7y).
This means that r + s(cos(f) + isin(8)) = 2z + 2o = t(cos(y) + isin(y))
implying r + s cos(f) = tcos(y) and ssin § = tsin(7).
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If we let 3 € (0,%) we obtain tcos(y) > 0 < tsin(y) and since ¢ > 0
this means that cos(y) > 0 < sin(y) which gives v € (0,%). We have
t* = |r+sexp(if)]* = r*+s*+2rscos(f) > s* since cos(8) > 0 for 3 € (0, %)
and 7,5 > 0 by assumption. Therefore t> > s? providing ¢ > s and hence
2€(0,1). Now we obtain from ssin 3 = tsin(7) that sin(y) = 3 sin(3) which
means that sin(y) < sin(3) and as sin(z) is strictly increasing for z € (0, )
we have v < .

If, on the other hand, 8 € (F,7), we have cos(3) < 0 and hence we
must distinguish between r + scos(8) < 0 and r + scos(8) > 0. If indeed
r+scos(3) < 0 we have v € (7, 7) and additionally — similar to the previous
case — that t? = |[r+sexp(if)|* = r?+s?+2rscos(f) = s>+ r(r+2scos(f3) <
s* because r + 2scos() < r + scos(3) < 0 by assumption. Hence £ > 1,
implying that sin(y) > sin(f) and as sin(x) is strictly decreasing for = €
(3,m) we must have v < . If r 4 scos(f) > 0, we obtain cos(y) > 0 and
hence v € (0, 5]. Therefore v < 3. O

Lemma 2.4.22. Suppose Z : K(A) — C is a weak stability function and let
Z(E') = rexp(ia), Z(E") = rexp(if) such that | — B| < 7. If 0 — E" —
E — E' — 0 is ezxact then exactly one of the following (in)equalities holds.

1. ¢(E") > ¢(E) > ¢(E');
2. 9(E") = ¢(E) = ¢(E);
3. ¢(E") < ¢(E) < ¢(E').

Proof. Recall that by[2.4.4] a stability function is defined on the Grothendieck
group of A and therefore £ = E' + E”. As the stability function is a homo-
morphism of groups we obtain Z(E) = Z(E') + Z(E"). Recalling the defini-
tion of ¢ provided in [2.4.6], the result now follows from lemma [2.4.21] O

Theorem 2.4.23. Let Z : K(A) — C be a stability function that satisfies
the subobject-chain condition and the quotient-chain condition of definition

[2.4.15. Then Z has the Harder-Narashiman property.

Proof. [18, Proposition 2.4] A non-zero object £ € A is either semistable
or has a non-zero subobject E’ with ¢(E’) > ¢(F). Replacing E by E’
we can deduce from the first chain condition that every non-zero object of
A has a semistable subobject A C E with ¢(A) > ¢(£). This is easily
seen by induction if we let £y = E and E; = E’. For some n and E,_;
not semistable F, has to be semistable in order to avoid an infinite chain
— therefore we obtain the desired result. If we now take a non-zero object
E € A, then E either is its own filtration if it is semistable or by lemma
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2.4.20| there exists a subobject £’ such that 0 — E' — E — B — 0 where
E — B is an mdq and ¢(E') > ¢(F). For an mdq E' — B’ of E' we now
construct a diagram of short exact sequences, starting with:

where K — FE’ is the kernel of the map £/ — B’. Dually to this idea
we now define the map f : £ — @ as the quotient of the map K — E and
obtain the following diagram of short exact sequences:

0—sK——E Q 0
g o]
B=B
0 0.

By the snake lemma (we refer to [60, Lemma 1.3.2] or to [4I, Section
9] for details) we obtain that the sequence 0 — B’ — @ — B — 0 is
exact. We now deduce from the diagram that ¢(Q) = ¢(B) leads to a
contradiction. According to the definition of an mdq the equality would give
us a factorisation 8 of f via B, that is: f = (g:
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Additionally we know from the diagram that af = g (commutativity).
Therefore Saf = f =id f and as f is an epimorphism we obtain fa = id.
Moreover Sg = f, implying afg = af = g = id g, giving a8 = id since g
is an epimorphism which means that () and B are isomorphic. We therefore
obtain B’ = 0. But B’ was assumed to be an mdq of E' and so we have
E’ = 0 which gives the contradiction. Then, as f : E — @ is a quotient of
E it follows that ¢(Q) > ¢(B) and this implies ¢(B’) > ¢(B) using lemma
24271

We now rename E into Fy and E’ into E;. This provides the n = 0 case
of an induction proof: If E,_; is not automatically semistable, as before,
when we investigated the object E, E,_; if not semistable has a destabilizing
subobject E,,, analogous to E’ in the previous proof. Then again, FE,, is either
semistable or has a destabilizing subobject. To all of these we can apply
the previous proof in order to show that over the descending chain the ¢
strictly increases. That means, we obtain a — due to the first chain condition
eventually terminating sequence of subobjects --- C F;, C E;_ 1 C--- C Ey C
Ey = E with ¢(F;) > ¢(E;_1). It has semistable factors F; = E;/F;_; of
ascending phase (the mdq’s). This is the Harder-Narashiman Filtration.

O

2.5 Stability conditions

We are now ready to discuss the most important concept of this thesis. The
definition of a stability condition uses so called slicings and central charges —
we will now define the necessary terms and provide the connection to stability
functions.

Definition 2.5.1. A slicing P of a triangulated category 7R consists of full
additive subcategories P(¢) C TR for each ¢ € R satisfying:

1. forall p € R,P(p+ 1) = P(o)[1];
2. lf ¢1 > ¢27 Al S Pl, A2 € 7)2 then I—IOI'I17"R(‘/417 AZ) = 07

3. for each non-zero object ' € TR there is an n € N>;, a sequence of
real numbers

G1> Qo > -0 > Oy,
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and a collection of exact triangles

EO > Lip—1 —>En

E; Es

-~ ™ ~

+1 /+| / +1 /
I I I

Al AQ n

with Ey =0, E,, = E and A; € P(¢;) for all j € {1,...,n}.

Definition 2.5.2. For a non-zero object £ € TR and a slicing P of TR
let ¢t = ¢1 and ¢~ = ¢,,, where ¢1 > ¢y > -+ > ¢,,n > 1 is the series of
definition 25,11

Lemma 2.5.3. If E € P(¢) for ¢ € R we have ¢T(E) = ¢~ (E).

Proof. If E € P(¢) then Ay = A, = E. O
Definition 2.5.4. Let E € P(&) for £ € R, for the slicing P define
P(E) =&

Remark 2.5.5. We will refer to the collection of exact triangles of definition
as a "filtration” in the style of a Harder-Narashiman filtration.

Before we can use the term slicing as part of the definition of a stability
condition we need — in order to define the second part, the (pre-)stability
condition consists of — to introduce the notion of the Grothendieck group of
a triangulated category. Since the concept of a triangulated category adapts
the idea of the concept of an abelian category with regard to exact sequences,
the following definition is only a slight alteration of definition [2.4.1]

Definition 2.5.6. For a triangulated category 7R let G be the free abelian
group generated by isomorphism classes of objects in TR. Let G be the
subgroup generated by all elements of the form Fy— E;— E3 where Fy, Fy and

E3 are objects in TR and there exists an exact triangle Fy — F; — E3~i>.
We define the ”Grothendieck group” (7TR) of TR as the quotient G/G.

We need to somewhat strengthen this definition.

Definition 2.5.7. We define the "numerical Grothendieck group” N (TR) as
the quotient K(TR)/K(TR)*, where K(TR)* denotes the right orthogonal
with respect to the Euler form, that is

K(TR): ={E c K(TR) | x(E,F) =0 for all F € K(TR)}.
Moreover, if N'(TR) has finite rank then TR is called ”"numerically finite”.
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Using the data that we have now available, Bridgeland has defined the
concept of a pre-stability condition in [18]. This is a pair consisting of a group
homomorphism and a slicing that fulfils a certain compatibility condition
provided in the following definition which now introduces stability conditions.
Note that the concept of a pre-stability condition was not used in [I§] yet
and pre-stability conditions simply referred to as stability conditions.

Definition 2.5.8. Let A to be a finite-rank Z-lattice and a (fixed) surjective
homomorphism of groups v : (TR) — A.

A quasi-stability condition on a triangulated category TR is a pair (P, Z)
that consists of a slicing P on a triangulated category TR together with a
group homomorphism Z : K(7TR) — C, such that for any non-zero object
E € P(¢) we have Z(v(FE)) = m(FE)exp(irg) for some m(E) € Rsg. We
then call Z the "central charge” of the quasi-stability condition (P, 7).

We need the notion of a category of finite length.
Definition 2.5.9. We define

1. A non-zero object E in an abelian category A is called simple if for any
non-zero subobject F' of £/ one has F' = E;

2. A 7composition series” for X € A is a series
0=XoCcXjC---CX,=X,n>0
where X;,1/X; is simple for any i € {0,...,n —1}.

Definition 2.5.10. An abelian category A is of "finite length” if any non-
zero X € A has a composition series.

Definition 2.5.11. We define

1. An object E in an abelian category A is said to be "noetherian” if any
increasing chain E; C Ey C ... of subobjects of E becomes stationary
after finitely many steps. An abelian category A is noetherian if every
object in it is noetherian.

2. An abelian category A is said to be "artinian” if any infinite chain of
subobjects --- C Fy C E} becomes stationary.

Lemma 2.5.12. An abelian category A is of finite length if and only if it is
artinian and noetherian.



29

Proof. Assume first that A is of finite length. First we prove that it is
noetherian. For an F € A let

EFiCE,C---CFE
be a series of subobjects in A. We have that F has a JHF
OZX[)Cchan:E

where X;,1/X; simple. Hence X; = X;/0 = X;/Xj too is simple. Hence, if
we consider F; N X, C X3, then we must have F; N X; = X; or E; N X; =0.

1. If there is j such that E; N X; = Xy, then Xy C E; C Ej;, C--- CE
and hence E;/X; C Ej;1/X, C -+ C E/X,. We set up a prove by
induction over n starting with E simple for n = 1. Now E/X; has
JHF of length n — 1 that hence becomes stationary such that E;/X; =
E;11/X, which implies E; = E; 1, and so on.

which has JHF of length n — 1, similar to before we are finished.

To prove that A is artinian we use
---CEyCFE, CFE

and, distinguishing X; N E; = 0 for an existing j and X; N E; = X, for all ¢
we argue similar to the noetherian case that A is artinian.

Assume now that A is artinian and noetherian. Any FE; € A has a
subobject Ey such that F;/FEs is simple. Otherwise we would obtain that
E4/Es is not simple for any choice of Ey which would mean that there is an
object F5 in A such that 0 C E3 C E;/E,. Hence there is a non-zero F' € A
such that we have F3 = F'//E,. We obtain 0 = Ey/FEy C F/Ey C Ey/E, which
implies £y C F C E;. We could now find an object G with FF C G C E;
in the same manner and keep on repeating this process to obtain an infinite
chain. This violates the ascending chain condition which implies that it is
always possible to choose an object Fy such that Ej/E, is simple. For E,
we can now choose a subobject F3 such that Fy/FE3 is simple. We obtain
a descending chain of subobjects that will — due to the descending chain
condition — become stationary after finitely many steps.

]

Definition 2.5.13. For an interval I C R let P(I) be the extension closed
subcategory of 7R that is generated by all subcategories P(¢) for which
pel.
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Definition 2.5.14. A Slicing P of a triangulated category TR is called
"locally finite” if there is a real number v > 0 such that for all t € R the
category P(t — v,t + v) € TR is of finite length.

Remark 2.5.15. Note that P(t — v,t 4+ v) of definition is not gener-
ally abelian, but ”quasi-abelian” which is a slightly weaker concept. In the
theoretical framework of quasi-abelian categories one would have to restate
definition [2.5.11| using the term ”strict subobject”. This derives from the fact,
that the concept of strictness as a feature of morphisms plays an important
role in the context of quasi-abelian categories, in so far as while in an abelian
category every morphism is strict that is not necessarily the case in a quasi-
abelian category. Strictness of a morphism means, as we already pointed at
in the proof of theorem that the canonical map ¢ : coim f — im f
between the coimage and the image of a morphism f is an isomorphism. We
will however omit this terminology and refer to [57] for more information on
quasi-abelian categories.

Definition 2.5.16. A quasi-stability condition (P, Z) will be called locally
finite if the corresponding slicing P is.

Finally we approach the definition of the concept of a ”stability condition”
which nowadays usually includes the stability condition to fulfil the support
property which we will define later (definition [2.5.44)).

Definition 2.5.17. A quasi-stability condition will be referred to as a ”pre-
stability condition” if it is locally finite.

Notation 2.5.18. Objects E € P(¢) for ¢ € R will be referred to as
"semistable”. If additionally E simple in P then E will be referred to as
"stable”.

Remark 2.5.19. Throughout this thesis we will work with A = M (TR), since
the triangulated category that we are working with is numerically finite. We
will — in abuse of notation — write Z(FE) instead of Z(v(FE)) from now on.

We will now explain the connection between stability functions on A
and pre-stability conditions on D. To provide this important connection we
need the notion of a bounded t-structure. Beilinson, Bernstein and Delingne
introduced t-structures in [10] and they have since been subject to many
research articles.

Definition 2.5.20. A ”t-structure” on a triangulated category 7R is a pair
of strictly full subcategories (TR=’, TR=") of TR such that for TR=" =
TR=[—n] and TR=""! = TR='[-n],n € Z the following conditions hold:
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1. For X ¢ TR= and Y € TR>', Homs%(X,Y) = 0;
2. TR C TR™" and TR™' € TR™;
3. For each X € TR there is an exact triangle

A X BS

where A € TR and B € TR=!.

Lemma 2.5.21. Let (TR=°, TR=') be an arbitrary t-structure. The in-
clusion irp<n : TR=" — TR admits a right adjoint functor <, and the
inclusion iqp=n : TR=" — TR admits a left adjoint functor Ts,. For any
E € TR there is an ezxact triangle

’7'§0E — F — TZlE i) . (26)
Proof. See [10, Proposition 1.3.3]. O

Lemma 2.5.22. Let E € TR, then (T<pimE)m] = 1<, (E[m]) and addi-
tionally (7amsnE)[m] = o (Elm]).

Proof. Let X € TR=". We have
Hom(7<p4mE)[m], X) = Hom(7<py1mn E), X[-m]) =
Hom(E, i;gn+m(X[—m])) = Hom(E, X[-m|) = Hom(E[m], X),

providing (T<p+mE)[m] = 7<,(E[m]). Similarly one proves that (7>,+mE)[m] =
Ton(E[m]). O

Lemma 2.5.23. For any E € TR there is an exact triangle
T<nE = E = 1oy E 5 (2.7)

Proof. From lemma [2.5.21] we obtain that for E € TR, E[n] fits into the

exact triangle

T<o(E[n]) = Eln] = m1(E[n]) =

which, by lemma [2.5.22] equals to
(r<nB)[n] = E[n] = (72011 E)[n] =
Applying [—n] to this we obtain the exact triangle
TenE = E = Tsn B 5,

which finishes the proof. O
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Lemma 2.5.24. If Hom(Y,T) =0 for all T € TREZ* then Y € TR, If
Hom(T", X) =0 for all T' € TR=™ then X € TR="*!.

Proof. From Hom(Y,T) = 0 for any T € TR=""', considering that by
definition 75, 1Y € TR=""' we obtain that Hom(Y, 7>,1Y) = 0. Since
7<nY[1] € TR=" we additionally obtain that Hom((7<,Y)[1], 7sn41Y) = 0.
Now using the exact triangle from we obtain the exact sequence

Hom((7<,Y)[1], 75n 1Y) = Hom(7>p 1Y, 7o 1Y) — Hom(Y, 75, 1Y)

implying Hom(7>p,41Y, 7>n+1Y) = 0 and therefore 7>,11Y = 0. The sequence
T<pY — Y — 75,11Y must therefore equal to 7<,,Y — Y — 0, implying
T<p,Y =Y which is what we wanted to prove. Similarly one obtains that if
Hom(7T", X) =0 for all T € TR=" then X € TR=""". O

Lemma 2.5.25. The categories TR=" and TR=™ are extension closed.

Proof. Let X - Y — Z % be an exact triangle. Let X,Z € TR=", then
Hom(X,T) = Hom(Z,T) = 0 for all T € TR>". Hence we obtain from the
exact sequence

Hom(Z,T) — Hom(Y,T) — Hom(X,T)

that Hom (Y, T') = 0. By lemma [2.5.24] this implies Y € TR=". This means
that 7R=" is extension closed. Similarly one obtains TR=™ extension closed.
O

For the particular topic that we are interested in throughout this thesis
we will need a slightly stronger term.

Definition 2.5.26. A t-structure is "bounded” if U, TR=" = TR and at
the same time U,ezTR=" = TR.

We also need the notion of a heart of a t-structure.

Definition 2.5.27. The heart of a t-structure (TR=?, TR=!) on a triangu-
lated category TR is the category TR= N TR=".

There is a first — immediate — implication of this definition which will be
useful at a later stage.

Lemma 2.5.28. Let H be the heart of a t-structure on TR. Then H is
closed under isomorphisms in TR.

Proof. This is implied by the strictness of the inclusion of the subcategories
out of which H is obtained (see definition [2.5.20)) [
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In the following we will prove that the heart of a t-structure is actually an
abelian category. This fact was proved by Beilinson, Bernstein and Deligne
in [I0]. The proof is broken down into the following series of lemmas.

Lemma 2.5.29. Let H be the heart of a t-structure on TR. Then we have
Hom<°(E,F) =0 for E,F € H.

Proof. By definition H = TR=*N TR’ for a t-structure TR=’, TR
on TR. Then for E,F € H we have E € TR N TR=" ¢ TR=" and
FeTRENTR ¢ TRZ". Hence F|-m| € TR=" C TR for any
positive integer m since TR=™ c TR=""' c ... ¢ TR>'. That means
Hom ™(E, F) = Hom(E, F[-m]) = 0 as Hom(TR=’, TR=!) = 0. We ob-
tain Hom<%(E, F) = 0. O

Lemma 2.5.30. Let a <b and X € TR. Then 15,74 X = T<4T>aX.

Proof. See [10, Proposition 1.3.5]. O

Remark 2.5.31. Note that the condition a < b of lemma [2.5.30] is not nec-
essary for the statement to hold true. This is a somewhat unusual way of
stressing that only with the condition a < b holding, one actually obtains
an interesting result — in cases where the condition does not hold, both com-
positions of the two functors are just zero and hence trivially equal to each
other.

Lemma 2.5.32. If X € TR=" then 15, X € TR=". If X € TR=" then
TSmX € TRZH

Proof. If X € TR=" then X = 7, X. Hence, using lemma [2.5.30, we obtain
TZmX = TZmTSnX = TgnszX.

This means that 75, X = 7,75, X implying 75, X € TR=". Similarly one
proves that 7<,, X € TR=" for X € TR=". O

With the preparations we have made up to this point we are now able to
prove the following theorem that has been introduced by Beilinson, Bernstein
and Deligne.

Theorem 2.5.33. The heart H of a t-structure (TR=, TR=') is an abelian
category.
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Proof. [10, Theorem 1.3.6] Let f : A — B be a morphism in H. We will
show that it has a kernel and a cokernel in A. For the morphism f there is
an object S € TR such that A 5B S5 is an exact triangle. We have
S € TRNTR="! by lemma 2.5.25, Let C' = 75,9, then, since by lemma
2.5.32| we have C' = 7505 € TR=Y, we obtain C' € A. We compose B — S
from the exact triangle A 4y B — S 5 with the canonical map S — 705
which equals to S — C and obtain a map B — C. Let X € H and consider
the exact sequence

Hom(A[1], X) — Hom(S, X) — Hom(B, X) — Hom(A, X).

We have Hom(A[1],X) = Hom(A, X[—-1]) = 0 due to lemma [2.5.29] and
additionally Hom(S, X)) = Hom(S, i;¢>0X) = Hom(7>05, X) = Hom(C, X)
which combined provides us with the exact sequence

0 — Hom(C, X)) — Hom(B, X) — Hom(A4, X).

This proves that B — C' is the cokernel of f. Similarly we define K =
(T<-15)[—1]) which, again by lemma and lemma isin H. As
before we obtain a morphism K — A this time via the exact triangle
S[-1] - A —- B &, Applying lemma to see that, on one hand
we have Hom(X, S[—1]) = Hom(X, (7<_15)[—1]) and lemma to see
that on the other, we have Hom(X, B[—1]) = 0 we obtain that the sequence

Hom(X, B[—1]) - Hom(X, S[—1]) — Hom(X, A) - Hom(X, B),

equals to
0 — Hom(X, K') — Hom(X, A) - Hom(X, B).

Hence K — A is the kernel of f. To complete the proof we need to show that
f is strict — this means that the canonical morphism between the coimage
and the image of f is an isomorphism. Consider the following diagram in
which the left and the right triangle are exact triangles and the upper and
the lower triangle commutative diagrams:

C\
K+/
1]

|
e
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By the octahedron axiom for triangulated categories we obtain an object
I € TR and the following diagram in which the left and the right triangle
are commutative diagrams while the upper and the lower triangle are exact

triangles:
C B
\ /
+ / I \
K] - Ny

This means that we obtain the exact triangles

I-B—=CS5 (2.8)

and
K—A-TS (2.9)

Applying similar techniques to the ones we used before we see that we now
obtain that coim(f) = coker(K — A) = 7>0(I) and moreover that at the
same time we have im(f) = ker(B — C) = (1<_1I[1])[-1] = 7<¢!. From
[2-9) we obtain the exact triangle A — I — K[1] & and as A € TR=" and
K[1] € TR=! ¢ TR=" we have I € TR=" by lemma . Similarly,
combining with lemma we obtain I € TR=". Hence im(f) =
T<ol = 759 = coim(f). Then we obtain f = (I — B)oidjo(4 — I).
Let f be the morphism coim f — im f induced by f. We obtain (T<0l 5
Io fo (1 5 T>0l) = id; and hence }vhas to be an isomorphism which proves
that f is strict. n

The motivating example for t-structures is the standard t-structure on
the bounded derived category of an abelian category. It is straightforward,
that the following definition fulfils the conditions of definition [2.5.20, The
t-structure is moreover bounded (definition [2.5.26).

Definition 2.5.34. For a bounded derived category D of an abelian category
A, we define the ”standard t-structure” by letting D=" be the full subcategory
of D such that obj(D=") = {E € 0bj(D) | H(E) = 0,7 > 0} and D=° be the
full subcategory of D such that obj(D=") = {E € obj(D) | H(E) = 0,i < 0}
where H' is the standard cohomology.

Example 2.5.35. The heart of the standard t-structure of D is the underly-

ing abelian category A itself. Therefore, in the context of t-structures, A is
sometimes referred to as the ”standard heart”.
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In [18], Bridgeland proved the following crucial lemma, that provides the
connection between stability functions and pre-stability conditions as defined

in 22517

Lemma 2.5.36. To give a pre-stability condition on a triangulated category
TR is equivalent to giving a bounded t-structure on TR and a stability func-
tion on its heart with the Harder-Narashiman property.

Proof. See [18, Proposition 5.3]. O

We can now produce the standard example of a pre-stability condition
in the language of t-structures and stability functions. It was introduced by
Bridgeland in [18].

Example 2.5.37. Let A be the abelian category of coherent Og-modules
on a non-singular projective curve C' over an algebraically closed field k of
characteristic zero. Let a stability function Z : K(A) — C given by

Z(FE) = —deg(F) + irank(F)

as in ezample[2.4.3, Then (Z,A) is a pre-stability condition on D*(A). (see
[18, Example 5.4]).

The stability condition from example will play an important role
in later investigations. Therefore we introduce the following definition.

Definition 2.5.38. The stability function Z from example will be re-
ferred to as Z,. The resulting pre-stability condition (Z,,.A) will be referred
to as g,,.

Lemma [2.5.36| provides the connection between pre-stability conditions
and stability functions. However, as a tool to study stability conditions, the
relation between stability conditions and t-structures is much more essential.
This is very important, as the approach to find new stability conditions
may consist in finding new t-structures using lemma [2.5.36] In fact we will,
throughout this thesis, often make use of the observation provided by lemma
2.9.00l

Having introduced stability conditions as hearts of t-structures with sta-
bility functions on them we can extend our definition of ¢.

Definition 2.5.39. Let ¢ = (Z,H) where H is the heart of a bounded
t-structure on D and Z a stability function on H, then we define for £ € ‘H

¢o(E) = arg(Z(E)).
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Lemma 2.5.40. If o as in definition o= (P,Z) and E is semistable
with regard to o then definitions|2.5.39 and |[2.5.4) coincide.

Proof. This is due to the compatibility between the central Z, that the sta-
bility function extends to and P. ]

The connection between pairs of slicings and central charges on one hand
and t-structures and stability functions on the other hand provided by lemma
2.5.36[ also allows us to extend concepts from one set of data to the other.
We can now link our concept of a standard t-structure into that of a slicing.

Definition 2.5.41. We define a ”standard slicing” on D, the bounded de-
rived category of an abelian category A, to be a slicing P for which we have

P(0,1] = A.

The connection is now provided by the following remark.

Remark 2.5.42. Note that if P is the slicing of a pre-stability condition, for
which the corresponding t-structure is the standard t-structure defined in
then P is a standard slicing. In other words, P(0, 1] is the standard
heart of example [2.5.35

Definition 2.5.43. A pre-stability condition ¢ = (Z, H) satisfies the ”sup-
port property” if there is a symmetric bilinear form @ on A ® R = AR such
that

1. All o-semistable objects F € H satisfy Q(v(E),v(E)) > 0.

2. All non zero vectors v € Ag with Z(v) = 0 satisfy Q(v,v) < 0.

Now we can conclude this section by providing the definition of a stability
condition.

Definition 2.5.44. A pre-stability condition ¢ = (Z, H) on a triangulated
category TR that satisfies the support property is called a ”stability condi-
tion”.
Remark 2.5.45. Note that stability conditions as defined in [2.5.44] are also
referred to as ”Bridgeland stability conditions”.

The following lemma provides that the conditions for the support prop-

erty can be relaxed for its purposes.

Lemma 2.5.46. It suffices to assume all o-stable objects E € H satisfy

Q(v(E),v(E)) > 0 in definition[2.5.43,
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Proof. See [8, Lemma 11.6]. O

Definition 2.5.47. A pre-stability condition is discrete if the image of Z is
a discrete subgroup of C.

Finally we have the following important features.
Definition 2.5.48. Define @;(R) to be the universal cover of GLj (R).

Remark 2.5.49. In [18] Bridgeland explained that @;(]R) should be thought
of as pairs (T, f) where f : R — R is an increasing map with f(¢ + 1) =
f(¢) +1and T : R? — R? is an orientation-preserving linear isomorphism,
such that the induced maps on S' = R/2Z coincide. More concretely we can
say

M exp(inf(t)) € Rsgexp(int)

where — in slight abuse of notation — identify the number exp(irf(t)) € C
with the vector (cos(imf(t)),sin(iw f(t))) € R? such that we can multiply it
by M =T

Lemma 2.5.50. There is a (right) action of éi;(]R) on pre Stab(TR) given
byog=(T"roZ P(f(¢))), where o = (P,Z) € Stab(TR) and g = (T, f) €
GL, (R).

Proof. See [18, lemma 8.2]. O

Using the language we have just introduced, Macri has — generalising a
result by Bridgeland ([I8|, theorem 9.1]) — proved the following crucial result
on the stability space of D?(Coh(C')). A lot of the content of this thesis is
based on it.

Theorem 2.5.51. Let A = Coh(C) where C is a smooth projective curve,
~+
then the action of GL, (R) is free and transitive so that

Stab(D) = GL, (R).
Proof. See [18, Theorem 9.1] and [45, Theorem 2.7]. O
Remark 2.5.52. Note that theorem [2.5.51|implies that for A = Coh(C') where

C'is a smooth projective curve and any o € Stab(D) the semistable objects

are simply (shifts of) the p-stable objects in A, as CI}VL; (R) in this situation
merely changes the numbering of the slices.

Definition 2.5.53. Define Aut(7R) to be the group of exact autoequiva-
lences of TR.
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Lemma 2.5.54. There is a (left) action by isometries of the group Aut(TR)
on preStab(TR), giwen by ®(c) = (®(P),Z o @), where 0 = (P, Z) €
Stab(TR) and ® € Aut(TR). These two actions commute.

Proof. See [18, Lemma 8.2]. O

The connection of both actions with the support property is crucial.
Lemma 2.5.55. Let 0 € Stab(TR),g € (/}VL;(]R) and ® € Aut(TR), then
dog € Stab(TR)

Proof. Let @ be a quadratic form such that o satisfies the support property
with respect to ). The result now follows from the definition of the action

of @;(R) given in lemma [2.5.50/ and ® € Aut(7R) given in lemma [2.5.54]

Then, og satisfies the support property with respect to the quadratic form
Q and ®o with respect to Q o 1. O

2.6 Topology of Stab

Previously we have established the set of stability conditions on 7TR. We
can, however, say more — in [18], Bridgeland has defined a generalised metric
on the set of stability conditions on 7R, that gives this set the structure of
a topological space and that we will now introduce. In doing this, we will
in fact only look at those stability conditions that fulfil a certain criterion
called locally finiteness, which explains definition [2.5.17]

And hence we can define the stability space of a triangulated category as

Notation 2.6.1. By Stab(7R) we denote the set of locally finite stability
conditions on the triangulated category 7T R.

Remark 2.6.2. Note that the locally finiteness is a requirement for the proof
of corollary and will therefore give the stability space a somewhat nicer
structure.

By defining a topology on the set of stability conditions on a triangu-
lated category TR one obtains a topological space — this is what we call the
stability space of T'R. This topology is induced by the generalised metric
that will be defined next. Prior to this we will clarify what we mean by a
generalised metric as there does not seem to be a common definition — the
ways different authors define generalised metrics differ quite significantly in
fact.

Definition 2.6.3. A "generalised metric” is a map d(—,—) : S — [0, 00],
defined on a set S, with the properties:
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1. d(oq,02) = 0 if and only if o1 = oy;
2. d(o1,09) = d(o2,01);
3. d(o1,03) < d(01,0%) + d(02,03)

for any o1,09,03 € S.

Remark 2.6.4. Note that other authors do not necessarily assume d(oy, 02) =
0 implies 01 = 05 and the second axiom of [2.6.3]

Definition 2.6.5. For stability conditions oy = (Z1,P;) and oy = (Za, Ps)
we denote by ¢f and ¢, the ¢* and ¢~ defined in of an £ € TR for

the particular slicing P; of o;. Similarly we denote by m,, the m defined in
2.5.17| for the central charge Z; of o;. Define

- - + + Mo
d(o1,02) = OyéSEueP;'R{WUI(E) — 00, (B, [65,(E) — ¢5,(E)], | 1D(W)|}-

Lemma 2.6.6. The mapping d(—, —) : Stab(TR) x Stab(TR) — R>o C R
defined m defines a generalised metric on Stab(TR).

Proof. To prove the first axiom of definition [2.6.3, on observes that

- - + + Moo,
dlo,01) = sup {106,(E) = 65, (E)], 05, (E) = 6, (B}, [ In(T2)1) = 0.

for any o1 € Stab(7TR). To prove that d(o1,02) = 0 implies 03 = 0 one notes
that d(o1,02) = 0 implies ¢, (E) = ¢,,(E) and ¢} (E) = ¢} (E). Hence
an object is semistable with regard to oy if and only if it is semistable with
regard to gy. This means that P; = P,. Since d(oy,02) additionally implies
that m,, (E) = m,,(E) for any £ € TR, one concludes that the central
charges of o; and of o, agree on the semistable objects. The semistable
objects, on the other hand, generate N'(7TR) and hence Z; = Z, due to the
fact that the central charge is a homomorphism of groups. We conclude that
01 = 09.
Is is directly due to the properties of the absolute value, that the second
axiom holds. The third axiom follows from the triangle inequality of R.
[

There is more about the topological features of Stab(7R). Bridgeland
proved a crucial fact, which allows us to formulate the following theorem
and a direct implication. Besides Bridgeland’s paper [I8] from which this is
taken, we refer to [B, Section 5.5] for a sketch of the proof.



41

Theorem 2.6.7. Let TR be a triangulated category. For each connected
component ¥ C Stab(TR) there is a linear subspace V(X) C Hom(A,C)
with a well-defined linear topology and a local homeomorphism Z, given by

2.8 V(D)
Z(o) =2,

where 0 = (P, Z).
Proof. See [18, Theorem 1.2]. O

Corollary 2.6.8. Each connected component of the stability space Stab(TR)
of a triangulated category TR is a complex manifold.

Proof. This is an implication of — see [I8, Section 1]. O

The aim in dealing with stability conditions is, hence, to reach a full de-
scription of the stability space of the particular triangulated category one
is interested in. This provides an interesting invariant and therefore bares
information about the triangulated category itself. The particular example
that we are interested in is to compute the stability space of the bounded de-
rived category D' of the arrow category A" of an abelian category A. More
precisely are we interested in the stability space of the triangulated cate-
gory D°(Coh(C)"), it will be our aim to research it throughout the following
chapters.

3 CP-Gluing

This section aims at the introduction of a technique to compute stability
conditions. At a pre-Serre functor level (see section we can compute
stability conditions using the technique of CP-gluing and hence obtain pre-
stability conditions. The CP-gluing-technique, introduced by Collins and
Polishchuk (CP) in [21], can be thought of as a special case of recollement
which will be introduced in the subsequent section. There is, however, a
fundamental difference — to be able to set up recollement in our case one
requires the existence of a Serre functor, which is a crucial concept that
simplifies many problems. However, this section develops the theory entirely
without it. The section is joint work with Eva Martinez and Alejandra
Rincén.
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3.1 The CP-gluing-technique

This chapter provides the background theory regarding the technique of CP-
gluing t-structures on a triangulated category from t-structures of certain
triangulated subcategories that sit particularly nicely in the triangulated
category one started with. Lemma will clarify what this means.

Lemma 3.1.1. Let TR = (iy(TR"),i2(TR?)). The exact triangle
i2(Bo) — E — ir(Ey) 5

of definition |2.1.0 is unique up to isomorphisms of exact triangles.

Proof. For E' € TR consider exact triangles
io(Ea) % E 5 iy(Ey) =

and
in(Ey) % E iy (B S

with By, B} € TR' and FE,, E}, € TR?. This gives

v’ oidp ou € Hom(iy(Ey),i1(E])) C Hom(ix(TR?),i1(TRY)) =0

by definition 2.1.6, By [32, Lemma 1.6] there are now morphisms f and g
such that the diagram

ig(EQ) - s B LN Zl(El) ;>

l f lidE lg
ia(E}) —— B —— ir(B}) ——
is a morphism of triangles. Since we have
Hom(iy(Ey), i1 (E})[-1]) € Hom(TR?* TR') =0, (3.1)

again using definition m, it is also implied in [32, Lemma 1.6], that f and
g are unique. To prove that f and g are indeed isomorphisms, we extend the
above diagram to

ig(EQ) “ > v > Zl(El) ;>

~

E
lidE

(B —“ B 2 (B ——
J,idE
E
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and obtain a morphism of triangles

u

ke > Z1(E1) ;>

> B
lidE lg’og
> B

hd > Zl(El) ;>

(E2)
lf’Of
ig(Ey) —

by composing the vertical arrows. On the other hand,

iQ(EQ) “ FE hd 21<E1) L)

lidiQ(Ez) J{idE J{idil(bﬁ)

iQ(EQ) “ F LA 21<E1) L)

is a morphism of triangles and since, once again combining definition [2.1.6
with [32, Lemma 1.6], the morphism idg determines the left and right vertical
arrow uniquely, we obtain f’' o f = id;,(g,) and ¢’ o g = id;,(g,). Similarly,
now using the diagram

/

(B —“s B Y iy(E) ——
|7 I &
iQ(EQ) N FE ke ’Ll(El) ;>

[T

’ /

i2(By) —— E —— iy(E}) ——

~

we see that f o f' =id,g,) and g o ¢’ = id; (g,). Hence f and g are isomor-
phisms. This implies that i;(FE;) and i5(F5) are unique up to isomorphism
which finishes the proof since i; and 75 are embeddings. O

Remark 3.1.2. We can in fact adapt the proof of lemma to show that
the exact triangle (2.7 is unique. This is obtained in the same way as
its existence from the uniqueness of the exact triangle . The unique-
ness of , however, can be seen in the same way as in the case of the
semiorthogonal decomposition. A semiorthogonal decomposition is after all
a special t-structure for which the condition to be closed under certain shifts
is stricter. However, the proof of lemma [3.1.1] only uses the stability under
shift to prove (3.I). Since for a t-structure (TR=’, TR="), we have that
TR="is — by definition — closed under negative shift however, is still
true for t-structures.
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Lemma 3.1.3. Let TR = (i,(TR"),i2(TR?)). For A\ and py as in defini-
tion [2.1.8, there are identities
/\10’i1 gidgpgoig.

Proof. Let Ey € TR? Then

7:2<E2> — ZQ(EQ) — 0 i>

is an exact triangle in TR, equal to
io(Ey) — ig(Ea) — i1(0) = .

Since By € TR? and 0 € TR' this is the, by lemma unique, exact
triangle that the semiorthogonal decomposition (i) (TR'),ia(TR?)) provides
for iy(Es). Hence po(i2(Ey)) = Eo and in the same manner one sees that
p2(i2(f)) = f for amorphism f on Ey. The proof for Ajoi; 2 id is similar. [

Lemma 3.1.4. Assume that on the triangulated category TR a semiorthog-
onal decomposition TR = (iy(TR"),i2(TR?)) is given. The functor py is
the right adjoint to the inclusion is : TR* — TR, and \; is the left adjoint
functor to the inclusion iy : TR' — TR.

Proof. Let Y € TR? and X € TR. The semiorthogonal decomposition
TR = (i,(TR"),i2(TR?)) hence provides us with an exact triangle
iQ(XQ) — X = Z1(X1) i)
where X; € TR' and X, € TR? Applying the functor Homyz (io(Y), —) to
this exact triangle provides us with the long exact sequence
R HOHl(ZQ(Y), Zl(Xl)[—]_]) — HOHl(ZQ(Y), ZQ(XQ))
— Hom(i2(Y), X) — Hom(ia(Y),i1(X7)) — ...
which equals to
0— HOHl(ZQ(Y), ZQ(XQ)) — HOHl(ZQ(Y),X) —0
since (i1 (TR'),ia(TR?)) is a semiorthogonal decomposition, implying that
Hom (i1 (TRY), ia(TR?)) = 0. Therefore we obtain
Hom(Y, p2<X)) = Hom(Y, X2> = HOHI(12<Y)7 ZQ(XQ)) = HOII’I(ZQ(Y), X),

where Hom(Y, X5) = Hom(iz(Y'),i2(X>)) is provided via the fact that iy is
full by definition [2.1.6]
The functoriality, using lemma [3.1.3]is seen by

o

Homyr (i2(Y), X) 2 Homyp2 (p2(i2(Y)), pa( X)) = Homyga (Y, pa(X)).

The proof for \; is similar. O]
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We can compute t-structures and hence in particular bounded t-structures
— the type that we are interested in — on a triangulated category via the
semiorthogonal decomposition by a method called ”CP-gluing” which was
introduced by Collins and Polishchuk in [21I]. The idea of CP-gluing is to
combine the data provided by the hearts of bounded t-structures on both
components of the semiorthogonal decomposition and compute a heart of a
bounded t-structure on the triangulated category 7R in this manner.

Lemma 3.1.5. Let TR = (i1(TR"),io(TR?)) be a semiorthogonal decom-
position and H; the hearts of bounded t-structures on TR' fori= 1,2, such
that Hom=%, (i, (H,), iz(Hy)) = 0, then

is the heart of a bounded t-structure on TR. We will refer to hearts of this
kind as "hearts obtained by CP-gluing”.

Proof. For the proof of
H = {X S TR | )\1(X) € Hl,pg(X) € HQ}

being the heart of a t-structure on 7R see [2I, Lemma 2.1]. Note, that also
[21, Lemma 2.1] claims that a t-structure obtained in this manner is bounded,
a proof is not given, we therefore include a proof, provided in [3.1.7] [

Remark 3.1.6. Note that the t-structure (TR=",TR=') on TR that corre-
sponds to the heart H of lemma [3.1.5]is then given by

TR = {X € TR | M(X) € (TR, po(X) € (TR}

and
TR ={X ¢ TR| M(X) € (TRYH=, po(X) € (TR*)='}

where ((TR')=,(T'R")=") are the t-structures corresponding to the hearts
Hi on TRZ

Lemma 3.1.7. Let TR = (i1(TR"),i2(TR?) be a semiorthogonal decom-
position and H; the hearts of bounded t-structures on TR' fori1=1,2. If

H = {X € TR | )\1(X) € Hl,pQ(X) € HQ}

is the heart of a t-structure on TR, then that t-structure is bounded.
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Proof. Recall the definition of boundedness of a t-structure in [2.5.26] Let
E € TR then the semiorthogonal decomposition provides us with the exact
triangle is(p2(E)) = E — i1(A(E)) =. The definition of H implies that if
for an object £ € TR we have A\;(E) € (TR")=% and py(E) € (TR?*)=’, then
E € TR=Y, where TR=" (TR")=" and (TR?)=C are the categories corre-
sponding to H, H, and H,. For any F' € TR we have A (F) € U,ez(TRY)="
and po(F) € Upez(TR?*)=" which implies that F € U,z TR=" and hence
Unez T R=". The proof is finished by repeating the argument for TR=". O

Lemma 3.1.8. Let TR = (i1(TR"),ia(TR?)), be a semiorthogonal decom-
position, By € TR' and ¢ : TR" = TR? an equivalence of categories. As-
sume additionally, that ps has a right adjoint functor A and A¢ left adjoint
to A1 and that A is fully faithful. There exist an exact triangle

i2($(E1)) = A(S(Er)) = i1 (Er) =

Proof. Since TR = (i1(TR"),i2(TR?)) is a semiorthogonal decomposition,
any F' € TR can be embedded into an exact triangle

is(pa(F)) = F = iy(M(F)) 5 .
If we, on the other hand, now let F' = A(¢(F;)) € TR, we obtain an

exact triangle i>(pa(A(S(E1)))) = A(S(E1)) = i1(M(A(G(E)))) = As
A was assumed to be fully faithful, so is A¢ since ¢ is an equivalence of
categories. As, additionally, A is the right adjoint functor of ps and A¢
the left adjoint to A;, we conclude with [44, Subsection 4.3, Theorem 1]
that poA = idyp2 and idrp1 = A\ A¢. Hence we obtain an exact triangle

ia(G(E1)) = A(G(Er)) = ia(Ey) . O

Remark 3.1.9. Subsection will see the introduction of an example of such
a A.

Lemma 3.1.10. Let TR = (i1(TR"),ia(TR?)). For X € TR and i € Z,we
have(Ay (X)[i] = A ((X)[i]).

Proof. For any E, € TR' we have
Homg: (A (X))[i], E1) = Homya (ha(X), Ex[—i]
= Homyg (X, i1 (£1[—i])) = Homrr (X, (12 (£1))[i])
— Homrr (X[i],i1(F1)) = Homy O ((X)[i]), 1)

since A; is the left adjoint functor to ¢; and i; commutes with the shift
functor by definition [2.1.6, This finishes the proof as E; was freely chosen
from TR O
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Lemma 3.1.11. Let TR = (i1(TRY),ia(TR?)) be a semiorthogonal decom-
position, then the composition Ajig = 0.

Proof. For any Ey € TR, E, € TR? we obtain
HOHITRI (Al(ZQ(EQ)), El) = HOHITR<i2(E2), Zl(El)) =0

since ), is the left adjoint to i; and TR = (i1 (TR"), io(TR?)) is a semiorthog-
onal decomposition implying that Hom(i;(TR"),io(TR?)) = 0. This pro-
vides us with the required statement, as E, E» were chosen freely from 7R
and TR?. O

Lemma 3.1.12. Let TR = (i1(TR"),i2(TR?)), then
Hom’ (A(¢(Er)), is(Es)) = 0
for anyi € Z,E, € TR and E, € TR .
Proof. Since A\ is the right adjoint functor of A¢ we obtain
Hom(A(¢(En)), (i2(E2))[i]) = Hom(Ey, A ((i2(E2))[d])).
But A\ commutes with the shift functor due to lemma [3.1.10| and hence

Hom(A(¢(E1)), (12(E2))[i]) = Hom(Ex, Ay ((12(£2))[]))
= HOHI(El, (Al(ZQ(Eg))[ZD = I‘IOH](E;l7 0) =0

as At9 = 0 due to lemma (3.1.11] O

Theorem 3.1.13. Let TR = (i1(TR"),ia(TR?)) be a semiorthogonal de-
composition, By € TR, Ey € TR? and ¢ : TR' — TR? an equivalence
of categories. Assume additionally, that there exists a A which is the right
adjoint functor of ps and for which A¢ is the left adjoint functor to A\, and
that A s fully faithful. Then

Hom' 2 (¢(E1), Bz) = Homiy (i (E1), i2(E»))
for any i € 7.
Proof. Due to lemma there is an exact triangle
is($(E1)) = A((En)) = ir(Er) = .

If we apply the functor Hom(—,i3(E>)) to this triangle we obtain an exact
sequence

o HomeR(A(¢(E1)), ia(Ez)) — Hom%'R(i2(¢(E1))a iz(E2)) —
Hom’ 3 (i1 (E) ), i2(Fs)) — Hom R (A((EL)), i2(Fa)) — ...
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and Hom% (A(¢(E1)), i2(Es)) = Hom’y (A((Er)), ia(E2)) = 0 due to lemma
3.1.12| This provides us with the exact sequence

0— HOIH%—R(ZQ(QS(El)), ZQ(EQ)) — HOHL?;%(M(EH), ZQ(EQ)) — 0.
Hence, as i5 is fully faithful, we have

Hom’ 1> (¢(E), E2) = Hom’rp (ia(¢(E1)), ia( E»))
>~ Hom’5 (i1 (E1), i2(Es))

which finishes the proof. O

The following can be seen as an ”almost-inverse” of lemma [3.1.5]

Lemma 3.1.14. Let TR = (i1 (TR"Y),i2(TR?)) be a semiorthogonal decom-
position and H; the hearts of bounded t-structures on TR" fori= 1,2, such
that

H = {X € TR | /\1(X) € Hl,pQ(X) € HQ}
is the heart of a t-structure on TR, then Hom3% (iy(Hy),ia(Hy)) = 0.

Proof. Apply lemma [2.5.29, O]

In order to obtain the data that we need to define stability conditions
on TR we need the following observation (that has — without proof — been
stated in [21, Equation (2.5)]):

Lemma 3.1.15. Let TR = (i1(TR'),ia(TR?)) be a semiorthogonal decom-
position and H; the hearts of bounded t-structures on TR' fori=1,2, such
that Hom3, (i1 (Hy), i2(Hs)) = 0, then

Z(X) = Z1(M(X)) + Z2(p2(X))
defines a stability function on the heart
H = {X € TR | /\1<X) S Hl,pQ(X) c HQ}

Proof. The function Z is a homomorphism of groups on IC(H) as every ele-
ment X € K(H) decomposes into a sum of elements of IC(H;) via the exact
triangle io(Xs) — X — 11(X7) *. By definition of H we have X; € H; and
Xy € Ho, since 7y, Zy are stability functions Z;(X), Zo(X3) and hence their
sum are in H, therefore Z(X) € H. O
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Lemma 3.1.16. Let TR = (i1(TR"),i2(TR?)) and o be a stability condition
on TR obtained by CP-gluing stability conditions o1 on TR1 and oy on
TR, via the semiorthogonal decomposition TR = (iy(TR"),iz(TR?)). Let
g=(T,f) € é\i;(lﬁ), then for og = (W, H), o019 = (Wy, Hy) and 029 =
(W, Hy) and d € {1,2} we have

° Zd(Hd) C H,

° W| =Wy and

ig(TRa)

o if Hom=C(i,(H),i3(H)) = 0 then og is a stability condition on TR
obtained by CP-gluing stability conditions 019 on TRy and o2g on TR,
via the semiorthogonal decomposition TR = (i1 (TR"),io(TR?)).

Proof. For d € {1,2} let Py be the slicing corresponding to o4 and P the

slicing that corresponds to o. The action of C/}vL;r (R) works in such a way
that we obtain Hy = Pu(f(0), f(1)] as well as H = Py(f(0), f(1)]. Therefore
we have i4(Hy) C H by [21], Proposition 2.2(3)].

Let Z and Z,; be the stability functions corresponding to ¢ and o, We
have W = T~! o Z such that W(E) =T ' o Z4(E) = Wy(E).

Assume now Hom=°(i;(H),iy(H)). By [2I, Proposition 2.2(1)] og is a
stability condition on 7R obtained by CP-gluing stability conditions o;g
on TR and 099 on TR, via the semiorthogonal decomposition TR =
(i1(TRY),ia(TR?)). O

3.2 Application of CP-gluing to D'

We will now use the theory outlined in this chapter to compute t-structures
on D' by means of extending our knowledge about t-structures on D to D'
using the technique of CP-gluing.

In order to find new bounded t-structures on DT we want to make use of
the fact that D' consists of two copies of D and use the technique of CP-
gluing to obtain bounded t-structures on DT of the bounded t-structures on
D.

We start by defining the following functors in the context of A and A"
and subsequently in terms of D and D'.

Definition 3.2.1. For an object (A — B) € A" and a morphism f =
(f17f2> € AT7 define
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1.
)\14 AT 5 A
MA—=B) =4
Af(f) = f17

2.
py i AT = A
p(A— B)=21B
Pf‘(f) = f.

Definition 3.2.2. For an object A € A and a morphism f; € A define

1.
it A— AT
iH(A) = A =0
it (f) = (f1,0),
2.
iz c A — AT
i (A) =0 — A
i3'(f1) = (0, fr),
3.
A A A
AAA) =A8 4

AY(fi) = (1, o).

We obtain the following.

Lemma 3.2.3. There are adjoint pairs \{* - if* and i5' 4 p3' for the functors
defined in|3.2.1] and|5.2.2.

Proof. To see that (i3, p3') is an adjoint pair, consider

Hom 41 (i3 (E), B) = Hom 4(0, By) x Homy(E, By) = 0 x Homy(E, By)
>~ Homy(E, By) = Homy(E, p3'(B)).
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In order to demonstrate explicitly how this works, let us define a morphism
Hom 4+ (i3'(E), B) — Homu(E, p3'(B)) as (f,g) — g. Since f : 0 — A\Y(B)
implies f = 0 and therefore (f,g) = (f,0), this is indeed an isomorphism.
To prove that this isomorphism is bifunctorial, on the other hand, we regard
the isomorphism

Hom y: (i\(E), B) = Hom A(E, p1(B))

as an embedding of the set Homy(F, Bs) into the product of sets that is
Hom4(0, A) x Hom4(E, By) D Hom 4t (i3 (E), B). This embedding, however,
is indeed bifunctorial — seen by the fact that the diagram

Hom(X,Y) x Homa(E, B) =% Hom(X,Y) x Homa(E', By)

T(O’_) T(Ov_)

(—ot)

Hom 4 (E, By) — Homy(E', Bs)
commutes for X, Y, ' € Aand t: £/ — E a morphism in A. Therefore, the
proof is finished. The proof that (\{,4{') is an adjoint pair is similar. ]

Lemma 3.2.4. There are adjoint pairs A* - M\ and adjoint pairs p; 4 AA
for A4 M 3t as in lemma .
Proof. Let A € A and B = (B, — By) € A". We have
Hom 4+ (A*(A), B) = Hom (A — A), (B; — By))
>~ Homp(A, By) = Homu(A, A\{'B).

To prove that this isomorphism is bifunctorial, on the other hand, we regard
the isomorphism

Hom 4+ (A*(A), B) = Hom 4(A, M\{'B)

as an embedding of the set Homy (A, B;) into the product of sets that is
Hom 4 (A, By) x Homy(A, By) D Hom 4 (A4(A), B). This embedding, how-
ever, is indeed bifunctorial — seen by the fact that the diagram

(—ot,—ot)

Hom 4 (A, By) x Hom4(A, By) Hom4(A’, By) x Homy (A, By)

T(_vfo_) T(_Vfo_)

Hom (A, By) RSN Hom (A, By)

commutes where f equals to (B; — Bs) regarded as a morphism in A. The
proof for A4 - M\ is similar. O
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We will now generalise the facts that we previously presented to the case
of D by means of the next lemmas.

Lemma 3.2.5. The functors \{* and p3' are exact.
Proof. This is obvious from corollary [2.2.7] O
Lemma 3.2.6. The functors \{', ps',if', i3 and A* are exact.

Proof. We obtain that A\{* and ps' are exact from lemma m The exactness
of A* is an implication of lemma . We obtain the statement for i7* by
realising that \{' o4{' = id and p3' o is* = 0 and applying corollary The
proof for i3' is similar. O

We need to combine this with a fact provided in [60, 10.5.2]. Since the
details of the proof are left to the reader in the named literature, we will, for
the convenience of the reader, prove the fact stated in proposition [3.2.7 It is
subsequently our aim to obtain a well-defined functor Fp( 4y on the derived
category D(A)° of an abelian category A, out of an exact functor F4 defined

on A.

Proposition 3.2.7. Let A and B be abelian categories and D°(A) and D°(B)
their bounded derived categories. If a functor

F_A A= B
18 exact, it extents to a functor
Fpuay : D'(A) = D*(B).

by applying Fx : A — B to the objects and differentials in a complex and
to the components of localised homotopy classes of complex-morphisms — the
morphisms in D°(A).

Proof. Consider the functor Fg(4y which is the functor on the chain-complex
category C(A) that is induced by the functor F4 operating componentwise
on the objects and morphisms in A, that a complex in C(A) is composed
of. This is consistent with chain-maps and boundary operators as well, since
functors preserve commutative diagrams. Again for the same reason — the
preservation of commutative diagrams — we can now define Fic(4) to be the
functor on the homotopy category that is induced by F(4).

It is at this point, however, that we require the exactness of F4 in order
to define Fpu 4 as the functor on D*(A) induced by Fi(4). To obtain that
the functor Fpu(4) is well-defined, we now need to verify that it preserves
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quasi-isomorphisms. Assume that A® L B s a quasi-isomorphism. We
F4

need to prove that F A(A*) Af F4(B*®) is a quasi-isomorphism as well.

The morphism A* L Brisa qua81-1somorphism if and only if the induced

morphism H"(A*) Af H"(B*) is an isomorphism in A for any n € Z, where
H" is the usual Complex-cohomology. In other words,

0— =A%) " 5By — 0
is exact. Hence, so is

FA(Ii:(f))

F4(0) — Fa(H"(A®)) FA(H"(B®)) — Fa(0)

which means that

FA(Ii;(f))

0 = Fa(H™(A%)) Fa(H"(B%)) =0

is exact and hence F4(H™(A*)) Fallin)
B.

Since F4 is exact, it preserves quotients — to see this, we let d" be the
boundary operator of the complex A® and consider the exact sequence

F4(H™(B*®)) is an isomorphism in

0 — im(d" ') — ker(d™). (3.2)
On one hand, if we apply the exact functor F'4 we obtain the exact sequence
F(0) = F(im(d"")) — F(ker(d"))

which equals to

0 — F(im(d" 1)) — F(ker(d"))

and can be completed to the short exact sequence
0 — F(im(d)) — F(ker(d")) — Falker(d")) / Fa(im(d1)) = 0.
On the other hand, can be completed to the exact sequence
0 — im(d" ) — ker(d") — ker(d") /im(dn—l) -0
and applying the exact functor F4 this gives

0 — Fim(d* ) — F(ker(d")) — F(ker(d") / im(d1)) = 0.
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We obtain
FA(ker(dn)) /FA<im(dn—1)) o FA(ker(dn) /im(dn_l))‘

Again by exactness, an exact functor also preserves kernels and images such
that we obtain

ker(Fa(d")) fim(m(an1)) = Falker(@) [, m(ar-1y).
which hence gives
H"™(Fpo(ay(A*)) = ker(Fa(d")) /im(FA(d”_l)) = Fa(ker(d")) /FA(jm(d”—l))
— Fa(ker(d") [ (1)) = Fa(H"(4%))
and so we obtain that H"(Fps4)(A*)) Hn(FﬂA)(f)) H™(Fpb4)(B*)) is an
isomorphism in A, which finishes the proof. n
We can now introduce the two following lemmas.

Lemma 3.2.8. For an object (A — B) € D' and a morphism f =

C
f
q1
A F
in DT, where we define f; = floq*,i € {1,2}, we obtain

1. The functor M\{* extends to a functor

M :D'—D
Al(f) = flu

2. The functor ps' extends to a functor
ps: D' — D

p2(f) = fo



95

Proof. This combines lemma [3.2.6 with proposition [3.2.7] [

Lemma 3.2.9. For an object A € D and a morphism f, € D, we obtain the
following.

1. The functor i{* extends to a functor
ir: D — D'
ir(f1) = (f1,0).
2. The functor i3\ estends to a functor
ir: D — D'
i2(f1) = (0, f1).
3. The functor A* estends to a functor
A:D—D'
AA) =418 4
A(f1) = (f1, o).
Here we want (f1,0), (0, f1) and (fi, f1) to be morphisms in D' in the sense

of the diagram in lemmal[3.2.8.
Proof. Again, combine lemma [3.2.6] with proposition [3.2.7] O]

We can now use the fact that certain adjunctions hold in the abelian
case with regard to the previously defined functors, in order to obtain these
adjunctions for the case of D as well.

Lemma 3.2.10. Let A, B be abelian categories and
Fy: A—B

and
GB B— A

be exact functors such that Fq 4 Gg. These extend trivially to functors
FAJ GB

F’Db(A) : Db(A) — Db(B)
and

G’D”(B) : Db(B) — Db(A)

and FD”(.A) = GDb(B)-
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Proof. This is a special case of [47), Corollary] because it was assumed that
both involved functors extend trivially to the respective derived categories —
in other words they each are their own right- and left derived functor. O]

We obtain the following.

Lemma 3.2.11. There are adjoint pairs Ay 141 and io = py for the functors
obtained by lemma|3.2.8 and|3.2.9.

Proof. Combine lemma [3.2.3| with lemma [3.2.10] O

Moreover we have the following lemmas, in order to prepare lemma|3.2.14]

Lemma 3.2.12. A morphism (f,g) in A" is an isomorphism if and only if
f, g are isomorphisms in A.

Proof. Let X1, X5,Y),Ys € A such that the morphism (f, g) is given by the
diagram

X, 1w

Lol

Xy —— Yy
and consider this as a complex of the form

0 X v — 00—
s 0 sy Xy —2 5 Y, s 0
to which we can now apply corollary which finishes the proof. O

Lemma 3.2.13. A morphism f in D' is an isomorphism if and only if
M (f), p2(f) are isomorphisms in D.

Proof. A morphism f in a derived category - viewed as a roof f; oq~! for a
quasi-isomorphism ¢ is an isomorphism if and only if a chain-map £ that can
be chosen as a re;jresentative for f, is a quasi-isomorphism. We have that the
chain maps )\f(A (€) and pg(A) (&) that represent the morphisms A;(f), p2(f)
are quasi-isomorphisms if and only if H™(A\{(€)), H"(p3'(€)) are isomorphisms
in A for all n € Z. By lemma however, both A\t and p3' are exact and
hence commute with cohomology. This, on the other hand, implies that
H™(A€)), H (p3(€)) are isomorphisms in A for all n € 7Z if and only if
MAH™(E)), pst(H™(€)) are isomorphisms in A for all n € 7Z. The latter
happens — by definition — exactly if and only if ¢ is a quasi-isomorphism. [
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Lemma 3.2.14. The functors obtained in lemma and lemmal[3.2.9 fulfil
1. ker(\) = im(iz) and
2. ker(ps) = im(iy).

Proof. First assume that (E — F') € ker(\;) C D'. This means £ 20 in D.
In other words, there is a quasi-isomorphism ¢ in K(A) such that E % 0 in
D (which — of course — implies ¢ = 0 in DT). The diagram

OLE

L

F— F

commutes and both id and ¢ = 0 are quasi-isomorphisms. Hence, by lemma
[3.2.13] (¢,id) is an isomorphism in D'. Since im(is) consists of all objects
(A — B) that fulfil (A — B) = (0 — ('), we obtain (E — F') € im(iz).

If, on the other hand, we take (A — B) € im(iy) C D', we have
(A — B) =2 (0 — C). By lemma [3.2.13] this implies that there is a quasi-
isomorphism between A and 0. Hence, A is exact which means A = 0 in D
and hence (A — B) € ker(\;).

The proof for ker(py) = im(i1) is similar. O

We do — however — not need the complete statement of this particular
lemma, but only the following corollary.

Corollary 3.2.15. The functors obtained in lemma|3.2.8 and|[3.2.9 fulfil

pp oy = 0=\ ois.
Proof. This is an immediate implication of lemma [3.2.14] O
We also have
Lemma 3.2.16. For any E, F € D, the functors defined in[3.2.9 fulfil
Hom(iy(E), i1 (F)) = 0.
Proof. Using lemma and corollary we obtain
Hom(iz(E),i1(F)) = Hom(\ (ia(E)), F)) = Hom(0, F') = 0.
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Remark 3.2.17. Another — more direct, yet more tedious — way to prove the
crucial lemma [3.2.16]is to see that we have both i5(E) = 0 — E and i1(F) =
F — 0. A morphism in Hom(iy(F),7,(F)) is given by the commutative
diagram

A

/uis \
0 F
B
AS \
E 0

where (A — B) € DI. We want to prove that this is in fact the zero-
morphism, which follows by comparing it to a known representative of the
zero-morphism in DT

0
quis quis

The next step is to now complete the above to the following commutative
diagram:
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0
quis quis

B
quis
B E
S N
quis quis
E 0.

This proves that every morphism from F, to E; in D' is equivalent to the
zero-morphism.

0

Furthermore we need this.

Lemma 3.2.18. The functors i, and iy obtained by lemma are fully
faithful.

Proof. Let A, B € D. Viewing i; as an induced map i; : Hom(A, B) —
Hom(i1(A),i1(B)) on the hom-sets, given by

i1(f1) = (f1,0)

for fi € Hom(A, B) we obtain that ; is bijective. On one hand, if f €
Homp1(i1(A), 1 (B)), then we have

€ Homps (i1 (A), i1 (B)) = Homp (A (i1 (A)), B) = Homp(A, B).

In other words, f has a preimage under ¢; making 7; a surjective map. On
the other hand, if g;,9o € Hom(A, B) such that i1(g;) = i1(g2), we have
(91,0) = i1(g1) = i1(92) = (g2,0) which implies (g1,0) = (g2,0) and hence
g1 = g2, proving that ; is also an injective map. Similarly one obtains the
fully faithfulness of is. ]

This provides us with a corollary.

Corollary 3.2.19. For the functors obtained by lemmal[3.2.§ and by lemma
we obtain the identities

o

>\1 Oil — ldD

and

fa)

ldD — P2 © ig.
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Proof. This is obtained by combining lemmas [3.2.18| and |3.2.11]. O

Additionally we require this.

Lemma 3.2.20. Assume X = (E — F) € D'. There is an ezact triangle
ia(pa(X)) = X = i1 (M (E)) 5 .

Proof. We obtain the exact triangle from the fact that the sequence

0 0 s B E s 0
0 F s F 0 > 0

regarded as a diagram, commutes and has exact rows. In other words, it is
an exact sequences of chain complexes. This implies that

(0= F)—= (E—F)— (E—0) 5 (3.3)

is an exact triangle. Because of the shape of the functors iy,i5, A\; and ps

according to lemma and lemma the exact triangle (3.3]) equals to
is(pa(X)) = X = i1(M(E)) 5 .
[

Definition 3.2.21. For i; as in lemma [3.2.9] we define D, for j € {1,2} to
be the smallest strictly full subcategory of D' that contains all objects i;(FE)
for E € D.

Now we obtain a crucial theorem.

Proposition 3.2.22. There is a semiorthogonal decomposition of D' given
by D' = (i1(D),i2(D)).

Proof. Using lemmas|3.2.16/and [3.2.20] we see that the conditions of definition
2.1.6] are fulfilled. O

We can, however obtain more.

Lemma 3.2.23. There is an adjoint pair A 4 Ay for A, A\ as in lemma
[Z2.8.

Proof. Similar to the proof of lemma3.2.3] we deduce this result from lemma

324 O
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Lemma 3.2.24. There is an adjoint pair po 1 A for pa, A as in lemma[3.2.8.

Proof. Similar to the proof of lemma |3.2.23] O

Remark 3.2.25. Note that the similarity of the proofs of lemmas [3.2.23| and

3.2.24| implies pg' - A4,

To be able to work with D in connection to DT it will prove to be impor-
tant to establish the connections between the corresponding Hom-sets. In
the previous section we have done that in a more general framework. We
will now use the results to obtain to necessary knowledge about DT.

Lemma 3.2.26. Let TR? and TR be derived categories of abelian categories
Ay and A and F : TR?> = TR a functor that is induced by an exact, fully-
faithful functor F' . Ay — A, for which the following condition is fulfilled:
For any Z € TR such that Z % F(X) for X € TR? there is a G € TR?

quis

such that F(G) = Z. Then F is a fully-faithful functor.

Proof. Assume all arrows to be morphisms of chain-complexes. Let X,Y €
TR?* and ¢ : F(X) — F(Y) a morphism in 7R, hence ¢ is represented via
a roof

for Z € TR.
For a G € TR this can, due to the condition on F', be extended to:

F(G)
r) F(Y)

for G € TR and as we complete this to
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F(G)
rS ™ F(Y).

We see that F' is full if the functor of homotopy categories F” : IC(As) —
K(A) that is induced by F” is full. To see this, we prove, that the functor
F" . C(A3) — C(A) that is induced by F’ and hence induces F” is full.
If fis a map of chain complexes in C(A), e.g. given by a collection f; of
morphisms A then by the assumption of F’ being full, there are g; € A5 such
that F'(g;) = f;. If we denote this collection by g, then g is indeed a map of
chain complexes since the commutative squares:

dit1
Xz' —_— Xi+1

fiJ( fi+1J(

di,
Yi — Yin

that can now be rewritten as:

Xi 2 X
F/(gi)l F/(9i+1)J/
F/(eli-H)

Y, —— Yin

as boundary operators e, e’ € Ay, provide us with the equation F’(g;11€;41) =
F'(giy1)F'(€is1) = F'(ej 1) F'(9:) = F'(€]119:)- As F' is faithful, by assump-
tion, we obtain g;11e41 = €, g;.

Now as Home(4)(X,Y) = Homy(4)(X,Y’) holds for any abelian category A
the statement follows from the commutative diagram:

Home(a,)(X,Y) —— Home) (F(X), F(Y))

l !

F//
Homy(4,)(X,Y) —— Homy4)(F(X), F(Y)).

Since all other arrows are surjective maps, so is F”.
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If we have, on the other hand, two morphisms ¢ : X — Y andy : X — Y,
for G1, Gy € TR? presented by the diagram

that map to the same morphism under F', which means that the diagram:

F(X) m F(Y)

can be completed to:

Z
N
F(Gy) F(Gs)
) qui quis )

we can apply the condition on F' once more to obtain:

and hence:



64

In order to prove, that ¢ and v come from the same preimage we now
need F” to be faithful. To see this, we must prove, that the preimage of any
null-homotopic morphism in C(A) (hence a representative of the O-morphism
in K(A)) is already null-homotopic. Let f; : X; — Y; be a collection that
represents a chain-map f in C(A) and f; = d;s; + s;p1d;q for s; : X; — Vi
and boundary operators d,d (in other words f is null-homotopic). Similar
to the proof of surjectivity we can now conclude, that a chain map g, that is
mapped to f via F” has to be null-homotopic as well, once again by the fully-
faithfulness of F”. Since F” is full, we can deduce from the previous diagram
another diagram, that due to the faithfulness of F” is also commutative:

This means that ¢ and 1 represent the same morphism in 7R?, hence F
is faithful and we conclude that it is fully-faithful.
O

Lemma 3.2.27. The functor A4 : Ay — A" from definition is fully
faithful.

Proof. This is obvious in the abelian case as A simply doubles everything. [
Lemma 3.2.28. The functor A : D — D' is fully-faithful.

Proof. Due to lemma|3.2.6/and lemma [3.2.27 exactness and fully-faithfulness
of A: Ay — A is fulfilled. Consider a quasi-isomorphism
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quis

A1—>X2

A, -, X,
where A; — Ay, Xo — X, € D' and note that A(X,y) = Xy — X5. Then,

as the diagram commutes, A; — A, has to be a quasi-isomorphism and hence
we get a commutative diagram:

A1;)A1

L

is
Al L AQ.

As A; — Ay is G of lemma [3.2.26| we can now apply lemma [3.2.26] in
the special case where F = A, TR = D' and TR? = D,. The statement
follows. ]

Corollary 3.2.29. Let, Fy, Ey € D, then
HOHliD(El, Eg) = I‘IOHIZAD—’—T1 (il(El)a ZQ(EQ))
for any i € 7.

Proof. Due to lemma[3.2.28] the functor A is fully faithful and hence we can
apply theorem [3.1.13|letting TR' = D = TR? and ¢ = idp. ]

We can now make use of the connection between the Hom-sets of D and
D' provided by corollary [3.2.29|in order to prove that it is possible to glue
hearts of bounded t-structures in this particular case.

Lemma 3.2.30. For a standard slicing P (as it has been defined in
on D consider hearts of bounded t-structures on D that are given by Hy =
P(a,a+ 1] and Hy = P(B, B + 1], where a, € R. Then « > B if and only
Zf Homgg(zl(Hl),m(Hg)) =0.

Proof. In order to prove the ”"only if’-part it is sufficient to show that we
obtain Hom3!(i1(E),is(F)) = 0 for E € Pi(7), F € P2(6), with v € (a,a +
1,0 € (8,8 + 1] as there are filtrations of any G,H € D' by objects
in slices. Assume now for a contradiction that Hom%?(il(Hl),ig(Hg)) #
0. That means there are £ € Pi(y) C Hy, F € Pi(6) C Hy such that
Homp: (i1 (E), ia(F)[m]) # 0 for an m € Z,m < 0. Since F' € Py(J), there
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is an F} € P1(6 —n) C Hy such that Fi[n] = F for n € Z,n < 0. Hence,
making use of the Hom-connection provided by corollary |3.2.29| we obtain
Homp " '(E, Fy) = Hom " (i1(E), ia(F}y)) = Homp, (i1 (E), ia(F)) # 0

and that provides the contradiction as Hom3’(E, Fy) = 0 (by lemma [2.5.29)
and hence

HomZ™~Y(E, F}) ¢ Homy ' (E, F}) = Homz"(E, F}) = 0.

To prove the "if’-part assume that Hom3!(i;(H1),i2(Hs)) = 0. If we
now have a < [, this implies that there is a non-zero £ € H; such that
E € P(a, B) and hence iy(E[n]) € io(P(5, 5 + 1]) = i2(Hs) for an n € N.o.
This gives

idp € Homp(E, E) = Homp" (B, E[n — 1]) = Hom,," " (i1 (E), is(E[n))).

This is a contradiction as i1(E) € i;(H;) and iy(E[n]) € ia(Hs) and —(n —
1) <0 for n > 0. Hence we must have a > f. O

Corollary 3.2.31. For a standard slicing P on D consider hearts of bounded
t-structures on D given by Hy = P(a, e + 1] and Hy = P(B, 5 + 1], where
a,f€R. Ifa> B, then H={X € D' | \\{(X) € Hy,pa(X) € Hy} is the
heart of a bounded t-structure on DT.

Proof. Glue the heart using the technique described in lemma [3.1.5} as the
necessary conditions are fulfilled by lemma |3.2.30} m

It is at this point a natural question if the requirements of corollary
are necessary for H = {X € D' | \{(X) € Hy, po(X) € Hy} to be the heart
of a bounded t-structure on D'. The "better part” of this question can
be answered in general by lemma [3.1.14] which is simply a straightforward
application of lemma [2.5.29]

However, the question that remains to be answered is, what happens in
the case of Homyr(Hy, Hs) # 0. It is possible that this question cannot be
answered in general. The following deals with this question in the special
context of DT,

Lemma 3.2.32. Let Hy, Hy be hearts of bounded t-structures on D. Assume
HOIl'ljc(A)(Hl, Hz[—l]) = O, then HomDT(il(Hl)Jg(HQ)) = 0.

Proof. Let f € Homp(Hy, Hy[—1]). Hence f is of the form
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where fica) € K(A), A € Hl,A’ € Hy[—1] and U € D. By lemmamthls
implies U € H;. Hence fx1) € Hom,C(A)(HhHg[ 1]) = 0. Hence, f is a
representative of the O-morphism in D and therefore Homp(Hy, Hg[—l]) =0.
This implies, since we have

HomDT(il(H1>, ZQ(HQ)) = HOI’HD(Hl, HQ[—1]>,
by corollary [3.2.29| that we obtain Hompt (i1 (H1), i2(H2)) = 0. O

Lemma 3.2.33. Let Hy, Hy be the hearts of bounded t-structures on D, such
that
H={XeD'| \(X) € Hy,p(X) € Hy}

is the heart of a t-structure on DT, then Hompr (i1 (H,),iz(Hs)) = 0.

Proof. Assume ¢ € Homy(4t)(H1, Hy[—1]). This implies that there are ob-

jects E € Hy € DE° and F € Hy[—1] € DZ! and an object ¢ = (E — F) €
D' that corresponds to the morphism ¢. We now denote the t-structures
correspondmg to Hy; and Hy by (D=, D7) and (D5°, D5'), then we have
E € H c D’ and F € Hy[-1] € Dy'. Denote the t-structure correspond-

ing to H by (D=°,D=1). We can embed E % F into the exact triangle

!

X ‘v p <<y x &

of sl

Y f F f! s Y/ +

in D', where (X — Y) € D=0 and (X’ — Y’) € D=!. Hence we obtain X
MX = Y)eD% X 2 N(X = Y)eDIY 2 pp(X = Y) € D50 and
Y’ 2 po(X' = Y') € D' (We refer to remark regarding the definition
of a t-structure that corresponds to a heart obtained by CP-gluing). This,
however, implies that ¢/ € Hom (D5, D7) = 0 and f € Hom(D5",D5") = 0.
This means that ¢/ = f = 0, which, by [32, Lemma 1.4] implies that e has
a right inverse € such that e o ¢ = id. Hence, viewing the object gg € D' as
a morphism in D, we obtain, using the commutativity of the exact triangle
viewed as a diagram, that

p=¢oid=goeoé=forpoé=00tpoé=0.
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Hence, we have Homy 4t (H1, Hy[—1]) = 0 and therefore, by lemma |3.2.32]
Homp+ (i1 (H1), i2(Hz)) = 0. O

We can now conclude by formulating the following theorem.

Theorem 3.2.34. Let Hy, Hy be the hearts of bounded t-structures on D,
H={X D' | \(X) € Hy,pa(X) € H)
is the heart of a t-structure on D' if and only if Hom%?(il(Hl), ia(Hs)) = 0.

Proof. Apply lemma [3.1.5] lemma [3.1.14] and lemma [3.2.33] O]

Remark 3.2.35. Note, that by lemma the t-structure corresponding to
H of theorem [3.2.34] is also bounded.

Corollary 3.2.36. For a standard slicing P on D consider hearts of bounded
t-structures on D given by Hy = P(a, o + 1] and Hy = P(B, 5 + 1], where
o, €R. Then H={X € D' | \{(X) € Hy,ps(X) € Hy} is the heart of a
bounded t-structure on DV if and only if o > B.

Proof. Combine corollary [3.2.31] with the "only if”-part of theorem [3.2.34]
O

The question that remains, however, is whether these are the only t-
structures on D'. In particular, it has been previously investigated how to
obtain a t-structure on D' coming from a pair of t-structures on D, that will
then have a heart H with the — moderately — straightforward description
H ={X € D' | M\((X) € Hy,p2(X) € Hy}. Tt is, however, possible to go
further and combine pairs of t-structures that do not meet the requirement
of corollary [3.2.36] This is done by the technique of recollement that we will

introduce in the subsection [4.1]

Proposition 3.2.37. Assume o = (Z,H) to be a pre-stability condition
on DI, obtained by CP-gluing from stability conditions oy = (Hy,Z;) and
09 = (HQ, ZQ), such that fOT’?; = 1,2, Hz = ,P‘u(¢9“91 -+ 1] ]f ‘91 Z 62 +1 then

Z =71001+ Zyois
has the HN-property.
Proof. Since 6, > 05 + 1 we have
Hom3} (i1 (Hh), ia(Ha)) = Hom; ™ (i1 (Hy), ia(Ha)[1]) = 0

by lemma [3.2.30, Now we obtain from [2I Proposition 3.5] that Z has the
HN-property on H. O
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Remark 3.2.38. Note that it is in fact possible to complete the picture pro-
vided by proposition under particularly favourable conditions. Under
the right assumptions on .4 we obtain via proposition [£.10.16] that any heart
obtained by CP-gluing via the semiorthogonal decomposition (D;, Ds) pro-
vides in fact a pre-stability condition — that is, the HN-property is fulfilled for
Z as in proposition [3.2.37} Note that one can relax the condition 6; > 65+ 1
of proposition slightly by using certain rationality assumptions (see
[21], Proposition 3.5]).

We conclude with the following — preliminary — result. Its vague nature
hints at the fact that one requires further conditions on D' in order to obtain
more satisfactory results.

Theorem 3.2.39. If the space of pre-stability conditions of D is non-empty,
then so is the space of pre-stability conditions of D'.

Proof. Combine corollary (3.2.36| with proposition (3.2.37] O]

The following is — in analogy to the standard example of a stability con-
dition explained in example — what could be seen as the standard
example of a glued stability condition on a particular version of A". It is the
concept of alpha-stability for holomorphic triples introduced by Bradlow and
O. Garcia-Prada (see [14] and [15]).

Example 3.2.40. Let A = Coh(C') where C' is a smooth projective curve.
Consider pre-stability conditions (Z1, A) and (Z3, A) on D where for A;,C; €
R~o and B; € R,
Zy(Ey) = —A; deg(E1) + Byrank(E)) + iCy rank(E))
and
Zy(Ey) = — Ay deg(FE2) + Byrank(FEy) + iCo rank(Ey)

with Ey, Es € A. The pre-stability condition obtained by CP-gluing via the
semiorthogonal decomposition (D1, D) from (Z1,A) and (Zs, A) is given by
(Z, A") where

Z(Fy = Fy) = —A; deg(Fy) — Ay deg(Fy) + By rank(Fy) + By rank(F3)
+i(Cy rank(F)) + Cyrank(Fy))

for (Fy — Fy) € A.
Letting Ay = A, =C1 =Cy=1,B; = —a € R and By =0, we obtain

Z(Fy — Fy) = deg(Fy) — deg(F,) — arank(Fy) + i(rank(Fy) + rank(Fy)).

This is the classical concept of a-stability translated into our language.
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4 Recollement, tilting and the computation
of Stah(DT)

In this section we introduce two additional techniques that can be used to
compute stability conditions on a given triangulated category. The first is
that of recollement which will prove to produce interesting results with regard
to the computation of the data we are interested in — we will develop this
throughout subsections - . However, the main result (theorem
with regard to recollement will be, that given the particular situation that we
are working in it will not produce stability conditions that we could not have
obtained via gluing. However, the tilting-technique, that will be introduced
— and subsequently applied — in subsection completes the picture painted
by the application of CP-gluing as will be demonstrated in the remaining
subsections of this section. The section is joint work with Eva Martinez and
Alejandra Rincén.

4.1 Recollement

The technique of "recollement” was introduced by Beilinson, Bernstein and
Deligne in [I0] and as a method of finding and classifying bounded t-structures
it is crucial for the search of new stability conditions and goes — from some
perspective — beyond the CP-gluing technique. The theory bases on the fol-
lowing definition. The motivation is the consideration of open (j : X — Z)
and closed (7 : Y — Z) embeddings among topological spaces and of sheaves
that are being pushed and pulled along them. Note, that our own notation
will be inspired by the notation of Liu and Vitoria from [43], instead of the
original one of [10]:

Definition 4.1.1. Let X', Y and Z be triangulated categories. We say that
Z admits recollement of X and ) if there are exact functors:

P Z Vi =Y 24025,
X = Z = Z>Xandj,: X = Z,

such that +* 4 i, = 4 4 i, 5 4 j' = j° 4 j,., moreover i,,j,,j are full
embeddings, 7' o j, = 0 and for any Z € Z there are exact triangles:

Wi(2) = Z — .55 (2) 5

and
3 (Z2) = Z =i (2) 5 .
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Notation 4.1.2. We will in the future refer to the data and conditions of
definition .11 as "recollement-data”.

The use of recollement in order to find t-structures is seen by the following
lemma, that Beilinson, Bernstein and Deligne proved in [10].

Lemma 4.1.3. Let XY and Z be triangulated categories. Assume that
Z admits recollement of X and Y. Let (X=0, X2 and (Y=°,V=1) be t-

structures on X and ) respectively. Define

20 = {Z € 2| j°(2) € X=°,i"(Z) € Y=°}
22 —{Z e Z|j(Z) e X7\,iN(2) € V).

Then (Z=°, Z2Y) is a t-structure on Z.

Proof. See [10, Theorem 1.4.10]. O

A straightforward — yet useful — implication of definition is provided
by the following lemma that will be required later.

Lemma 4.1.4. Let X,Y and Z be triangulated categories. Assume that Z
admits recollement of X and Y via the functors given in definition [4.1.1]
Then

Hom (i, (4), j.(B)) = 0

Proof. By definition |4.1.1] the recollement-data fulfils the conditions ' o j, =
0 and 4, 44'. Hence

Hom(ir(A), j.(B)) = Hom(A,i'(j.(B)) = Hom(4,0) = 0
]

Remark 4.1.5. In subsection [5.1| we will provide an abundance of examples
that will help the reader to understand the concept of recollement better. In
particular will this help with regard to the difference of this concept compared
to that of its related concept of CP-gluing which subsection [5.1] is build on
and which subsection [{.4] investigates with regard to the issue of stability
conditions in our particular situation.

The main difference between the similar techniques of gluing and recolle-
ment lies at the point where one needs to make restrictions in order to apply
the theory. CP-Gluing works with two less adjoint functors then recollement
and only requires one exact triangle. This means that it works in a more
general context regarding the category that one works in — the findings of
subsection required no further restrictions on A (and hence on D).
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However, to use recollement, one may be forced to impose conditions, such
as D having a Serre functor or A having enough injective objects in order
to obtain the missing functors. On the other hand, in a situation where
recollement is applicable, the orthogonality-assumption on the hearts is no
longer required allowing to combine any two hearts which is not generally
possible in the case of CP-gluing.

4.2 Application of the theory of Serre functors to D'

We can now use the theorems provided in the appendix (A.1.15/and |A.1.16))
to extend our knowledge on D'. This is accomplished by theorem [4.2.19]
for which we will now provide some preparations. Note that from now on
we also draw on notation and terminology that has been introduced in the
appendix. The following lemma is taken from [I1, Proposition 1.5].

Lemma 4.2.1. If B is a strictly full triangulated subcategory of a triangulated
category A the following statements are equivalent.

1. B is right- (respectively left-) admissible
2. The inclusion functor B — A has a right (respectively left) adjoint.

Proof. At first we assume that B is right admissible. By definition, for any
Y € A there hence exists an exact triangle

B—=Y —»C5

where B € Band C € B*. For any B’ € B, applying the functor Hom(B’, —),
this provides us with the exact sequence

Hom(B', C[-1]) — Hom(B', B) — Hom(B,Y) — Hom(B, C).

Since we have Hom(B’, C[—1]) = 0 = Hom(B, Y'), we obtain the isomorphism
Hom(B', B) = Hom(B',Y) making the functor that maps Y onto B the right
adjoint to the inclusion functor of B into A.

If, on the other hand, the inclusion B < A has a right adjoint, we obtain
Hom(B’, B) 2 Hom(B',Y) for any B’ € B and Y € A, where B € B is the
image of Y under the functor that is right adjoint to the inclusion. Hence
there is a v € Hom(B,Y) such that for any f € Hom(B’, B) there is a
g € Hom(B',Y') for which we have f = v o g. Consider the canonical exact
triangle

B-2%Y — Cone(v) = .



73

From Hom(B',Y) = Hom(B’, B) we obtain Hom(B’, Cone(v)) = 0 and hence
we have Cone(v) € B*, therefore, B is right admissible.

The proof for the equivalence with regard to the left admissibility and
the existence of a left adjoint functor is similar. ]

We require the following corollary.

Corollary 4.2.2. Let D3 be the strictly full image of A, then Ds is admis-

sible.
Proof. A has a right adjoint functor by [3.2.23| and a left-adjoint by |3.2.24]
Now apply lemma [4.2.1] O

In order to make use of corollary we introduce another lemma pro-
vided in [I2, Proposition 1.7] and — since it was omitted there — include the
proof for the convenience of the reader.

Lemma 4.2.3. If B C A is a right-admissible subcategory of a triangulated
category A then +(B+) = B.

Proof. 1t is trivially always true that B C +(B*) and we have to prove
L(BY) ¢ B. Assume E € +(B*), since B is right-admissible we obtain an
exact triangle

B5E—DB 5
where B € B and B’ € B+. Since E € +(B'), we have Hom(E, B') = 0.
This gives
B[-1%B3%FE>%
and hence we obtain @ : B — B'[—1] such that @ o u = idp/_1. But we have
@ € Hom(B, B'[~1]) C Hom(*+(B+),B+) =0
and therefore obtain

idp/y=tou=00u=0

which implies B'[—1] = 0. Hence £ = B implying E € B, which finishes the
proof. ]

In analogy, we have the next lemma.

Lemma 4.2.4. If B C A is a left-admissible subcategory of a triangulated
category A then (1B)t = B.



74

Proof. Tt is trivially always true that B C (*B)*. Assume E € (*B)?*, since
B is left admissible we obtain an exact triangle

B —-E%BS
where B € B and B’ € *B. Since E € (*B)*, we have Hom(B', E) = 0.
This gives
SESBS B S
and hence we obtain % : B'[1] — B such that u o @ = idp/y). But we have
@ € Hom(B'[1], B) = Hom(B’, B[-1]) € Hom(*B,B) =0
and therefore we obtain

idpp=uou=uo00=0

which implies B'[1] = 0. Hence E = B implying E € B which finishes the
proof. O

Corollary 4.2.5. We have (1(Ds))t = D3 = +((Ds)*).

Proof. By corollary D5 is admissible, now use lemmas [4.2.3] and (4.2.4]
to obtain the statement of the lemma. O

Additionally we require the following simple fact.

Lemma 4.2.6. Let (TR=", TR=") be a t-structure on a triangulated category
TR. Then (TR=")* = TR="" and (TR="T) = TR=".

Proof. This is a simple redraft of lemma in a language that will suite
us better to work with in the following. ]

In addition we need the — easy — observation that is next.

Lemma 4.2.7. Let (TR', TR?) be a semiorthogonal decomposition on a
triangulated category TR. Then, if we define categories TR=" = TR? and
TR=' = TR!, we obtain that (TR=", TR=") is a t-structure on TR.

Proof. Definition simply provides a special case of definition [2.5.20, [

Remark 4.2.8. Note that these t-structures are never bounded and hence use-
less as data of a stability condition. Therefore the fact that semiorthogonal
decompositions are in fact t-structures is best disregarded in the context that
we are working in.
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We can, however, use the t-structure (7TR=", TR=') to prove the follow-
ing.

Lemma 4.2.9. Let (TR', TR?) be a semiorthogonal decomposition. Then
(TR** =TR! and ~(TR') = TR

Proof. Combine lemma with lemma [4.2.6] O

Lemma 4.2.10. For categories A, B and f - g an adjoint pair of functors
f: A= Bandg:B— A. Then

ker(f) = *(im(g)).
Proof. Assume E € ker(f), for any F' € B we obtain
Hom(E, g(F)) = Hom(f(E), F) = Hom(0, F) = 0

implying F € *+(im(g)) and hence ker(f) C *(im(g)).
Assume now E € +(im(g)) to obtain

Hom(f(E). (E)) = Hom(E, g (E)) = 0

which implies f(E) = 0 and therefore E € ker(f). Hence *(im(g)) C ker(f)
and the proof is finished. ]

Lemma 4.2.11. For categories A, B and f - g an adjoint pair of functors
f:A—=>Bandg:B— A. Then

ker(g) = (im(f))*.
Proof. Similar to 4.2.10] O
Lemma 4.2.12. There is an equality D, = +D;.

Proof. Since we have the semiorthogonal decomposition (D;,Ds), we have

(Dy)t = Dy and +(D;) = D, by lemma m Using the lemmas 4.2.10[ and
4.2.11| together with the adjunctions iy, 4 ps and ps 4 A we obtain

Dy = (Dy)" = (im(in))" = ker(pz) = *(im A) = (D).

In analogy to this we have the next lemma.
Lemma 4.2.13. There is an equality Dy = D,.
Proof. Similar to the proof of lemma |4.2.12 O
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We sum up with the following corollary.

Corollary 4.2.14. The following equalities hold true.

1. DI =D
2. LIDl - DQ
3. D =Dy
4. 1Dy = D4
6. 1Dy =D,

Proof. Proving this in order of appearance we have

1. This was shown as part of the proof of lemma [4.2.12]

2. This was shown as part of the proof of lemma [4.2.12]

3. By lemma [4.2.12| we have D; = +D5. Hence, using corollary we
obtain (,Dl)L = (Lpg)L = Dg.

4. Similar to the previous, this time use lemma again combined
with corollary

5. By lemma

6. By lemma 4.2.12

O

It is at this point that we introduce a very important fact that can now
be easily established.

Theorem 4.2.15. We have DT = <,Z)1,,Z)2>,IZ)T = <D3, D1> and DT = <D2,D3>.

Proof. The equality DT = (Dy, D,) is provided by proposition [3.2.22] For
the others combine lemma [A 1.6l with corollaries [1.2.2] and A.2.141 O

Now returning to the development of the theory of Serre functors on DT,
corollary 4.2.14] allows us to prove the following lemma.

Lemma 4.2.16. The subcategory D; of D' is admissible.
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Proof. We obtain D left admissible from the fact that DT = (D, Dy) (propo-
sition [3.2.22]). We must — therefore — prove that D; is right admissible too.
Since Dj is admissible by corollary [4.2.2, we obtain an exact triangle

A5 X—-BS (4.1)

where A € *D5; and B € Ds;. By corollary , we obtain D3 = D,
and D = Ds. This means, the exact triangle (4.1)) now becomes one where
A € Dy and B € Di. In other words, D; is right admissible and combined
with the fact that it is also left admissible as we saw at the beginning, it is
indeed admissible. ]

And we also obtain the statement for Ds.
Lemma 4.2.17. The subcategory Dy of D' is admissible.

Proof. We obtain D, right admissible from the fact that D' = (D;, Dy)
(proposition [3.2.22)). We must — therefore — prove that D, is left admissible
too. Since D3 is admissible by corollary [4.2.2] we obtain an exact triangle

A-X—>B5S (4.2)

where A € D3 and B € (D;)*. By corollary 4.2.14}7 we obtain Dy = D5 and
(D3)* = D,. This means, the exact triangle now becomes one where
A € D, and B € D,. In other words, D, is left admissible and combined

with the fact that it is also right admissible as we saw at the beginning, it is
indeed admissible. O]

Remark 4.2.18. After developing a lot of theory over section [3]and this one we
are now able to prove theorem without extra assumptions. In [49] the
additional assumption of D being right- and left-saturated (see [12], Definition
2.5] for the meaning of ”saturated”) had to be made, which provides a short
cut to the admissibility of D, via [12, Proposition 2.6].

The admissibility shown before has the following nice consequence, that
we will need later.

Theorem 4.2.19. If D has a Serre functor then so has DT.

Proof. For the categories B and C from theorem we let B = Ds,
which, by corollary is indeed admissible. By corollary [£.2.14] we have
(D3)*+ = D, and therefore C = Bt = (D3)* = D,. Since, by , D, is
admissible and, additionally both D3 and D, as copies of D have a Serre
functor, we can apply theorem to see that D' has a Serre functor. [
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We therefore introduce new language.

Notation 4.2.20. Let Sp denote the Serre functor on D and Sp+ the Serre
functor on DT.

An immediate consequence of theorem [4.2.19] in combination with theo-
rem is that we can now compute additional hearts of t-structures.

We harvest from the previous work in order to provide recollement-data.
At first we need to introduce a new functor.

Lemma 4.2.21. The functor iy has a right adjoint.

Proof. Combine lemma 4.2.16| with lemma 4.2.1] m
Definition 4.2.22. Define K to be the right adjoint functor of ;.

Remark 4.2.23. The existence of K is granted by lemma [4.2.21]

Corollary 4.2.24. Assume D has Serre functor. Let P be a standard slicing
and Hy = P(a,a + 1], Hy = P(B, f + 1] be hearts of t-structures on D.

e There is a heart H = {E € D' | \{(F) € H,,KK(E) € Hy} of a bounded
t-structure on DT obtained by CP-gluing via (D3, D1) from Hy, Hy if
a>p+1.

o There is a heart H = {E € D' | K(E)[1] € Hy,p2(E) € Hy} of
a bounded t-structure on DV obtained by CP-gluing via (Dy,Ds) from
Hl,HQ ZfOé Z 54— 1.

Proof. To see that there is a heart H of a bounded t-structure on DT obtained
by CP-gluing via (D3, D;) (that theorem [4.2.15 provides) from Hy, Hy if
a > [+ 1 we use

HomSO(AHp irHy) = HomSO(AHl[_l]’ in[-1])

= Hom™"(Sp i1 Hy, SplioHo[1]) = Hom=0(iy Hy, iy [ [1])

which we obtain from theorems [4.2.19] and [A.1.16l The result now follows
from lemmas [3.2.30] and 3.1.5| ([21, Lemma 2.1]). The proof that there is a
heart H of a bounded t-structure on D' obtained by CP-gluing via (D,, D)
from Hy, Hy if o > [+ 1 is similar. O]

We will use the admissibility of the categories D, Dy and D3 to prove the
main theorem of this section (4.3.15). The proof is broken into a series of
lemmas.

As a result of the adjunction of KK and ¢; we can now introduce the
vanishing of a composition of functors, that we also require.
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Lemma 4.2.25. For A as in lemmal3.2.8 we have
KoA =0.

Proof. By corollary [3.2.15] we have p; 0 2; = 0. Now, using the adjunctions
provided by lemma and lemma in combination with definition
4.2.22 we obtain for any F' € D,

Homp (K(A(F)), K(A(F))) = Homps (i1 (K(A(F))), A(F))
> Homp(p(i1 (K(A(F)))), F) = Homp (0, F) = 0,

which implies K o A = 0. [
Lemma 4.2.26. For any E € D there are exact triangles
1. i (K(E)) = E — A(pa( E)) 5

2. A\(E)) = E — iy(C(E)) 5 where C is defined to be the left adjoint
functor of iy (which ezists by the combined statements of lemma

and lemma .

Proof. By theorem [4.2.15 we have semiorthogonal decompositions (D3, D;)
and (Dy, D3) of D where K, C and A are the left and right adjoint functors
to the respective inclusions. O

We proceed with the following technical lemmas.
Lemma 4.2.27. We have K o iy[1] = idp.
Proof. For any E € D' we have an exact triangle

is(pa(E)) = E — iy(M(E)) = .
Hence, for any F' € D we obtain
ia(pa(A(F))) = A(F) = is(M(A(F))) =
Now, since ps 0 A = idp = A 0 A this becomes the exact triangle
is(F) = A(F) — iy (F) 5 .
Using K on this we obtain the exact triangle
K(ia(F)) = K(A(F)) = K(ir(F)) & .

But KoA = 0 by lemma4.2.25{and hence we obtain K(i; (F')) = K(io(F))[1].
Since iy is fully faithful and i; 4 K, we have idp = K o ¢;. Hence idp &
Ko 22[1] O]
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Lemma 4.2.28. Assume D has a Serre functor. We have K = C[—1].

Proof. Define ji to be the left adjoint functor of C. Its existence is due to the
combination of the statements of theorem {.2.T9 and theorem [A.T.T6l Since
i is fully faithful, so is j; and we define D; = im(j;). Hence, using lemma

4.2.11] and corollary we obtain

(D) = (im(j)))* = ker(C) = Dy = Ds.

Moreover, fjg is right admissible by lemma which implies that for any
E € D' there is an exact triangle

WC(E)) = E = Apy(E)) = .
Since, by lemma |4.2.26] there is also an exact triangle
1W(K(E)) = E — A(pa(E)) =,

we obtain i1 (K(E)) = ji(C(F)). By lemma we have idp = K o is[1].
Now, since 15 is fully faithful and C - 5, we obtain C o7 = idp, giving

le = le o) ldD = il oKo 22[1} = j[ oCo 12[1] = jl[]_]
Since i; 4 K is an adjoint pair. Hence we also have j5[1] 4 K and therefore

K = C[-1].
O

4.3 Application of recollement to D' with regard to
the theory of Serre functors

We are now ready to make use of our previous preparations in order to
introduce recollement data on DT,

Lemma 4.3.1. For
U = 1y = 7;177;* = Al?j! = i?aj* = j! = p27j* = Aai! = K?
the adjunctions of definition are fulfilled.

Proof. This is provided by lemmas |[3.2.11} [3.2.24] and the combination of
lemma [4.2.21] with definition [£.2.22] O
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Lemma 4.3.2. Keep the assumptions of lemmal|4.3.1. Then for Z € DT,
WK(Z) = Z = Apy(2) 5 (4.3)

and
iopa(Z) = Z = i1\ (2) 5 (4.4)

are exact triangles.

Proof. The existence of (4.3)) is due to lemma [4.2.26] the existence of ( -
to proposition [3.2.22]

It is at this point that we shall — prior to the continuation of the provision
of the necessary facts that will lead to the usage of recollement — provide a
small excursion on an implication that lemma has.
Lemma 4.3.3. For any Z € D', there is an exact triangle
K(Z) = M(Z) = po(Z) =
on D.
Proof. By lemma
WK(Z) = Z — Apa(Z) 5 (4.5)
is an exact triangle. Since ), is an exact functor, we obtain the exact triangle
M (i1 K(2)) = M(Z2) = M(A(pa(2))) >

on D. By corollary [3.2.19| we have

1w
>

M(11(K(2))) = K(Z)

and, similarly to [3.2.19 we also obtain idp S A0 A, implying
p2(2) = M(A(pa(2))),
which finishes the proof. ]

This provides us with the following — quite useful — fact that will be
presented next.
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Corollary 4.3.4. For Z € D" where Z = (Z, ER Zy), let
K(Z) = M(2) "5 ps(Z)

be the exact triangle of lemma . Then iz = f o (quis)~! where quis is a
quasi-isomorphism in K(A").

id
Proof. Let Z = (Ey EN E5). The three objects (E; EN E,), (Ey =% F») and
(Cone(f) — 0) € D' fit into the short exact sequence

f

0 > By > B e, Cone(f) —— 0

ol

0 y By, 2

By —— 0 — 0

in C(A) and therefore into the corresponding exact triangle in DT. Hence,
we obtain an exact triangle

(0 = Cone(f)[=1]) = (BE1 5 By) 5 (B 5 By) b (4.6)

where & =

Elé Es

T

idg,
E2 E— EQ.

Since (0 — Cone(f)[—1]) € Dy and (F p E,) € D3, we see that is a
decomposition-triangle for the semiorthogonal decomposition (D;, D3) which
exists by theorem But — on the other hand — so is and since
decomposition-triangles are unique up to isomorphisms by lemma |3.1.1} we
obtain > ([4.6)). Therefore we obtain A (([4.3))) = A1 ((4.6)) which implies
pz = A (&) = f. The proof is now finished. O

Remark 4.3.5. Note that we will form now on refrain from the — formally
correct — referring to p as f o (quis)™! and simply say that it equals to f.
Furthermore, we obtain the following nice result.

Corollary 4.3.6. For any Z = (Z; EN Zy) € D' we obtain the equality

K(Z) = Cone(f)[—1].
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Proof. Extend the morphism f to the exact triangle

Z L 7y - Cone(f) 5 .

Since \(Z) = Z; and py(Z) = Zs, we obtain the result by considering the
exact triangle

K(Z) = M(2) 5 pa(2) 5
from lemma together with that statement of corollary [4.3.4] O

Remark 4.3.7. Note that we can too obtain the result K(Z) = Cone(f)[—1]
from the isomorphism of triangles (4.3)) = (4.6) that we used in corollary
434

Lemma 4.3.8. Keep the assumptions of lemma[{.5.1. Then i, = i1, j. = A
and j = iy are full embeddings.

Proof. Let A,B € D' and f € Homp+(i1(A),41(B)) then f = (f;,0) where
f1 € Homp(A, B). Hence the map

11 : HOII’ID(A, B) — HOmDT<i1(A),i1<B))
i(f) = (f,0)

is surjective — and therefore 7 is full. In the same manner we obtain that i,
and A are full. O

Remark 4.3.9. Note that the fact that A is full was already proven in the
general situation where one does not have a Serre functor available — see
lemma|3.2.28, However, the availability of the Serre functor makes the proofs
a whole lot easier and less tedious.

Theorem 4.3.10. Keep the assumptions of lemma[{.3.1 Then recollement
data on D' is provided by two copies of D wia the functors given in lemma

3.1

Proof. The adjunction-condition of definition [4.1.1]is given by lemma 4.3.1]
The vanishing condition on Ko A is provided by lemma[4.2.25] the fullness of
the embeddings by lemma |4.3.8 and finally the two exact triangles by lemma
132 O

We can hence apply the theory developed in [10] to combine any two
bounded t-structures on D.
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Corollary 4.3.11. Let (DISO,D?) and (D;O,DQZI) be t-structures on D.
Then (D=°,D='), defined by

D= ={Z € D' | po(2) € D", \i(2) € DI’}

D> = {7 € D' | po(Z) € DI K(Z) € DI}

is a t-structure on DT.

Proof. We combine lemma with theorem [4.3.10] O

We have seen that we can obtain a t-structure on D' by combining any
two t-structures on D. In some of these cases the result of this process can be
understood by applying corollary [3.2.36] It is hence our task to understand
what the extra data gained by recollement means in terms of Stab(DT).

Definition 4.3.12. Recollement-data on DT, given by
i =y =1, = My gi =i, 5T =5 = oy Je = A7 = K
will be called "type-1-recollement-data”.

At this point it is not clear, whether this definition is of a mere theoretical
nature, or if indeed other recollement-datas can be chosen. We will see now
that the latter is — indeed — the case.

Lemma 4.3.13. Assume D has a Serre functor. Recollement-data on D' is
given by

=i =N =po, i =iy, = =K, j = is[l],d = N

Proof. All adjunctions of definition and the fullness are fulfilled — the
key-point being K = C[—1] by lemma , which implies K - i5[1]. The
existence of the required exact triangles is due to the lemmas and
4,2.20l ]

Lemma 4.3.14. Assume D has a Serre functor. Recollement-data on D' is
given by

iy =iy =iy, 1" = C,ji = A, j* = j' = M, ju = in, 7 = pa.

Proof. Similar to the proof of |4.3.13| but without the implication of lemma
4.2.28 O

Theorem 4.3.15. Three sets of recollement-data on D are given by the
functors
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1. equation (4.3.12),
2. == D" = po g =0, 5" = = K = a1]d = Ay,

3. Z'! :7’* :i27i* = (Daj! - A?]* :.j! = )\laj* :ilvi! = pP2-

Proof. Use lemmas [4.3.13| and 4.3.14] for parts two and three. O

Definition 4.3.16. In extension of definition £.3. 12 we define the second and
third set of recollement-data of theorem [4.3.15] to be ”type-2-recollement-
data” and "type-3-recollement-data”, respectively.

We can hence use this to define more t-structures on DT, provided by the
following.

Corollary 4.3.17. There are t-structures on D' given by

1.
D= ={Z e D' | ps(Z) € D5°, \(Z) € D’}
D2 ={Z e D' | p(Z) € Dy K(Z) € D'}
that we refer to as t-structures obtained via type-1-recollement-data,
2.
DV = {Z e D' | K(Z) € DS, py(Z) € DI
D' = {7 € D' | K(Z) € D2, \(Z) € D21,
that we refer to as t-structures obtained via type-2-recollement-data,
3.

D — {7 e D' | \(Z) € DS, C(Z) € DY
D= = {Z € D' | \(Z) € D3, ;a(Z) € DY}

that we refer to as t-structures obtained via type-3-recollement-data,
for t-structures (D=, DY) and (D3°,D5') on D.

Proof. The first is by |4.3.11] the second and the third are by [4.3.15( combined
with lemma 4.1.3] O]
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Definition 4.3.18. Let t-structures on D be given by
(Dlgoa ,Dlzl) = (P(Oé, 00)7 P<—OO, Oé]), (D2§07 D221> = (P(ﬁu OO), P(—OO, B])

where P denotes the standard slicing. A t-structure (D<= D=!) that is
obtained by recollement from t-structures (D=, D7') and (D5°,Dy') via
type-1-recollement-data, type-2-recollement-data or type-3-recollement-data
in the sense of corollary[4.3.17, will be denoted (D5 o B’ Dlz,;ﬁ)’ ( ;3,6, D;}lﬁ)

or ( 3§2 B,Diiﬁ) respectively.

Lemma 4.3.19. For a t-structure ( ;ga,DQZ; ) on D assume that o <

<0 > <0 >
ﬁ - 17 then (Diﬂ,(ﬁpié,a) = (,Dia7,3’Dii76)'

Proof. Assume X € D2Ba = {X | K(X) € D° po(X) € D5°}. Since
a < B — 1 was assumed, we have o < 3 and therefore DQSO = P(B,0) C
P(a,00) = D’. Hence py(X) € Di°. By lemma , there is an exact
triangle

K(X) = M (X) 5 po(X) 5 (47)
and since K(X) € D;? and py(X) € D5°, we deduce from the fact that

DY is extension Closed that A\ (X) € D", Hence, we now obtain that
X € {X | M(X) € DI, po(X) € D5} = DIy 5. In other words, we have

DQ,Ba - Dlaﬁ
On the other hand, if X € Dlaﬁ = {X | M(X) € D pa(X) € D3},
we obtain that py(X)[—1] € D;°[-1] = P(B,00)[-1] = P(B — 1,00) C

P(a,00) = D’ since o < B — 1 was assumed. From the exact triangle (&.7)
we now obtain the exact triangle

p2(X)[~1] = K(X) = M\ (X) 5 (4.8)

and deduce in the same way as we did before, that X € D2 5. D other

words, we have Dy0 ap C D<0a. This means that Dlaﬁ = D;ga. Now,

applying lemma 4. 2 o}, we obtain
D1>c1x5 = lpfgﬁ = lD;ga _D;éa
and the proof is finished. O
We obtain the alternative statement as well.

Lemma 4.3.20. For a t-structure ( jga,Dgéa) on D' assume that o > 3,

<0 >1 >1
then ( 2_,04,671)2416) ( 3&+157D§a+16)
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Proof. Unlike the procedure of lemma {4.3.19, this time we will prove that
Dgzi g = Dfé o Other then that, the proof is quite similar. To obtain the

inclusion D3 [13 c D! 5 Wwe use the exact triangle

3,a+1
A (X) = po(X) = K(X)[1] 5

that we obtain from the exact triangle (4.7). Then K(X)[1] € P(—o0, a][1]
P(—o0,a + 1] and \(X) € P(—o0,8] C P(—o0,a] (because of a >
and hence A\ (X) € P(—o0,a] C P(—o0,a + 1] provide us with ps(X)
P(—o0, a + 1].

For the inclusion D* at1s C D>1 o> on the other hand, we see that if
p2(X) € P(—00,a + 1], then pg(X)[ 1] € P(—o0,a + 1|[-1] = P(—o0, ]

m = |

and since o > [ implies P(—o0,] C P(—o00,a] and we therefore ob-
tain Ay (X) € P(—o0, ] C P(—o0 a] we obtain from (4.8) that K(X) €
P(—o00,al. Again, applying lemma finishes the proof. ]

We combine lemmas |4.3.19| and |4.3.20] to the following proposition.

Proposition 4.3.21. For a t-structure ( ;ga,Dgéa) on D' we have

<0 >1 <0
_Z. ( 2_,ﬁ,a7D2_,,B,o¢):( 1_,01,,87 1065) ZfO[<ﬁ—1 G/fld

<0 >1 <0
2. ( 2_,,8,a7D2_,B,a) = (DJS_,aJrl,B’ 3a+1 5) ifa>p.

Proof. Apply lemmas [4.3.19| and [4.3.20] ]

Remark 4.3.22. Of course, as for the hearts of these t-structures, this means,
we can say at this point, that we do not obtain anything new either as long

asa ¢ (B—1,0).

4.4 The Jealousy Lemma

This subsection deals with the question of the necessity of extending CP-
gluing to recollement with regard to the computation of Stab(D'). With
respect to this aim, theorem [£.4.6|deals with the problem hinted at in remark
4.5.22l

Definition 4.4.1. Denote the heart of a t-structure
<0 >1
b ( l_,a,[%DI_,a,ﬁ) on DT by Hl,oz,,@a

o (Digﬁ,pmﬁ) on D' by Hy s,
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° (D;g’ﬁ, DZSZ,;B) on D' by Hj, 5.

The following lemma investigates in which situation a heart of a t-structure
on D' that is obtained by recollement via type-1-recollement-data contains
hearts of bounded t-structures on D embedded into it in three different ways.

Lemma 4.4.2. Let P be a slicing on D and o < g < a+ 1 for o, € R.
There are v1,72,73 € R such that

1.
i1 (P(yi,m +1]) C Hiap (4.9)

if and only if v1 = «

i2(P(v2,72 +1]) C Hyp (4.10)
if and only if v = B and

AP (3,73 +1]) C Hiap (4.11)
if and only if v3 = .

Proof. The inclusion from (4.9)), i1(P (1,7 + 1]) € Hiap holds if and only
if pQ(il(P<71,’}/1 + ”)) C P(ﬂ,ﬂ + 1],)\1(i1<73(’71,71 + 1])) C P(Oé, OO] and
K (i1 (P(y,7 + 1] € P(—o0,a + 1])). Since pp 03 = 0, we automatically
obtain ps(i1(P(v1,7 + 1])) =0 C P(B, 8 + 1]. On the other hand, we have
A (1 Py +10)) = Py, + 1] € Pla, 00) and K(in (P, + 1)) =
P(y1,71 + 1] C P(—o0,a + 1] if and only if o = ;.

Next, we have the inclusion is(P(y2, 72 + 1]) C Hiap from which
holds if and only if ps(ia(P (32,9 + 11)) C P(8, 8+ 1], Ay (i2(P(12,7 + 1)) €
P(a,00) and K(ia(P(y2,72 + 1])) C P(—o0, + 1]. Since A 0y = 0, the
inclusion A; (i2(P(y2,72 +1])) C P(a, 00) is automatic. Then, we also obtain
that pa(ia(P(y2, v2+1])) = P(y2, v2+1] C P(B, B+1] holds if and only if 5 =
f. And, since = K(i2(P (2,72 + 1])) = P(y2,72 + 1][-1] = P(y2 — 1,72] C
P(—00,a + 1] holds if and only if 75 < o+ 1, we now have = v < a+1
if and only if i5(P(y2, 72 + 1]) C Hyap-

Finally, A(P(ys, v3+1]) C Hy a8, from which hold if and only if we
— at the same time — have po(A(P (73, v3+1])) C P(B, B+1], M(A(P (s, 73+
1])) € P(ar,00) and K(A(P(y3,73 + 1])) C P(—o0,a + 1]. First, Ko A =0
implies that K(A(P(y3,v3 + 1])) € P(—o0,a + 1]. Then, additionally, we
have that po(A(P(ys, 73+ 1])) = P(vs, 73 +1] C P(B, S+ 1] holds if and only
if 73 = 8. Since A (A(P(y3,73 + 1])) = P(3, 73 + 1] C P(a, 00) holds if and
only if av < 73, we obtain a < v3 = f if and only if A(P(ys,v3+1]) C Hyap-
Hence, the proof is finished. m
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We obtain a similar statement in the cases of Hy 3 and Hsq g.

Lemma 4.4.3. We have

e let P be a slicing on D. There are v1,%2,73 € R such that

1. Z'1<7D(’)/1771 + 1]) C H2,a,67
2. 12(P(72,72 + 1) C Haap and
3. A(P(ys,v3 +1]) C Hynp.

if and only if o =a,y1 =13 =F anda—1<p < a. And

e let P be a slicing on D. There are v1,%2,73 € R such that

1. i (P(yi,m + 1)) C Hyap,
2. ia(P(y2,72 +1]) C H3o 3 and
3. A(P(v3,73 +1]) C Hzap-

if and only if s =a, o= =Fanda—1< < a.
Proof. Similar to the proof of lemma [4.4.2] ]

Lemma 4.4.4. If o < < a+ 1, there is no stability condition with heart
Hiop.

Proof. Assume there is a stability function Z such that a stability condition
o is given by H; ,p and Z. We consider the imaginary part of Z which is
given by

S(Z(X)) = Di(deg(M(X))) + D2(deg(p2(X)))
+C(rank(A\ (X)) 4+ Co(rank(ps(X)))

for X € Hyinp and C1,C, Dy, Dy € R. By lemma we have that
i1 (P(a, a+1]) C Hyap,i2(P(B, B+1]) C Hiap and A(P(Bs3, B3+1]) C Hiap.
Therefore we obtain the restrictions

S(Z(X)livPa,a+1)

= 3(Z(i1(X1))) = Di(deg(X1)) + Ci(rank(X1)),

S(Z(X)ia(p(s,6+1))

= (Z(i2(X1))) = Do(deg(X1)) + Co(rank(X7))

and S(Z(X))|ars.6+1)

=S (Z(A(X1))) = (D1 + Do) (deg(X1)) + (C1 + Co)(rank(X7)).
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Let E be given by the equation 5 = —|A] (and & analogously). The value
[ is hence determined by both the quotient g—; and 2102 4t the same time.

C1+Co
This gives g—ll = g—j. However, since the value of @ = a — |« is determined
by g—; = g—j, we obtain a = E and hence « = f. This is a contradiction,
which finishes the proof. n

Again, we obtain a similar statement in the cases of C Hy, g and C Hj 4 g.

Lemma 4.4.5. If a — 1 < 8 < «, there is no stability condition with heart
H2,a,,3 or H3,a,,3-

Proof. Similar to the proof of lemma [£.4.4] now making use of lemma [1.4.3
]

Summing up, we obtain the Jealousy Lemma, which gives name to this
subsection - the name reflects its proof which was given throughout the sub-
section and which hints at the contradiction being constructed via the as-
sumption of having three hearts of t-structures on D embedded into the same
heart of a t-structure on D'.

Theorem 4.4.6 (Jealousy Lemma). If H;,p for i € {1,2,3} is the heart
of a t-structure that is not obtained by CP-gluing via either of the three
semiorthogonal decompositions (D1, D), (D3, D1) or (D, Ds) then there is
no stability condition with heart H; o g.

Proof. We can apply lemmas [4.4.4] and |4.4.5] because H;, s is not a heart
obtained by CP-gluing if and only if the respective inequalities on « and (8
are fulfilled. ]

Remark 4.4.7. The significance of the Jealousy Lemma is the following. It
demonstrates, that the (older) technique of recollement, which was not de-
signed to construct stability conditions but, in fact, to compute t-structures
produces certain hearts that Stab(D') does not ”see”.

4.5 Stability of embeddings

This subsection provides an important result that characterises Stab(D'). It
will, moreover, subsequently be used to give a complete description of it.

First, we provide certain background and necessary notation by the next
lemma.
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Lemma 4.5.1. For the units and counits €,n, we have

niidp — Koidy,  €:M\oip — idp,
n:idp — pg 0, e:Koiy —» idp, (4.12)
n:idDiAloA, e:pQOAi)idD

while there are remaining units and counits

€1 17;10K—>idDT, m ZidDT —>’i10)\1,
Egiizopg—)idDT, ’I’]QZidDT—>IQOIK[]_],
€3 : Ao\ — idpr, N3 :idpr — A o po

(note that these are not isomorphic to idpt ) such that we have
Lispa(A) 3 A i)\ (A) S
II AM(A) S A B G,K([1](A) 5
1T i K(A) S A8 Apy(A) 5

for the respective exact triangles for the three semiorthogonal decompositions
that we are using on DT,

Proof. The functors iy, and A are fully faithful. O

Lemma 4.5.2. Let A = (A1 5 Ay) be an object in D' and denote by
[¢] € Homp(Ai(A), p2(A)) the morphism induced by the chain map .

a) The exact triangle p2<A) 15 1somorphic to a triangle of the form
M(A4) 5 pa(4) 3 KAL) = M (A1)
b) The exact triangle \i(({[11])4) is isomorphic to a triangle of the form
K(A) = M(4) 5 pa(4) 3 KA1,
The morphism ty is determined by [p] up to an automorphism of the object
K(A)[1].
Proof. The objects of po(([1])a) and A (([1I))4) are identified with those

in the given triangles with the aid of the natural isomorphisms provided in

(4.12)). The proof that, after the identifications from (4.12)), p2(e3) and A (n3)
are both equal to [¢] requires to use the explicit description of the adjunction

isomorphisms provided in lemma |3.2.4] ]
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Remark 4.5.3. 1t is a crucial for the proof of theorem to have po(e3) =
[p] = Mi(n3), after the identifications using (£.12)). Lemma allows us to
access the ”structural” map ¢ of an object in D' as a morphism in D. It is
not clear if po(€3)] = A1(n3) holds in general, when p, 4 A 4 A; gets replaced
by two adjunctions L 4 M 4 R with M fully faithful. The Problem that,
at this point, remains open is under which conditions we can guarantee that
the diagram

LMR 29,

ERlN NJ/nL

R R(n)
is commutative.
Lemma 4.5.4. If we have h € Homp (A, B) where A = (A, 5 Ay) and
B = (B, % By), then
p2(h) o [¢] =[] o Mi(h)
in D.
Proof. Because A\ = idpr and € : poA 5 idp are natural transformations,

we have a commutative diagram

Ex1(4)

M(A) S AN (A) PO pa)

Al(h)l lpzﬁh( ) lﬂz(h

M(B) X2 AN (B) 2B, (B).

]

Theorem 4.5.5. If A = (A, 5 A,) and B = (B; % B,) are objects in D'
such that [¢] = [¢p] in D, then A= B in D'.

Proof. We are going to prove a slightly stronger statement. Let t4 denote
the connecting morphism of the decomposition triangle [I]4 :

Note that the object A € D is determined up to non-unique isomorphisms
by ta, which is a morphism in D. Suppose f : A\ (A) — A\ (B) and g :
p2(A) — p2(B) are morphisms in D such that go [¢| = [¢] o f. Our aim is
to show that then
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As a consequence, if f and g are both isomorphisms in D then we obtain a
commutative diagram

i (A) —2 iypa(A)1]

il(f)lw Nliz(g[l})

21/\1(B> t—B) ZQPQ(B)
that extends to an isomorphism between the exact triangles (] 4 and ([Jz). In

particular we obtain an isomorphism A 2 B which fits into the commutative
diagram

Z2P2(A) =4, A LN Zl/\l(A) t—A>

Nlpz(g) Nlh Nlil(f)
tp

ZQPQ(B) 6Q’B/ B N 21)\1(8) —_— .
To prove (4.13) we first note that ([4) is functorial in A. This means — in

particular — that the morphism ns 4 : A — A(pa(A)) induces a commutative
diagram

WM(A)  — hpa(A)1]
il)‘l(WB,A)J/N ~lz’2p2Ap2(A[1])

tApy(A)

Zl)\lApg(A> —_— nggApQ(A)

The isomorphisms 7 : idp 5 Ao Aande: pyoA 5 idp from (4.12) allow us
to define a natural transformation ¢t by saying that ta(x) : i1 (X) — i2(X)[1]
is the composition

i1(X) — WMA(X) —— iypA(X)[1] ——— ip(X)[1].

i1(nx) ta(x) i2(exqu))

Using X = py(A), we obtain a commutative diagram

aA(4) A (A1)

7;1>\1(773,A)l lilp2(773,A[1])
I (ApaA) 22222 oo (Apy A)[1]
il(np2A>T~ ~lz‘z<ep2Al>
Fapa

ipoA i) ZQpQA[l]
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in which the composition of the two vertical arrows on the right is the
identity by [3, Proposition 10.1]. The composition of the two vertical arrows
on the left is equal to 4;[p]| by lemma ([b). Therefore, ¢4 is equal to the
composition

21)\1(14) Zﬂ] leg(A) ?AgA ZQPQ(A)[].]

For any f: \MfA — M B and g : poA — poB that satisfy g o [p| = [¢)] o f, we
therefore obtain a commutative diagram

irl¢) Tapya

M (A) — i1pa(A) —— d2p2(A)[1]

il(f)l i1(9)l lil(g[l])

: iyl tapyB .
21)\1<B) L) ’llp2<B> ﬂ) ngQ(B)[l]

This establishes [4.13] and thereby finishes the proof. m

Corollary 4.5.6. If A = (A, 5 Ay) € D' such that [¢] = 0, then we have
A= il)\lA D iQﬂQA m DT.

Proof. Apply theorem |4.5.5] combined with i3 A\jA @ igpe A = (A 5 Ay) in
DT, O

Hence, we conclude with the next lemma.

Lemma 4.5.7. Let A, E € D' such that Homgg(E, A) = 0. Assume now that
A= (A 5 Ay) such that ¢ = 0 in Homp(A,, Ay), then Homgg(E, i1(A7)) =
0.

Proof. Using corollary we obtain

Hom%?(E, i1(A7)) C Hom%?(E, i1(A7)) @ Hom%?(E, i2(As))
~ Hom3)(E, i1(A;)) @ is(Az) = Hom3)(E, A) = 0.

]

We are now able to turn our attention to the question of stability. We
require the following definition.

Definition 4.5.8. A triangulated category 7R is called n-Calabi-Yau if it
has a Serre functor and this Serre functor equals to the shift [n].
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Lemma 4.5.9. Assume that D is 1-Calabi- Yau and that the ordered pair
{M, N} equals to either of the ordered pairs {i1, A1}, {ia, K} or {A, po}. Let

X, = MX) = Xo 5
in DT where Homgg (X1,X2) =0. Then
Hom3 (N (X)), N(X3)) = 0.
Proof. We have to prove the following three statements.
1. Consider an exact triangle
E—i(X)—» A%, (4.14)
in DT where Homgg(E, A) =0. Then
Hom3" (A (E), A\ (A)) = 0.
2. Consider an exact triangle
F—iyX)—»B5 (4.15)
in D where Hom3!(F, B) = 0. Then
Hom3 (K (F), K(B)) = 0.
3. Consider an exact triangle
G- AX)—=CS (4.16)
in D' where Homgg(G, C') =0. Then

Hom3 (p2(G), p2(C)) = 0.

We will prove statement |1} first and will subsequently use it to prove the other
two statements. Applying py to gives pa(A) = po(E[1]) = po( E)[1] =
Sp(pa(E)) via py 043 = 0. Furthermore, using the definition of the Serre
functor, combined with the fact that Homp:(E, A) C Hom%?(E,A) =0,
we obtain Hompt (A, Spt(E)) = Hompr (E, A)* = 0. Moreover, the adjunc-
tions ps 4 A and A -+ \; provided by lemmas [3.2.23] and [3.2.24] give us an
isomorphism py 22 S5' o \; o Spr which implies Sp(pa(E)) =2 A\ (Spr(E)).
Additionally, the morphism
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Al i)142

J/LPA lidlA2

idg
AQ —2) A2

in C(A") gives a (corresponding) morphism v4 in Hompt (A, A(pe(A))). Hence,
we obtain Aj(v4) = pa, where as of now we regard ¢4 as the corresponding
morphism in mor(D).

The adjunction A 4 Ay, on the other hand, provides us with the morphism
Ao\ = 1, the counit of the adjunction. Applying A; to this now gives us
the natural transformation A; o Ao )\ /\g) A1. Consider now the unit of the
adjunction, 1 2N o A, that provides us with \; ny Ao Ao ). By the
triangle equalities we have

A1(€) omy, = idy, (4.17)

provided via the adjointness of the functors. However, A is fully-faithful and
hence 7 is an isomorphism, making 7,, an isomorphism as well. Therefore,
implies, that A;(¢€) is an isomorphism too. We are now ready to prove
the first statement of the lemma using the previous considerations. We obtain
a morphism from A to Spr(F) via the following chain of morphisms

A% Apa(A)) = A(Sp(pa(E))) = AAu(Spr(E))) > Spi(E).  (4.18)
Applying \; to , it becomes

M(A) 23 Ai(A(p2(A))) = M(A(Sp(pa(E))))
M (AN (Spi(E)))) = M (S (E)),

(4.19)

iuz 2

since Ai(€) is an isomorphism and moreover \;(v4) = @4 as we have seen
before. In other words, the crucial point is what is happening to the two mor-
phisms on both ends of . Now, since the morphism constructed in
is in Hompt (A, Spr(E )) and HomDT(A Spr(E)) € HomZ) (A, Spr(E )) = O
as previously seen, this morphism is 0. Since A\; is a functor the mor-
phism obtained in is therefore also 0. Since, on the other hand,
the morphism constructed in is obtained by composing ¢4 with iso-
morphisms only, this implies that we must have p4 = 0 € mor(D). By
lemma [4.5.7, this implies Hom3(E, i;(A;)) = 0. By adjunction we obtain
Hom (Al(E),)\l(A)) Horn (Al(E),Al) Hom (E i1(A1)) = 0 and the
proof of [1] is finished.
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This being established, we can now go on to proving statement [3 Ap-
plying Spr and then [—1] to (4.16) gives
Spi (G)[~1] = i2(X) = Spr(C)[-1] =
via Spr(A(X)) = i1(Sp(X)) = i1(X)[1]. By statement [1] this implies
Homp (A1 (Sp1(G)[—1]), A (Spr (C)[-1])) = 0.
Hence we obtain

Homp p2(Spr(G), p2(Sp1(C)))
= Homp (A1 (Sp1 (G)[=1]), M (Spr (C)[—1])) = 0
via A; o Spr = Sp o pa = pao[1].
Finally, in order to prove statement [2, we proceed similar to the previous

case. Applying Spr to gives
Spt(F)[=1] = A(X) = Spr(B)[-1] =
via Spr 09y = A[1] such that we obtain
Hom3'(K(F), K(B)) = Hom3' (p2(Sp+ (F[-2])), p2(Spr (B[-2])))
= Homy' (p2(Spt (F)), p2(Spi (B))) = 0

from pg 0 Spr[—1] = K[1]. With this, the proof of statement [2| and hence the
entire proof is finished. O

In order to introduce lemma 4.5.11] we need the following.

Lemma 4.5.10. Suppose EE € H, where H s the heart of a bounded t-
structure (D=, D=1) on D. If H has homological dimension 1, we obtain for
any X € D that X = @®;cz H'(X)[—i|, where H' is the cohomology given by
(DY, D=1).

Proof. To see this, note at first, that an immediate implication of H having
homological dimension 1 is that Homp(H, D="2) = 0. Since (D=, D=!) is
bounded, there is an m € Z for any non-zero X € D, such that X € D=".
Consider the exact triangle

TN X) 5 X = (X)) S

which gives the canonical connecting morphism ¢ : 72™(X) — 7=~ 1(X)[1].
Since X € D=™ we have X = 75"™(X) and hence 72™(X) = 72" (7=™(X)) =
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H™(X)[—m] € H[—m]. On the other hand, =" 1(X)[1] € D™ 2 and there-
fore ¢ € Hom(H[—m], D™ %) = Homp(H, D="%) = 0. We hence obtain ¢ = (
and by [59, Tag 05QT] this gives

X =" X)®r="(X)=r""YX)o H"(X)[-m)].

<m-—1

Repeating this with 7="~1(X) taking the place of X one obtains the state-
ment by induction. O]

The following lemma is essentially a version of [30, Lemma 7.2]. In our
situation we are able to give a somewhat shorter and less tedious proof.

Lemma 4.5.11. Assume that D is 1-Calabi- Yau. Suppose E € H, where H
is the heart of a bounded t-structure (D=, D=') on D. If there is an eract
triangle

Y 5 E— X5 (4.20)

in D with Hom=(Y, X) = 0, then X,Y € H.

Proof. At first, we see that D being 1-Calabi-Yau implies that H has homo-
logical dimension 1 as for any A, B € H we have

Hom(A, B[k])* = Hom(B[k|, Sp(A)

= Hom(B[k], A[1]) = Hom(B, A[1 — k]) (4.21)

)
0

if k> 2, provided by the fact that the morphisms between objects in hearts
vanish if a negative shift is applied to the second component. Hence, we also

have Ext"(A, B) = 0 for n > 2. By lemma [4.5.10, we have
X @ZezHl(X)[—Z] and Y = @]GZHj(Y)[_j]

where H' is the cohomology given by (D= D=!). Now consider the long
exact cohomology sequence provided by the exact triangle . Since E €
H, we have H"(E) = 0 for any n # 0 and therefore the long exact cohomology
sequence is of the form

0— H™Y(X) S H™Y) = 0
wherever m ¢ {0, 1}, completed by
0— H'(X)> H(Y)— H'(E) = H'(X) > H(Y) =0,

which provides that e is a monomorphism, 7 is an epimorphism and that
all the £™ are isomorphisms. Hence, each of the morphisms £ has an
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inverse (£™)~! € Hom(H™(Y), H™ '(X)). Since any non-zero morphism
within the set Hom(H™(Y'), H™ (X)) would induce a non-zero morphism
in Hom(Y, X[—1]) which — as a condition of the lemma — equals 0, we now
obtain that (£™)~' € Hom(H™(Y), H™ (X)) = 0 which implies £&™ =
also. Since all €™ are isomorphisms this gives H™ (X)) = H™(Y) = 0 for
m & {0,1}. To see that € is equal to 0 we consider ¢ € Hom(H (X)), H*(Y)).
We have

Hom(H'(X),H°(Y))" = Hom(H"(Y), Sp(H'(X))) =
Hom(H(Y), HH(X)[1]) = 0
since H°(Y)) and H!(X) are summands of Y and X respectively such that
Hom(H(Y), H'(X)[1]) € Hom(Y, X) € Hom=°(Y, X) = 0 which implies
Hom(H!(X), H*(Y)) = 0 and therefore ¢ = 0. Hence, H'(X) = 0. Simi-
larly we proceed in the case of 7, now using
Hom(HO(X), H'(Y))" = Hom(H!(Y), H(X)[1]) =
Hom(H'(Y)[-1], H'(X)) = 0.
We obtain that H'(Y") too is 0. This leaves us with X = H°(X) € H and
Y = H°(Y) € H which finishes the proof. O

Remark 4.5.12. Note that in the situation that we are in — which is that of
D being 1-Calabi-Yau — we can in fact relax the hom-vanishing condition
Hom=°(Y, X) = 0 of lemma 4.5.11| to Hom(Y, X) = 0 because within the

proof of [4.5.11] one can alternatively simply argue the vanishing of the £™ in
the same way as the vanishing of € and 7. For that, one now considers the
equation
Hom(H™}(X), H™(Y))* = Hom(H™(Y), H™(X)[1]) =
Hom(H™(Y)[-m], H™ 1 (X)[-m + 1]) = 0.
In the more general situation of [30, Lemma 7.2] however, Hom=(Y, X) = 0
is required.

Lemma 4.5.13. For a slicing P on a triangulated category and a non-zero
element E € TR, let

Ey E; Es > L1 J E,
+~ A+ =

+1 /+| / +|d/

| | |

A Ap Ay

with Ey = 0,E,, = E and A; € P(¢;) for all j € {1,...,n} be the Harder-
Narashiman filtration of E with regard to P. If E' ¢ P(¢) for all $ € R, then
g #0.
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Proof. Consider the exact triangle
En1 % E, > Ay S (4.22)
and assume g = 0. This provides us with the exact triangle
Ay S E, 1S B S

By [32, Lemma 1.4], this implies that d is a retraction. This means, there is
a morphism f € Hom(£,_[1], A,) such that do f =idg, ). We have

Op(En-1) = op(An_1) > ¢p(An)
and hence
Gp(Bni[1]) = Gp(Bn 1) + 1= 6p(An 1) +1> 6p(A2) + 1 > dp(A).
Hence, Hom(FE,,_1[1], A,)) = 0, implying that f = 0. Therefore we obtain
idp, oy =dof=do0=0,

implying that E,_1[1] = 0. Hence (4.22)) implies £ = E,, = A, € P(¢n)
which is a contradiction as E ¢ P(¢) for all ¢ € R was assumed.
[

We will, with the help of the following lemma be able to produce the
pieces of the — crucial — proposition

Lemma 4.5.14. Assume there are exact functors
P:TR—>71\7/€;M:TR—>7C\7/2;N:TR—>7?7€;
L:TR—-TR;R:TR—TR

such that P 4+ L 4+ M 4 R 4 N. Assume furthermore that P, M and N
are fully faithful, that im(N) = +(im(M)),im(M)* = im(P) and that TR is
1-Calabi-Yau. If there is a bounded t-structure (TR=", TR=") on TR with

heart H, X an indecomposable object in H and an exact triangle
ELMX)—-AS (4.23)

in TR where g # 0, A # 0 and moreover we have that Hom%(E, A)=0=
HomZ% (L(E), L(A)) then we obtain A= N(X) and E = P(X).
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Proof. Applying the functor L to (4.23)) and letting ex : L(M (X)) — X be
the counit of the adjunction L 4 M, provides us with the exact triangle

LE) %9 x & ) 3
via L o M = idyg given by the fact that M is fully faithful. Since TR is
1-Calabi-Yau we have
Hom7r (L(A), L(E)[1])" = Homyr (L(A), STR(L(E)))
= Hom7g(L(E), L(A)) C Hom>% (L(E), L(A)

)=

where Sy is the Serre functor. Hence, Homyr(L(A), L(E)[1]) = 0 which
implies v = 0 from which we obtain X = L(E) & L(A). Next, we see
that L(E) # 0, since otherwise we would get a contradiction via the fact
that g € Homz(E, M(X)) = Homyg(L(E),X) = 0. By lemma [£.5.11]
we now obtain L(E),L(A) € H since HomF%(L(E), L(A)) = 0 by as-
sumption. Because X is indecomposable in H we hence obtain L(A) = 0
and hence L(F) = X. By lemma and by assumption we obtain
ker(L) = +(im(M)) = im(N) such that L(A) = 0 implies that there is
an A’ € TR such that N(A’) = A, turning into the exact triangle

E% M(X)— NA) S
Now applying R to this we obtain the exact triangle
RE)—X—AS (4.24)

via Ro M = idrr = Ro N, using the fully-faithfulness of M and N. We
have

Hom7x(R(E), A') = Hom=_ (E, N(A")) = Hom=(E, A) = 0,

and therefore, by lemma m that R(E), A" € H. On the other hand, we
have Homyr(R(E), A') ¢ Hom>%(R(E), A’) = 0 and therefore — since, by
definition [4.5.8] shift by one is the Serre functor — also

Homyr(A', R(E)[1])* = Homyg(R(E), A') = 0,
giving Homyx (A’, R(E)[1]) = 0. Hence, we obtain f = 0 in the exact triangle
X AL RrRE)NS

provided by (4.24). Therefore X = R(E) & A’. Since 0 # A = N(A4)
implies A" # 0, we now have R(F) = 0 via the indecomposability of X in
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H, combined with the fact that R(E), A’ € H. Therefore also A" = X
giving A = N(X), the first statement of the lemma. By lemma and
by assumption we obtain ker(R) = im(M)+ = im(P) such that R(E) = 0
implies that there is an E' € TR such that P(E’) = E. We obtain

X = L(E) = L(P(E)) = E' (4.25)

using the fully faithfulness of P. Applying P to (4.25)) gives E = P(X),
which finishes the proof. O

We will use additional language for the following.

Definition 4.5.15. Let TR be a triangulated category and P be a slicing
on TR. We say that an object A € TR is "slicy” if there is a ¢ € R such
that A € P(¢). Furthermore denote this ¢ by ¢4.

Remark 4.5.16. In the following we will in situations were a slicing is given —
but not necessarily a central charge — refer to the filtration of definition [2.5.1
as a Harder-Narashiman filtration (HNF for short).

Lemma 4.5.17. Assume that D is 1-Calabi- Yau. Let X be indecomposable in
the heart H of a bounded t-structure (D=, D=') on D. Assume furthermore
that P is a slicing on D' and that i1(X) is not slicy, then iy(X) is slicy.

Proof. Since i1(X) ¢ P(¢) for all ¢ € R, i1(X) has a non-trivial Harder-
Narashiman filtration and — in particular — there is an exact triangle

ESi(X)—»AS (4.26)

the "last” triangle in the HNF given by the slicing P (note, that this implies
that there is a v € R such that A € P(v) and A # 0). Moreover, ¢_(E) >
¢—(i1(X)) = ¢(A) and hence Homgg(E, A) =0. By lemma , we obtain
Hom3 (A (E), A\ (A)) = 0 and by lemma that g # 0. We can hence
apply lemma [£.5.14] To do so let

P:A,L:Al,M:il,R:K,N:iQ[l].

We have A 4 \; 4; 4 K H4y[1] by lemma , the fully faithfulness of i1, 79
and A by lemmas 3.2.18 and [3.2.28 and im(i;)* = im(A) by corollary [4.2.14]
which at the same time provides us with im(i»[1]) = +(im(é1)) if combined
with the fact that im(is) is closed under shift and hence im(is[1]) = im(iz).
We obtain that A = i5(X) which finishes the proof. O
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Lemma 4.5.18. Assume that D is 1-Calabi- Yau. Let X be indecomposable in
the heart H of a bounded t-structure (D=, D=1) on D. Assume furthermore
that P is a slicing on D' and that iy(X) is not slicy, then A(X) is slicy.

Proof. Since D has a Serre functor Sp, by theorem 4.2.19, D' also has a
Serre functor Spr. Since i5(X) ¢ P(¢) for all ¢ € R, i(X) has a non-trivial
Harder-Narashiman filtration and — in particular — there is an exact triangle

F%iyX)— B5, (4.27)

the ”last” triangle in the HNF (note, that this implies that there is a v € R
such that B € P(v) and B # 0). Moreover, ¢_(F) > ¢_(i2(X)) = ¢(B) and
hence Homgg(F, B) = 0. By lemma , we obtain Homs"(K(F), K(B)) =
0 and by lemma that g # 0. We can hence apply lemma [£.5.14 To
do so let

P = 21[—1],[/ = K[l],M = iQ,R = pQ,N =A

and use lemmas [3.2.18) and [3.2.2§ and corollary in a similar way as
it was done in lemma [4.5.17, We see that B = A(X) which finishes the
proof. ]

Lemma 4.5.19. Assume that D is 1-Calabi- Yau. Let X be indecomposable in
the heart H of a bounded t-structure (D=, D=1) on D. Assume furthermore
that P is a slicing on D' and that A(X) is not slicy, then iy(X) is slicy.

Proof. We proceed similar to the proves of lemmas[4.5.17|and [4.5.18, We are
now working with the exact triangle

GHAX)—»C5, (4.28)

using lemmas [4.5.9} [4.5.13| and 4.5.14] ]

Proposition 4.5.20. Assume that D is 1-Calabi-Yau. Let X be indecom-
posable in the heart H of a bounded t-structure (D=°, D=') on D. Assume
furthermore that P is a slicing on D'. Let the ordered triple (F,G, H) be
equal to either of the ordered triples (i1[—1], 12, A), (ig, A, i1) or (A, i1, 12[1]).
If G(X) is not slicy, then F(X) and H(X) are slicy and ¢p(xy > du(x) + 1.

Proof. Note that the condition of being slicy is stable under shift. Hence,
making use of the previous lemmas, we get the following.

1. Assume that (F,G, H) equals to (i1[—1],42,A). By lemma [4.5.17 we
directly obtain is(X) € P(¢) and moreover, since by lemma [4.5.19]
A(X) ¢ P(¢) for all ¢ € R would imply the existence of a ¢;,(x) € R
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such that i;(X) € P(¢;,(x)) which contradicts the assumption, we also
have the existence of a ¢o(x) € R such that A(X) € P(¢a(x)). To see
that ¢a(x) > ¢i,(x) + 1, consider the exact triangle

A(X) = iy (X) = ia(X)[1] 5

that we obtain from (4.26) since, by lemma[4.5.14] we have £ =~ A(X)
and A = i5(X)[1]. Since (4.26)) is the last triangle in the HNF of i;(X)
we therefore obtain that ¢a(x) > ¢i,(x)1) and hence

Pa(x) > Gin(x)1] = Pin(x) + 1.

. Assume that (F,G, H) equals to (is, A,4;). This case is similar to [1]

using lemmas [4.5.18 and [4.5.17] Then use the exact triangle

W(X)[=1] = ir(X) = A(X) S

provided by (4.27)) and — as above —lemma4.5.14{to see that ¢; (x)—1 >
DA(X)-

. Assume that (F, G, H) equals to (A, i,42[1]). This case is similar to[t]

using lemmas |4.5.19 and [4.5.18] Then use the exact triangle

is(X) = A(X) = i (X) 5

provided by (4.28)) and — as above — lemma [4.5.14] to see that ¢;,x) >
Diy (X)-

]

In other words, at this point we can also give an exact description of the

HNFs of the three embeddings.

Corollary 4.5.21. Assume that D is 1-Calabi- Yau. Let X be indecomposable
in the heart H of a bounded t-structure (D=, D=') on D. Assume further-
more that P is a slicing on DT,

1. If i1(X) is not slicy, then it’s HNF is given by

0— A(X) = i1(X)

with slicy quotients A(X) and i2(X)[1].
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2. If i5(X) is not slicy, then its HNF is given by
0 — i1 (X)[1] = i2(X)

with slicy quotients i1(X)[1] and A(X).

3. If A(X) is not slicy, then its HNF is given by
0 — is(X) = A(X)
with slicy quotients io(X) and i;(X).
Proof. This corollary simply sums up the proof of proposition [4.5.20] O

We can also use proposition to prove the following.

Lemma 4.5.22. Assume that D is 1-Calabi-Yau. Let P be a slicing on
D'. Let X, be indecomposable in the heart Hy of a bounded t-structure
(DY, DY) on D and X, be indecomposable in the heart Hy of a bounded
t-structure (D5°, D5') on D such that Homp (X1, X3) # 0. Let the ordered
triple (F, G, H) be equal to either of the ordered triples (i1[—1], 12, A), (ig, A, 1)
or (A,iy,i5[1]). Assume that G(X;) is not slicy. Then F(X3) and H(X3)
are slicy.

Proof. There are six cases for which we must prove a contradiction — that is
assuming that

>

1. 41 or

1(X1), A(X
2. i

>

1),11(X2

o
=

12

>

3.

<
9

(X1),
Zl(X
(

~

)

)

(X2)

4. (X1)
)
(X1)

>
>
S

),
5. ig XQ),il(Xl or

6. A(Xy),i2(X

~

both aren’t in a slice. Let’s assume, that this is the case for i;(X7), A(X5).
By proposition 4.5.20 i2(X7), A(X1),71(X2) and i3(Xs) are each in a slice.
We also obtain by proposition {4.5.20|that ¢;,x,)+1 < ¢a(x,). Next, consider

Hompr (A(X1),41(X2)) = Homp (X7, A1 (71(X32)))
= Homp(X;,1d(X2)) = Homp (X7, Xs) # 0
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which forces ¢a(x,) < ¢4, (x,)- Again by proposition we obtain ¢, (x,) <
$is(x,)- Finally, we have Sp = [1] which gives

Hom’DT(iQ(XQ),iQ(Xl)[l]) = HOIH'D(XQ, Xl[l])
= HOIHD(XQ, SD(X1>) = HOIHD(Xl, XQ) 7& 0.

and therefore forces ¢;,(x,) < ¢i,(x,) + 1. In other words, via

¢i2(X1) +1< ¢A(X1) < ¢i1(X2) < ¢i2(X2) < ¢i2(X1) +1 (429>

we obtain the contradiction ¢y,x,) < @i (x,)-

The statement for the situation where is(X;) and i;(X3) aren’t assumed
to be in a slice and the situation where A(X;) and i5(X3) are not in a slice
are now similar. In fact they are dealt with by using the fact that the proof
is "stable” under the application of the Serre functor Spt. In other words,
applying Spr to everything will provide the analogous inequalities — and
hence a similar contradiction — applying once will deal with the situation
where i3(X;) and i;(X2) are not assumed to be in a slice and the situation
where A(X;) and i3(X3) are not in a slice is dealt with by applying Spt
again. Finally, we can prove the contradiction in the case of the situation
where i1(X5) and A(X;) are not assumed to be in a slice by the inequality

Bin(x2) T 1 < Oa(xs) < Giy(xy) +1 < digxy) +1 < dig(xz) +1

where the first inequality is provided by proposition [£.5.20} the second by ap-
plying Spr to Hompr (A(X7), A(X3)) # 0, the third one again by proposition
[1.5.20| and the last one by Homps (i2(X1), 42(X2)) = Homp(X1, X5) # 0. The
last two situations now — again — can be lead to a contradiction by applying
Spt.

[

We can extend this by putting more conditions on D.

Lemma 4.5.23. Assume that D is 1-Calabi-Yau. Let P be a slicing on
D for which we have Homp(A,B) # 0 if A € Pp(p),B € Pp(yp) with
o <Y <o+l R and A, B non-zero. Let Ppr be a slicing on D'
and let the ordered triple (F,G, H) be equal to either of the ordered triples
(11[—1],d2, A), (i2, A, 41) or (A,iy,45[1]). Furthermore let X be indecompos-
able in the heart Hy of a bounded t-structure (D:°, DZ') on D and Y be
indecomposable in the heart Hy of a bounded t-structure (Dy°,Dy') on D.
Let X, Y be slicy such that ¢y — ¢x ¢ Z. If G(X) is not slicy, then F(Y)
and H(Y') are slicy.
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Proof. We have ¢y — ¢x = m + a where m € Z and 0 < a < 1. Hence, by
assumption, Homp(X[m],Y) # 0 and since, again by assumption X[m|,Y
are indecomposable in their respective hearts (shifted by [m] in the case of
X[m]), we can apply proposition combined with lemma where
X; = X[m] and Xy =Y. We obtain ¢,( € R such that F(Y) € Pp:(¢) and
H(Y) € Ppt(€). ]

We will give an improved version of our result in the special case of an
elliptic curve C'. We need the following technical lemma. We include a proof
of this — well known — result which is based on [2].

Lemma 4.5.24. Let X be a p-stable object in D°(Coh(C)) where C is an
elliptic curve. Then rank(X) and deg(X) are coprime.

Proof. Let E be a stable vector bundle, then E' is simple by [20, Section 2.4].
This implies that E is indecomposable. Assume that h = ged(r, d) > 1 where
r =rank(F) and d = deg(F). By [2, Theorem 10], since E is indecomposable
we have F = F,(r,d) ® L, where L is a line bundle. Since a vector bundle F’
is stable if and only if F'® L’ is stable for a line bundle L', we obtain F4(r, d)
stable. By [2, Lemma 24] however, E4(r,d) = E4(r',d') ® F}, where F}, is the
Atiyah bundle from [2, Theorem 5] and 7' = % and d’ = ¢. By [2, Theorem
5] we obtain an exact sequence

0— Oc— Fy — F,_1 — 0, (4.30)

which implies that the structure sheaf Qg is a subbundle of Fj. In other

words, we obtain an embedding O¢ <y F},. Since tensoring vector bundles

with vector bundles is an exact functor, we obtain from applying @ F4(r’, d’)

rd®i
to (4.30) that Ea(r',d') ® O¢ Fald)® Es(r',d") ® Fy, is still an embedding.

Since Fa(r',d') ® F, =2 E4(r,d) (and since O¢ is the neutral element in the
Picard-group), we obtain E4 (1", d’) C E(r,d). This gives

p(Ealrd)) = L = & = ()

which is a contradiction because E(r,d) is stable. Hence, h = 1 and the
proof is finished. ]

Lemma 4.5.25. Assume that D = D’(Coh(C)) where C is an elliptic curve.
Let 0 = (Ppt, Z) € Stab(DV). There are F,H € {iy,iy, A}, F # H, such
that F(X), H(X) is o-semistable for any stable X € D.
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Proof. Let the ordered triple (F,G, H) be equal to either of the ordered
triples (i1[—1], 72, A), (i2, A, 71) or (A, 1dy,12[1]). For X € P,(¢x) given (note
that on D?(Coh(C')) we only need to consider P,), there are, by proposition
4.5.20, F,H € {iy,i3, A}, F # H such that F(X), H(X) are o-semistable
and qb‘j'{(x) +1< ng(I’,(X). We must prove that for any stable object D € D,
F(D) H(D) are o-semistable. Let Y’ € (P,)p(¢} ), we must prove that
F(Y"), H(Y') are o-semistable. If ¢y # ¢x +n for any n € 7, we obtain the
result by lemma [4.5.23] since for a suitable shift of Y’ the Hom vanishing
condition is fulfilled by [20, Corollary 4.4]. If, on the other hand, we have
¢y = ¢x +n for n € Z, we obtain Y € (P,)p(¢x) for Y = Y'[—n|. There
isa £ € R with £ # ¢x + m for any m € Z such that (P,)p(§) # 0. Hence
there is a non-zero Z’ € (P,)p(§) and we set Z = Z'[d] € (P,)(§ + d) such
that £ +d € (¢x,px +1). We obtain that F(Z), H(Z) are o-semistable by
lemma [4.5.23] Assume now that F(Y’) is not o-semistable, then — since this
condition is invariant under shift —so is F'(Y') and propositionprovides
that H(Z) and, in particular G(Z) are o-semistable where Py T1 < Oy
From the exact sequence

F(Z) = G(Z)— H(Z) S
we obtain the inequality

Pr(z) < OGz) < Pz < Ppz) + 1

From Homp (X, Z) # 0 we obtain Homp: (F(X), F'(Z)) # 0 since F is a fully-
faithful, which provides us with ¢}',( x) < (b‘fm(z). Since, again by assumption,
Homyp (Y, Z) # 0, we obtain Homp(Y, Z)* # 0. Since G is fully-faithful, this
gives

Hompt(G(Z), G(Y[—n +1])) = Homp(Z, Y[—n + 1])
= Homp(Z, Sp(Y)) = Homp(Y, Z)* # 0

and hence ¢(é(z) < ¢g(y) + 1. Since C' is an elliptic curve, we have that
Coh(C) = P,(0,1] and there is an a € Z such that P,(¢ + a) C P,(0, 1]
which implies X|a], Y[a] € Coh(C). Additionally, we have the equation

deg(Ya])

Soglrla)) _ dea(X]a))
rank(Y[a])

= u(Yla) = tan((¢x + aJm) = p(X[a]) = ZoEETS

using the concept of u-stability. Since X and Y are simple objects, they are
stable by [20, 2.4] and hence so are X[a] and Y[a]. By lemma [4.5.24] this
implies deg(Y[a]) = deg(X]a]) and rank(Y[a]) = rank(X[a]). Since o is a
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numerical stability condition, the central charge Z of the stability condition
o is given by Z(A) = Z(rank(A1(A)), deg(A1(A)), rank(p2(A)), deg(p2(A)))
for A € Coh(C). Therefore Z(J(Y[a])) = Z(J(X]a])) for any J € {iy, iz, A}.
This implies the equality exp(imﬁ(}{( X[a])) = exp(z’mbfq(y[a])), in other words
cos(PF xpa)) T 18I(D% (x1a) = COS(EF(yv(a)) T ESIN(DF(y(,)) and from this
we now obtain qﬁ}’i( Xla]) = ¢?{(Y[a]) + 2f where f € 7Z and therefore ¢§{(X) =
Oory(ony T 2f. However, for B € {X,Y[-m]}, we have Homp(B, Z) # 0
which provides

Homp: (H(B), H(Z)) # 0 (4.31)

via the fully-faithfulness of H. This implies that Homp(B, Z)* # 0 as well.
We hence have Homp(Z, B[1]) = Homp(Z, Sp(B)) = Homp(B, Z)* # 0,
that is, again using the fully-faithfulness of H,

Homp: (H(Z), H(B[1])) # 0. (4.32)

While (4.31]) provides us with Pirm) < (), We obtain ¢, < ¢ + 1.
But since we have that Z, and therefore H(Z) is non-zero, we obtain from
this, that [6% vy, #%x) + U N 0% mpy: Paviomy + 1] # 0, which can be
rephrased as H(X) € [¢§{(Y[_m}) — L%y imy T 1]. Hence, f = 0 and we get
¢§{(Y) = qu'q(x). Summing up, we obtain

OGz) < PGy + 1 < Ohivy = Ohix) < Prx) < Prz) < Pz

which is a contradiction. Hence, F'(Y') is o-semistable. To see that H(Y") too
is semistable, repeat the argument swapping X and Y and replacing (F, G)
by (G, H). O

Expressing this in a more suitable — topological — language we define

Notation 4.5.26. Let pre Stab(D') denote the space of pre-stability condi-
tions on DT.
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Definition 4.5.27. Define

O =

{o € preStab(D") | i,(X), iy(X)o-semistable for all X € D with X stable}
O12 =

{o € preStab(D") | i1(X), i(X)o-stable for all X € D with X stable}

O =

{o € preStab(D") | iy(X), A(X)o-semistable for all X € D with X stable}
O3 =

{o € preStab(D") | i,(X), A(X)o-stable for all X € D with X stable}

B —

{o € preStab(D") | iy(X), A(X)o-semistable for all X € D with X stable}
O3 =

{o € preStab(D") | iy(X), A(X)o-stable for all X € D with X stable}

Corollary 4.5.28. Assume that D = D°(Coh(C)) where C is an elliptic

curve, then B B B
pre Stab(DT) = @12 U @13 U @23.

Proof. This is simply a version of lemma [4.5.25| using the language of defini-
tion 4.5.27] O

However, it is possible to say more.

Theorem 4.5.29. Assume that D = D°(Coh(C)) where C is an elliptic
curve, then
pre Stab(DT) = @12 U @31 U @23.

Proof. We provide the exemplary proof that i1(X) not o-semistable gives
A(X) o-stable. Everything follows the same way as we have previously
seen throughout this section. We assume A(X) is not o-stable and hence
consider its JHF, that is, all its o-stable factors A; have the same phase ¢. We
assume that Hompr(A;,, A(X)) # 0 for a o-stable factor A;,. Therefore by
[38, Exercise 1.6] and the fact that i;(X) was assumed to be non-semistable,
arguing as before, we have that all the stable factors of A(X) are isomorphic
to A;,. Hence, [A(X)] = n[A;], where n is the number of stable factors.
Since C' is an elliptic curve, rank(X) and deg(X) are coprime which implies
that the vector [A(X)] = (a, b, ¢, d) is non-divisible. Therefore we must have
n = 1, in other words, A(X) is isomorphic to a stable object and therefore
stable.
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To obtain the equivalent of lemma we now obtain the analogous
statement of lemma (that was the key to proving lemma
because the inequality (4.29) is still strict despite the fact that if i;(X7)
is semistable, the two strict inequalities that were then provided by the
HNF are now given by the JHF and are therefore equalities. To correct
for this we can now prove that ¢acx,) < ¢, (x,). To see this consider
the fact that ¢; (x,) < ¢ (x,) given via the fact that equality would im-
ply both objects in the same slice, therefore violating the locally finiteness
of the slicing. Since Hompt (A(X7),41(X1)) # 0 we have ¢acx,) < ¢iy(xy)
such that ¢acx,) < ¢iy(x1) < @i (xy)- If, on the other hand, i;(X;) is not
semistable, we obtain A(X,) semistable by lemma [4.5.25] then providing us
with ¢a(x,) < Pa(xs) < @i (x.) by the same reasoning as before. O

For the sake of completeness we shall add the following.

Corollary 4.5.30. Let ©j; be like ©;; where now we assume o € Stab(DT)
instead of pre Stab(D'), then we have

Stab(D') = 0], U 0%, U O),.
Proof. This is an obvious consequence of theorem O

Before we continue our discussion we will provide the following useful
lemma.

Lemma 4.5.31. If A = Coh(C) for an elliptic curve C,o € pre Stab(D")
and X stable, then

o i1 (X) strictly o-semistable implies that it has a Jordan-Hélder filtration
given by
0— A(X) — i1 (X),

e iy(X) strictly o-semistable implies that it has a Jordan-Hélder filtration
given by

and

o A(X) strictly o-semistable implies that it has a Jordan-Hélder filtration
given by
0 — i2(X) = A(X).

Proof. This is a a by-product of the proof of theorem [4.5.29] ]
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We will combine the fundamental lemma with a fact provided by
the following lemmas.

Lemma 4.5.32. Assume that D = D°(Coh(C)) where C is an elliptic curve.
Let X, Y € D such that X € P,(¢x),Y € P.(¢y). Let F be a faithful triangle
functor F : D < D' for which for any t € R there is a t' € R and a slicing
P on D' such that F(P,(t)) C P(t') . Letr,s € R such that F(X) € P(r)
and F(Y) € P(s). If oy — 1 < ¢x < ¢y, then s —1 <r <s.

Proof. From ¢x — 1 < ¢y — 1 < ¢px < ¢y, we obtain
Homp(X,Y) # 0 # Homp(Y[—1], X)

by [20, Corollary 4.4]. Since F' is faithful, this implies

Homp: (F(X), F(Y)) % 0 (4.33)

and
Hompr (F(Y 1)), F(X)) # 0. (434)
Now, (4.33)) gives r < s and (4.34) gives s — 1 < r. ]

Lemma 4.5.33. Assume that D = D’(Coh(C)) where C' is an elliptic curve.
Let non-zero X,Y € D such that X € P,(¢x),Y € Pu(¢y). Let F be a
faithful triangle functor F : D < D for which for any t € R there is a
t' € R and a locally finite slicing P on D' such that F(P,(t)) C P(t') . Let
r,s € R such that F(X) € P(r) and F(Y) € P(s). If oy — 1 < ¢px < ¢y
and there is a o € preStab(D") such that o = (P, Z), then s — 1 <r < s.

Proof. We have s — 1 < r < s by lemma [4.5.32] If we assume r = s,
we obtain Z(F(P,(¢x))) = Z(F(Pu(¢y))) C P(r). This implies both
Z(F(Pu(éx))) C Ry explimr) and Z(F(Pu(éx))) € R explinr). How-
ever, oy — 1 < ¢x < ¢y implies that (D) = ([X],[Y]). This gives
F(K(D)) C Ry exp(inr), which, on the other hand, implies that for any
¢ € R there is an n € Z such that F(P,(¢)) C P(r)[n]. Since it is part of
the definition of a slicing P’ that P'(a +m) = P'(a)[m] for a € R,m € Z
and moreover F' is a triangle functor (e.g. commutes with shift), we can
conclude that there is an @ € R such that F(P,(a,a + 1)) C P(r). If «
is irrational, then P,(a — |a],a — @] + 1) is not noetherian as a direct
implication of [54, Proposition 3.1]. Hence P,(a, a + 1) is not noetherian as
this property does not change under shift. If, on the other hand, a € Q), we
first consider the case where o = 0. Then P, (a, o + 1) = Coh(C') which is
not an artinian category seen from the non-stabilising descending sequence
of subobjects O D O(—1) D O(—2) D .... For a non-zero « consider the
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§E(2, Z.)-action under which P, (a, a+1) can be deformed into Coh(C). Since
taking subobjects is stable under this action, P,(c, o+ 1) is not artinian.
But F'is a triangle functor and hence preserves both monomorphisms and
epimorphisms in the abelian category F'(P,(a,a + 1)). Hence there either
is a non-stabilising descending or a non-stabilising ascending sequence S of
subobjects such that S € F(P,(a,a+ 1)) C P(r) C P(r —n,r +n) for any
n € R,. Therefore, the quasi-abelian category P(r —n, 7 +n) is not of finite
length for any n € R, since it has an abelian subcategory that is not of
finite length. This provides a contradiction to the assumption of P being
locally finite. The proof for s — 1 < r is similar. [

Lemma 4.5.34. Assume that D = D?(Coh(C)) where C is an elliptic curve
and let o = (P, Z) € pre Stab(D").

1. Ifi1(X) and ia(X) are o-semistable for all stable X € D then there are
a,B € R with o > — 1 such that we have i;(P,(o, o + 1]) C P(0, 1]
and i2(Pu(5, 6 + 1]) C P(0,1].

2. Ifi1(X) and A(X) are o-semistable for all stable X € D then there are
a, B € R with « > B such that we have A(P, (o, + 1]) € P(0,1] and

3. If iy(X) and A(X) are o-semistable for all stable X € D then there are
a,B € R with a > 8 such that we have is(P, (o, 4+ 1]) C P(0,1] and

Proof. To see that we have i; (P, (a, a+1]) C Aand ix(P,(5, f+1]) C A with
a > B—1 whenever i;(X) and i5(X) are o-semistable for all stable X € D, it
is enough to proof this for stable X. We obtain o and S from lemma [4.5.33]
To see a« > [ — 1 assume o <  — 1. Then there is a stable Y € D such
that i;(Y) € P(0,1] and i2(Y)[n] = i2(Y[n]) € P(0,1] for an n € Z>o This
gives Hom 7 (i1(Y),io(Y)[n]) = Homz™(Y,Y[n]) = Homp (i (Y),i2(Y)) #

Dt
0 because Y stable implies Y # 0. This is a contradiction to [2.5.29 since
—n + 1 < 0. The proof for the other cases is similar. ]

Corollary 4.5.35. Assume that D = D"(Coh(C)) where C is an elliptic
curve and let o = (P, Z) € pre Stab(D"). Either

1. there are o, f € R with o > —1 such that we have i1 (P,(a,  +1]) C
P(0,1] and ix(Pu (5, 6 + 1]) € P(0,1]

2. or there are o, f € R with a > f such that we have A(P, (o, e+ 1]) C
P(0,1] and i, (Pu(B, 8+ 1]) € P(0,1]
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3. or there are o, f € R with a > [ such that we have i5(P,(a, a + 1]) C

Proof. We combine lemma [4.5.25[ with lemma [4.5.34] m

This gives the following preliminary result.

Proposition 4.5.36. Assume that D = D*(Coh(C)) where C is an elliptic
curve and let o = (P, Z) € preStab(D"). Either o is obtained by CP-gluing
via the semiorthogonal decompositions (Dy,Ds), (D3, D1) or (Dy, D3) or it
fulfils at least one of the following conditions.

1. There are f > o, € R with o >  — 1 such that i;(P,(a,a 4+ 1]) C

2. or there are B+1> o, f € R with o > 3 such that A(P,(a, a0 + 1]) C
P(0,1] and i1 (P.(8, 8 + 1]) C P(0,1]

3. or there are S+ 1> «, B € R with o > 8 such that io(P,(a, 0 + 1]) C

Proof. Using corollary we have to investigate the situations where
a > f (or a > B+ 1 respectively). If we have both i, (P, (o, a+1]) C P(0, 1]
and io(P, (3, 5+1]) C P(0, 1] with o > 3 then this does indeed imply that the
set H={X € D' | \(X) € P,(o,a + 1], p2(X) € P.(B, 8+ 1]} is a subset
of P(0,1]. But by theorem [3.2.36, H is the heart of a bounded t-structure
obtained by CP-gluing via the semiorthogonal decomposition (D;, Ds). Since
a heart of a bounded t-structure cannot contain another heart of a bounded t-
structure as a proper subset, we obtain H = P(0, 1], which gives the required
statement. The proof for (D3, D;) and (Ds, D3) is similar. O

4.6 Shape of the Serre functor on D'

A particularly nice implication of theorem is, that we are now able to
give a complete description of the Serre functor on DT, as well as being able
to conjecture that DT is fractional Calabi-Yau where we can also conjecture
on the associated fraction (see [39] for more insights on Calabi-Yau and frac-
tional Calabi-Yau categories and their construction). However, in addition
to being interesting with regard to the understanding of DT, this chapter also
provides an important finding with regard to the further study of Stab(D?),
given by lemma [4.6.7]
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Lemma 4.6.1. If M : TR — TR is an equivalence of triangulated categories
and TR = (TR, TR with decomposition triangle

Ay — A— A, 5,
then the distinguished triangle
M(Ap) = M(A) = M(Aq) 5,

is the decomposition triangle of M(A) for the semiorthogonal decomposition

TR = (M(TR"), M(TR")).

Proof. Since Hom(A,, A,) = 0 for any A, € TR® and A, € TR, this follows
from [32, Lemma 6]. O

Lemma 4.6.2. The decomposition triangles[I\[ 11| and [IT1] defined in lemma
are related to each other via the Serre functor by the formulas

Spt([[)a = [D)s,; 4y, Spr ([1) 4 = [T, () and Spr ([T a = ([, (a)-
Proof. Apply lemma and the equations
SDTOilziz[l]OSD, SDO)\lzKOSDT,

S’DT Oig =Ao SD, SD O P9 = Al ©) S’DT; (435)
Spro A =1i;0S8p and Sp oK = py o Spr

related to the Serre functor. [
Lemma 4.6.3. If A= (4, 5 A,) € D' and Spr(A) = (B; 5 B,), then

By = M (Sp1(A)) = Spp2(A) and By = p2(Spr(A)) = SpK(A)[1].
Proof. This is a consequence of . ]

Theorem 4.6.4. If A = (A; 5 A,) € D', Spi(A) = (B1 5 By) and t, as in
(8), then [¢] = Sp(t2) : Sppa(A) = SpK(A)[1] as a morphism in D.
Proof. From lemma and one of the equations provided in (4.35]), we

obtain

M(II)s,; ) = M Spr () a = Sppa (1) 4.
Using lemma this translates into the statement that the two exact
triangles

KSpi(A) = MSpr(A) B paSpr(A) 5
SD([p SD(ty
SpA(A) T 5hp0(A) TS SpK(A)1] S

are isomorphic to each other in D. Hence [¢)] = Sp(t2) as a morphism in
D. O
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Corollary 4.6.5. We have Spr(A) = (Sp(As) *op) Sp(Cone(p))) where
T 1 Ay — Cone(yp) assumes the role of the canonical mapping given by the
mapping cone (see the diagram of definition i which T assumes the
role of the morphism ig ).

Proof. This is a consequence of theorem since 1] & [ta]. O
Corollary 4.6.6. If D is 1-Calabi-Yau and X € D, we obtain
* Spi(i1(X)) = Spr(X = 0) = 0[1] — X[AJ[1] = ia(X)[2],

idx [1]
=

o Spi(in(X)) = Spr (0 = X) = X[1] X[1] = A(X)[1] and

o Spr(A(X)) = Spr(X 5 X) = X[1] = 0[1] = iy(X)][1].
Proof. Let A equal to either i1(X),i2(X) or A(X) in the formula provided
in corollary using that Sp = [1] since D is 1-Calabi-Yau. O
The following result allows us to generalise statements about one of the
©;; to the others.

Lemma 4.6.7. The Serre functor Spr acts by circularly mapping the ©;;
into one another as the following diagram demonstrates:

O3 i > O19
Proof. This follows from corollary 4.6.6] combined with the fact that, for
any Serre functor, we have Hompt(A, B) = Hompt(Spr(A), Spr(B)) and
therefore, using lemma the stability of the respective embedded objects
is preserved. O

The following — if proven — would be a nice result that could add to the
understanding of D' further.

Definition 4.6.8. A triangulated category 7R is called " § fractional Calabi-
Yau” for a,b € 7 if TR has a Serre functor Sy and

St = [a].
Conjecture 4.6.9. If D is 1-Calabi- Yau, D" is fractional Calabi- Yau where

the associated fraction is %.

Remark 4.6.10. Conjecture 4.6.9is based on corollary [4.6.5, which proves the

statements as far as objects in DT are concerned.



117

4.7 Application of tilting to D'

Tilting traces back to two articles by Bernstein, Gelfand and Ponomarev (see
[1] for further reading) and operates on the heart of a bounded t-structure
using a torsion pair to obtain a new heart — in other words, an essential
ingredient of a stability condition. To perform tilting, one needs to make use
of torsion pairs, originally introduced in [24]. Following [33] we provide

Definition 4.7.1. A ”torsion pair” (7, F) on an abelian category A consists
of full subcategories 7 and F such that

1. Homyu(7T,F) =0 for any T € T and F € F.

2. For any F € A there are T € T and F' € F such that
0T —-E—=F—=0

is an exact sequence in A.

Remark 4.7.2. Recalling definition [2.1.6) one can think of a torsion pair as
the abelian equivalent of a semiorthogonal decomposition.

Lemma 4.7.3. The category F is closed under subobjects and the category
T closed under quotients.

Proof. Let E € F and U C FE Let

05 Ur LU 5 Ur =0

be an exact triangle with Ur € T and Ur € F. Let ¢ : U — FE be the
embedding of U into E. We have that i o iy, € Hom(Ur, E) = 0 since
Ur € T and I/ € F. Since iy, is an embedding as well as 4, so is ¢ 04y, and
hence Uy = 0. This provides U = Ux.

Analogously we obtain the dual statement for 7. ]

Lemma 4.7.4. Let P be a slicing on D with A = P(0,1]. Let ¢ € (0,1],
then (T1, F1) = (P(¢,1], P(0, ¢]) and (T2, F2) = (P[¢, 1], P(0, ¢)) are torsion

pairs on A.
Proof. This follows from definition [4.7.1] O

The motivating example to be explained next ties in with the theory
outlined in lemma 7.4l
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Example 4.7.5. Let A = Coh(C'), where C' is a smooth projective curve and
consider the stability condition (Z,, A). Using the torsion pair described in

lemma gives
T = P(1) = {torsion sheaves on X}
and F =P(0,1) = {torsion-free sheaves on X}
if we let ¢ = 1.
Remark 4.7.6. The torsion pair provided in lemma |4.7.4]is the most prevalent
construction of a torsion pair in a situation where a slicing is available.
We now have the following lemma that gives this subsection its meaning.
Lemma 4.7.7. Let ‘H be the heart of a bounded t-structure on a derived

category D. Assume there is a torsion pair (T,F)) on H. Then the full
subcategory

H ={EcD|H,(F) =0ifi¢{-1,0}, H;'(E) € F and HY(E) € T}
1s the heart of a bounded t-structure on D.
Proof. See [33, Proposition 2.1]. ]

Remark 4.7.8. The technique of obtaining new hearts provided by lemma
is often in the literature — and will be here — referred to as "tilting”.
Note that in some articles it is referred to as ”left tilting” whereas left tilting
combined with [—1] is then referred to as "right tilting”.

Lemma 4.7.9. The pair (F[1],T) is a torsion pair on H*.
Proof. This obvious fact is, for example, mentioned in [16, Section 5.2]. [

The theory we just introduced allows us to compute hearts of t-structures.
Equipping a heart like this with a suitable stability function will subsequently
provide a stability condition. For the construction that we are planning we
have to radically restrict our category A to a smooth projective curve as
otherwise we do not have the necessary concepts available.

Remark 4.7.10. Note that for A = Coh(C'), where C' is a smooth projective
curve, the category D has a Serre functor and — hence — so does DT,

Definition 4.7.11. Let Y € A", where A = Coh(C), C a smooth projective
curve, (1 € R and D; € R.g. We define a group homomorphism Z, :

N(A) = 74 — C by
Z\Y) =
Dy deg(AHY)) + (Cy — 1) rank(A(Y)) + i(rank(A(Y)) + rank(p5'(Y)))
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and

AY) = (1/m) arg(Zx([Y])) € (0, 1]
if Y # (0 — T') where T' € A is a torsion sheaf.

Lemma 4.7.12. The group homomorphism Z is a weak stability function

on A'.

Proof. Since $(Zy) = rank(A1(Y)) + rank(ps'(Y)) > 0 this follows from
definition 2.4.3 O

Definition 4.7.13. Let A = Coh(C'), where C' is a smooth projective curve.
An object Y # (0 — T') where T' € A is a torsion sheaf, is A-semistable if
A(Y) > A(U) for any subobject U C Y with U # (0 — T") where T" € A is
a torsion sheaf.

Lemma 4.7.14. Let 0 - A — B — C' — 0 be a short exact sequence where
A B,Cec A" and A,B,C # 0 — T, where T is a torsion sheaf, then

AMA) < X(B) if and only if \(B) < A\(C),
A(A) > A(B) if and only if A(B) > A(C) and
AA) = A(B) if and only if A\(B) = A\(C)
Proof. Since the Z used to define \ is a weak stability function by and

Z)\(A) #£0,Z,(B) # 0 and Z,(C) # 0 we obtain that A(A), A\(B) and A(C)
are defined and finally the result by lemma [2.4.22] ]

Definition 4.7.15. An object X € A", A = Coh(C), C a smooth projective
curve, is "torsion-free” if A(X) and ps'(X) are torsion-free in A.

Remark 4.7.16. Note that this implies, that A of definition is defined
for all torsion-free X € AT,

Lemma 4.7.17. Let Y € A", where A = Coh(C),C a smooth projective
curve. If Y is A-semistable and there is non-zero torsion-free object Q € A"

such that there is an epimorphism'Y 4 Q, then A\(Y) < \Q).
Proof. The surjectivity of ¢ provides the short exact sequence
0—>ker(q);>Y—q»Q—>O

where we have A(ker(q)) < A(Y') provided by the A-semistability of Y, such
that we obtain A(Y) < A(Q) by lemma [4.7.14] O
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In order to prove the existence of a HNF for torsion-free objects with
regard to A, provided by lemma , we adapt [42, Proposition 5.4.2] and
as to do so give an enhanced version of [42, Lemma 5.4.1], provided by lemma
[1.7.18 In classical textbooks, such as [42] or [34], one finds the Riemann-
Roch formula

X(L) = deg(L) + rank(L) - (1 — g)
for vector bundles L on a smooth projective curve C' of genus g. On an
elliptic curve this — hence — simplifies to

X(L) = deg(L).

However, we define deg(F') = deg(L) + x(T') for a coherent sheaf F' where T'
is the torsion-subsheaf of F' and L the quotient L = F/T which is torsion-
free — and on a smooth projective curve therefore also locally free. Since
X(F) = x(T) + x(L) provided by the additivity of y on exact sequences we
obtain deg(F') = x(F).

Lemma 4.7.18. Let E be a coherent sheaf on an elliptic curve C. Then the
degree of its subsheaves F' C E is bounded above.

Proof. We generalise [52, Corollary 10.9] with regard to non-locally-free sheaves.
Let F' C E be a coherent subsheaf. This means there is an exact sequence

0—-F—-E—F/E—0

and applying the (left exact) functor H° to it hence provides us with H°(F) —
H°(E). This implies h°(F) < h°(FE). Which gives

deg(F) = WO(F) — h'(F) < '(F) < h°(E)
and the proof is finished. O]

Corollary 4.7.19. Let A € A" where A = Coh C and C is an elliptic curve.
Assume that non-zero A is torsion-free. There is a torsion-free X C A such
that A(X) > A(Y') for any torsion-free Y C A.

Proof. If max{A(Y) | Y C A, Ytorsion-free} = A(A), we can take X = A.
Otherwise {\(Y) | Y C A, Ytorsion-free, \(Y) > A(A)} # 0 and max{\(Y) |
Y C A, Ytorsion-free, \(Y) > A(A)} = max{\(Y) | Y C A, Ytorsion-free}
if a maximum exists. It therefore suffices to consider the set {\(Y) | Y C
A, Ytorsion-free, \(Y) > A(A)}. Firstly, observe that Y C A forces

0 < rank(A{(Y)) < rank(A'(A)) and
0 < rank(p3'(Y)) < rank(p3'(4)),
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implying finiteness of {(C} —1) rank(A*(Y)) +i(rank(A(Y)) +rank(pz' (Y)) |
Y C A, Ytorsion-free} as well as the inequality

0 < S(ZA(Y)) = rank(\(Y)) + rank(p(V))
< rank(A{(A)) + rank(p3'(A)) =: R.

Since {deg(M{(Y)) | Y C A,Ytorsion-free} is bounded above by lemma
the expression D;(deg(A{}(Y))) is bounded below, since D; < 0. Since
the expression (C; — 1)rank(A(Y)) takes only finitely many values, this
implies that R(Z(Y)) = Dy(deg(A{(Y))) + (Cy — 1) rank(AM'(Y")) is bounded
below by a D € R. Boundaries for {Z,(Y) | Y C A, Ytorsion-free, \(Y') >
A(A)} in the complex plain are therefore given by the enclosed area

R
Ri
(Y] /A(A)
- R
D 0

We have that |deg(A'(Y))] > 0 implies |D; deg(A\(Y))| > 0. Since Z,
is given by the formula

Z)\(Y) = Dy deg( A (Y))+(C1—1) rank(A{ (V) +i(rank (A (V) ) +rank(p5'(Y)))

and we have already seen that the set {(C;—1) rank(A{(Y))+i(rank (M (Y))+
rank(ps'(Y)) | Y C A, Ytorsion-free} is finite, |deg(A{(Y))| > 0 would
therefore imply that |[R(Z,(Y))| > 0. This however — as we can see from
the diagram — provides a contradiction. Hence, we obtain that the set
{deg(AMY(Y)) | Y C A,Ytorsion-free, \(Y) > A(A)} is bounded. Since
{deg(AMY(Y)) | Y C A, Ytorsion-free, \(Y) > A(A)} C Z and is therefore
discrete, it is hence finite. This — on the other hand — implies that the set
{Dydeg(M(Y)) | Y C A, Ytorsion-free, \(Y) > A(A)} is finite too. We
conclude that {Z(Y) | Y C A, Ytorsion-free, \(Y) > A(A)} too is finite.
Therefore there is a Z,(Y) € {Z\(Y) | Y C A, Ytorsion-free, \(Y) > \(A)}
such that arg(Z,(Y)) is maximal. Hence there is a Y such that A(Y) =
arg(Z,(Y'))/m is maximal. O

This provides us with a HNF for torsion-free objects.
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Lemma 4.7.20. Let X € A" and A = Coh(C) where C is an elliptic curve,
assume that X is torsion free. There is a unique sequence

0=XoCcX;C---CX,=X
where X; is a torsion-free object such that
e \(A;) > AU) for any U C A; and
o \MA;1) > MA)

with A; = X;/X; 1 fori € {1,...n} and the quotients A; are also torsion-
free.

Proof. We adapt the proof of [42, Proposition 5.4.2]. Using corollary
pick an torsion-free X; C X such that A(X;) is the maximum of {\(Y) |
Y C X, Ytorsion-free} and that additionally rank(A{'(X;)) + rank(pz'(X1))
is maximal amongst the torsion-free subsheaves of maximal A. If X/ X is not
torsion-free, this means that Q; = p3'(X)/ps'(X1) or Qo = A(X)/MH(X)1)
are not torsion free. Note, that quotients are taken componentwise (regarding
the A:' and the p3' component). Consider, on one hand, the exact sequence

0—-X1—-X—->0Q—0,

where Q = Q1 = Q5 and < is the induced map on the Quotients. Consider,
on the other hand, the exact sequence

0 — Tors(Q) — Q 5 Q/ Tors(Q) — 0 (4.36)

that, combining them, provide us with the diagram

0 s X4 > X Q — 0
q
- b
0 >y H > X Q —— 0
k foq

where Q' = @/ Tors(Q) and H € A" the kernel of f o ¢ with k being its
canonical embedding. The canonical completion of this diagram provides us
with a map g : X; — H. By the snake lemma this map is injective and
moreover we have coker(g) = ker(f). On the other hand, we see from
that ker(f) = Tors(Q)) which means that the canonical sequence

0 — ker(g) = X1 > H — coker(g) — 0
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for the morphism g becomes
0— X, % H — Tors(Q) — 0

and since rank(\{'(Tors(Q))) = rank(ps'(Tors(Q))) = 0 provided by the fact
that both Af(Tors(Q)) and p3'(Tors(Q)) are torsion sheaves, we obtain that
rank(A( X)) = rank(A\{'(H)) and rank(ps'(X,)) = rank(ps'(H)) using the
additivity of rank on exact sequences. Furthermore, the exact sequence

0 — MY(Xy) = MY(H) = MY(Tors(Q)) — 0

gives deg(\{(H)) = deg(A4(X1)) + deg(A\{(Tors(Q))) and moreover we have
deg(A\H(Tors(Q))) > 0 since Af(Tors(Q)) is torsion, which — as we will prove
following — implies that we must have A\(H) > A\(X;) using D; < 0 and, since
A(X71) was chosen to be maximal therefore A\(H) = A\(X3). If AM(H) < A(X)),
this would imply deg(A\(H)) < deg(A{}(X1)), since other then on the ranks,
which, as we have previously seen are equal, A only depends on the degree of
the A{-component. We can therefore replace X; by H which is a maximal
torsion-free subobject that has a torsion-free quotient ' = @)/ Tors(@Q). This
allows us to conclude in the same way in which it is done in the proof of [42]
Proposition 5.4.2]. O

Definition 4.7.21. Let X € A" where A = Coh(C) and C is an elliptic
curve and assume that X is torsion free. Then define A;(X) = A(4;) and
A_(X) = A(A,,) where A; are the HN-factors introduced in lemma [4.7.20

We are now ready to provide the data we need to tilt. First we need to
introduce new terminology.

Lemma 4.7.22. Let A = Coh(C') where C' is a smooth projective curve. Let
E1 5 Ey, € A, There is a short exact sequence

0 — T(E)), — B, — F(E); —— 0

I I
0 — T(E)y —— By —— F(E); —— 0

with T(E); torsion and F(E); torsion-free fori € {1,2} in AT.

Proof. We obtain t via Hom+(T(E)1,T(E)2) = Hom:(T(E), E3) from
Hom+(T(E)1, F(E)2) = 0, since T(E); is a torsion and F(E)s a torsion-
free sheaf. Then, f is well-known to exist as a morphism in the abelian
category A and hence as an object in A". Or, in the more abstract language
of triangulated categories that we choose to follow whenever possible, f is

given by [32, Section 1.1, (TR3)]. O
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This allows us to introduce

Definition 4.7.23. Let A = Coh(C) where C' is a smooth projective curve
and £ € A", Set

5 T(E),
F(E) = F(E); %+ F(E),
from lemma £.7.22]

As well as

Definition 4.7.24. Let A = Coh(C) where C' is an elliptic curve and set
¢ = 3/4. Define T and F to be the full subcategories of A" given by:
E € T if the HN-factors A; of F(E) (see lemma satisfy A(A4;) > ¢
and K(E) € A. Moreover £ € F if A\{(F) is torsion-free and the HN-factors
A; of F(FE) satisfy A\(4;) < ¢.

In each of these cases we assume that the condition on the H N-factors is
automatic if F(E) = 0.

Lemma 4.7.25. If for (X ER Y) € A" the functor K exists and IK(X ERN
Y) € A, then and only then f is an epimorphism in A.

Proof. The assumption K (X ER Y) € A provides that all objects in the exact
triangle

KXLy)yoxLyh (4.37)
are in A. Therefore [£.37) provides us with the short exact sequence
IKxLy)ysxLy—o

in A, making f an epimorphism.
If, on the other hand, f is an epimorphism, then

ker(X LyY) > x Ly 5

is an exact triangle, providing K(X EN Y) = ker(X ER Y)e A O
Remark 4.7.26. We obtain the analogous statement for f a monomorphism
and K(X 5 Y)[1] € A.

We are going to use the following fact throughout the subsection.

Lemma 4.7.27. For any E € A= Coh(C) where C is an elliptic curve, we
have that A\ (E) = 0 implies £ € F.
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Proof. Assuming A\;(E) = 0, any subobject S of F fulfils A\;(S) = 0. This
implies, that every HNF-factor H of E must fulfil A\;(H) = 0 too. Therefore
Z(H) = irank(py(H)) which gives A\(H) = 1/2 < 3/4 = ¢. Therefore, by
definition |4.7.24] we have E/ € F. O

Remark 4.7.28. We therefore obtain an equivalent definition to the one of
definition 4.7.24] given by E € F if A;(FE) is torsion-free and the HN-factors
A; of F(FE) satisty AM(A;) < ¢ or if \{(E) = 0.

Lemma 4.7.29. The subcategories (T, F) from definition|4.7.24| form a tor-

sion pair on A'.

Proof. At first we prove the Hom-vanishing of definition [£.7.1 We will
demonstrate that Hom 4+(E, F) = 0 for £ € T and F € F if E, F torsion-
free. It suffices to prove this under the additional assumption that E, F' are
A-semistable as the result follows then via the HNF. We hence have \(U) <
A(E) for any subobject U — FE with Z(U) # 0 by definition of A-stability.
By lemma we now too obtain A(V') > A(E) for any quotient £ — V
of E with Z(F) # 0. For £ : E — F we obtain £ — im(§) and im(§) — F.
Hence £ = 0 as otherwise im(§) # 0 and since im(§) C F is torsion-free,
A(im(§)) is defined and from F — im(&) we obtain A(F) < A(im(§)) as well
as A(im(&)) < A(F) such that

A(E) < AMim(€)) < A(F) < A(E)

where A\(F) < A(F) is given by E, F torsion-free and F € T, F € F.
If we drop the assumption of F, F torsion-free, consider for an object
E=E 5 E,eT and G =G, — Gy € F, the short exact sequences

0—-T(E)—>E—FE)—0

and
0—-T(G) —-G—F(G)—0

provided by lemma[1.7.22] The definition of F provides F(G) € F and A\ (G)
torsion-free, which implies A (T'(G)) = 0. Therefore we only have to consider
the case where G = (0 — H) with H € A and the case where Gy, G2 are
torsion-free.

Assuming GG; and G to be torsion-free and hence G; — G5 € F, we
see that Hom 4+ (F(E),G) = 0 since A_(F(E)) > A, (G). Since we too have
Hom 4+ (T(E),G) = 0 provided by the fact that G is torsion-free, we now
obtain Hom 4+ (E,G) = 0.
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If, on the other hand, G = (0 — H), we obtain

Hotps (E, G) = Homps (B, ia(p2(G))) = Homp(K(E)[1], p2(G))
= Homp(K(E), p2(G)[—1]) € Homp(A, A[-1]) = 0.
As a result of the consideration these two cases we obtain Hompt (E, G) = 0.
We now have to find the short exact sequence from definition for
an arbitrary £ € A. We will use that — by the slope phase correspondence
(lemma [2.4.8)) — any non-zero E € T satisfies
—R(Z(F(E))) _ —Dydy — (C; — 1)y
S(Z(F(E))) 4T

or, in other words,

> —cot(3m/4) =1

— D1d1 — 017“1 —1r9 >0 (438)
where d; = deg(F(F);) and r; = rank(F(F);) for i € {1,2}.

We will first prove the existence of the short exact sequence from definition
for a torsion-free object E. By [£.7.20] there is a short exact sequence
0 —>T - E — F — 0, with T torsion-free such that A_(7") > 3/4 and

F=F LN Fy € F is also torsion-free and A, (F) < 3/4. At first we will

prove that if T =T} % Ty is not surjective, then coker(t') is a torsion sheaf.
By lemma [4.7.20] it suffices to prove the statement for a A-semistable object
T with A\(T') > 3/4. If coker(t') # 0, then we also have ¢’ # 0, because, as
T, # 0 for ¢’ not surjective, ¢’ = 0 would yield that 0 — T5 is a subobject and
a quotient of T, which, by the A-semistability of 7" and lemma would
imply M(T)) < M0 — T3) = 1/2 < 3/4 < A(T). This is a contradiction.
Now, this implies im(#'), coker(t') # 0, and as a consequence we obtain the
morphisms

T1 e T1 and T1<—> T1
S N
Ty, — coker(t') im(t)—— Ty

in A". Now, if rank(coker(#')) > 0, then by A-semistability of T', we obtain
via Ty — coker(t') — F'(coker(t')) that

Ty ———»0

1

Ty —» F(coker(t'))

We use lemma [4.7.17 once again to see that A(T') < 1/2 < 3/4 < A(T), which
gives us a contradiction. Therefore, we have that coker(¢’) is a torsion sheaf.



127

Now, consider the short exact sequence

0 — 1T > Ey Fy > 0
J ltf sol l l (4.39)
0 —— im(t") —— B Fy —— 0.

We will prove 7" = T} LN im(t') € T, which means proving the condition
on the A-semistable factors of T} LN im(t') € T. Let us consider the last
short exact sequence in its HN-decomposition 0 — S — T/ — A — 0
with A = A; — A, A-semistable and torsion-free. We want to show that
A(A) > 3/4. Note that S is also a subobject of T, as a consequence we
consider the short exact sequence 0 — S — T — T/ S — 0. We have that
T/S is a quotient of T and therefore A(F(T/S)) > 3/4 by lemma 7 such
that we obtain 3/4 < M(F(T/S)) = A(A) via the fact that A\ (T/S) = A (A)
and rank(p,(T/S)) = rank(ps(A)) provided by coker(#') torsion. Therefore,
we have T} % im(#') € T by lemma 4.7.25 Moreover, we prove that F' is the

torsion-free part of Fj ER F} by considering the diagram

0 —— im(¢t) > By > F > 0
0 —— T2 > E2 > F2 > 0.

where 7 is the canonical embedding of the image. Applying the snake lemma
we obtain the exact sequence

87

0 — coker(t') — Fy — Fy — 0.

Since F, torsion-free and coker(t') either torsion or 0, we obtain F(Fj) =

Fy and T(F}) = coker(t'). This implies that Fy ER F; € F. Therefore, if
E1 — Ej is torsion-free, the triangle (4.39)) gives us the decomposition of £
in (7, F).

We are now in a position to prove the existence of the short exact sequence
from definition for an arbitrary E = E; - E, € A. Our main tool is
the snake lemma. Consider the short exact sequence

0—-T(E)—>E—F(FE)—0
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from lemma [£.7.22] We obtain the commutative diagram

(4.40)

with exact rows and columns in A", where T" € T,F’ € F. The object

E = E % E,is the fibre-product of E and T over F(E) such that the
exactness of
0—-T(F)—E—F(FE)—0

provides the morphism T'(F) — E and subsequently the exactness of
0=T(E)— E—T —0.

The snake lemma then provides the exactness of
0ESE—SE/E—0

as well as E/E = F'. Now define T = E, 2 im(@) and F = E/T =0 —
coker (), which means that

0T —E—F—=0 (4.41)
is exact. We will now prove that T € T. Consider the diagram

0 —— T(T) s F(T) —— 0

| B | L E | (4.42)

0 — T(E) - sy T —— 0

of exact sequences in A", where we obtain «, 3 via the fact that T, F are
functors. By the snake lemma we obtain the exact sequence

0 — ker(B) 1N coker(a) 5 F = coker(3) — 0. (4.43)
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Since ker(/3) is torsion-free and coker(a) is torsion we obtain [ = 0. The
snake lemma provides us with the key diagram

—~

0 —— T(E), — E . T
| d ‘|
0 — T(E)y —%5 FE, y Ty (4.44)

el

coker(t) —2— coker(p) — 0

with exact rows and columns — note that the surjectivity of ¢’ is provided by
T’ €~T. Since a1, ag and hence ay o a; is surjective, so is a4 0 az. Now, letting
by : E — F be the morphism provided by we see from po(7T") = im(p)
that pz'(byob;) = asoas making ps'(byob;) surjective. Since F = El/El =0,
we also obtain /\{‘(bg o by) and therefore by o by surjective. The canonical
morphism T(E) % coker(a) fulfils m on = by o by, we obtain that m is
surjective. This gives n = 0.

Now we obtain from the exactness of combined with [ = 0 that
ker(8) = 0 and with n = 0 that coker(8) = 0 as well. Hence, f is an
isomorphism, providing us with F(T) = T € T. Since F(T) € T, the
condition on the HN-factors of T is met by definition. Since moreover E 5
im() is clearly surjective, we obtain 7" € T .

It is now our task to prove the existence of an F’ € F such that

0T E—=SF =0

is exact. The surjectivity of a4 0 ag in (4.44) provides us with an additional
fact — since T(E)y is by definition a torsion sheaf, so is coker($). Hence,
by definition of 7, F = (0 — coker($)). From the application of the snake
lemma to the commutative diagram

0 > T s E s F

| 1]

0 T s B P s 0

of exact sequences (where F'=FE / T and ~ is provided by [32, Section 1.1,
(TR3)]), we obtain coker(c) = coker(y). Moreover, we have coker(c) = F’
by and therefore F' = coker(y). Since F’ € F, we have that A\ (F")
is torsion-free. Now, as A;(F) = 0 we have A, (F') = A\ (F’) and therefore
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A (F") torsion-free. Since, moreover, F is torsion, we have F(F') = F(F’)
which implies that the condition on the Harder-Narashiman factors is met.
Therefore, we obtain F’ € F and the proof is finished. H

Lemma 4.7.30. Let A = Coh(C') where C is an elliptic curve. The set
H(C, D) ={E D" | H(E)=0ifi¢ {1,0}, H'(E) € T and H’(E) € F}
is the heart of a bounded t-structure on DT,

Proof. This follows from the combination of lemmas [£.7.7] and the
application of the shift-functor to the resulting heart. O

We complete the data that we need for a stability condition.

Lemma 4.7.31. Let A = Coh(C) where C' is an elliptic curve. Let M =
{_él gl], det(M) > 0,det(M +I) > 0,4y, B; € R and Cy, Dy are the
—Dy O

same as in definition[{.7.11 The group homomorphism Z : 7* — C

2(Y) = Ay deg(M(Y)) + By rank(\ (V) — des(pa(Y))
+i(Dy deg(A(Y)) + Crrank(A(Y)) + rank(p2(Y)))

is a stability function on H(Cy, Dy).

Proof. We need to prove that the image of E € H(Cy, D;) under Z lies in
the strict upper half plane HU R.g. By virtue of lemma welet E €T
and consider the short exact sequence 0 — T'(E) - E — F(E) — 0, where
F(F) € T. Indeed, because of the right exactness of coker(—) we obtain that
K(FE) € Coh(C) implies that IK(F(E)) € Coh(C).

We prove now that Z(E[—1]) € HU R.y. To that end, we will first
show that Z(F(F)[—1]) € HUR«y. We only need to prove this for F'(E)
A-semistable — it is seen from the fact that holds for F(E), which
implies that we obtain $(Z(F(F)[—1])) > 0. Additionally we see that
Z(T(E)[—1]) € HU Rg. Indeed, as rank(T(F);) = rank(T(F),) = 0, then
deg(T(E);) > 0. If T(E); # 0 we have deg(T(E);) > 0 and moreover that

S(Z((T(E)[-1])) = — deg(T(E)1)Dy > 0, since Dy < 0. If deg(T'(E);) = 0
then T'(E:) = 0, and F(E;) = Ey, thus $(Z,.(F(E)[—1])) = SZ(E[-1]) > 0.
Since Z is additive with respect to short exact sequences, we obtain that
Z(E[-1]) € HUR,.

We now show that Z(F) € HUR( holds for £ € F as well. As \(E) is
a torsion-free sheaf, we have A, (T'(E)) = 0 and therefore T(E) = 0 — T(E)s,
where T(E), is a torsion sheaf. By lemma[l.7.27, T(E) € F and F(E) € F,
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which means that we only have to prove the statement for 7'(E) and F(FE).
Clearly Z(T(F)) = —deg(T(F)2) < 0, as T(E)y is a torsion sheaf, or, if
deg(T(E)3) = 0, we have £ = F(E) anyway.

Now consider A\-semistable F/(F) = F(E), EN F(E), e F. ENF(E)) <
3/4, then we obtain D;(deg(F(E);)) + Ci(rank(F(F),)) + rank(F(FE))s >
0 in analogy to and Z(FE) lies in HU R.,. We therefore have to
consider the case where A\(F(E)) = 3/4, in other words where we now have
the equation D;(deg(F(E),)) + Ci(rank(F(E)1)) + rank(F(E))s = 0 for a
A-semistable object F'(E). We set deg(F(E)); = d; and rank(F(E)); = r;
and aim to prove that Ayd; + Byry — dy < 0. First note that if F(E); = 0,
then 0 = Dydy + mCy + ro = ro which implies F(F) = 0. If F(E)y = 0,
then Dqd; + 7"101 =0 and Aldl + Bir; —dy = A1d1 + Bir; <0 giVGIl by the
condition det(M) > 0.

Therefore, we must now conduct our proof for F(E); and F(E)y # 0.
However, this implies rank(coker(f)) = 0. To see this, consider the short
exact sequence

0—— F(E), — F(E), 0 0
T N
0 ——im(f) —— F(E)y — coker(f) —0.

If rank(coker(f)) # 0, then by lemma and by the A-semistability of
F(F), we obtain the contradiction 3/4 = A(F(E)) < 1/2. This implies on
one hand that A(F(E); — im(f)) = A(F(E)) which gives E; — im(f) €
F since Ey — im(f) € F is a subobject of F(E) and on the other hand
that [F(E)] = [F(E); — im(f)] + (0,0,0,d5) in the numerical Grothendieck
group, where dj = deg(coker(f)) > 0. If we let d{ = deg(im(f)), we see that

Aldl + BlTl — d2 = A1d1 + BlT’l — dlll — dg S Aldl + B17"1 - dlll

and can therefore reduce our investigation to objects F(FE); ENy o (Es) € F

with coker(f) = 0. In other words, we have F(E) = F(FE); - F(E)s and
hence obtain r; = rank(F(£);) > rank(F(E)3) = ra.

Since K = i1 (K(F(E))) = ker(f) — 0 is a subobject of F(E) in A" and
F is closed under subobjects by lemma [£.7.3] we see that K € F. Since
[i1(K(E))] = [K] = (r1 — ra,dy — do,0,0), it follows from K € F that
X(Z(K)) = Dy(dy — dg) + C1(r1 — 1r2) > 0 and hence that —D;(d; — dy) —
Ci(r1—re) < 0. Since Didy+11C+719 = 0, we obtain — D1 (dy —dy) — C4 (r; —
r9) + Didy + 1 Cy + 19 < 0 and therefore Didy < —(Cy + 1)ry. Moreover,
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ro+Cir

5 and we obtain
1

Didy + r1Cy + 19 = 0 obviously implies d; =

1
D )(AlTQ + 7”1A101 — T1B1D1 + Dldg).

—h
Since —D; > 0, we must show that A;ry +rA1C7 —r1B1 Dy + D1dy < 0.
We have

Aydy + By —dy = (

AlTQ + 7'114101 — TlBlDl + Dldg S Al’l“g + 7"1A101 — TlBlDl — (01 + 1)7“2
= T‘Q(Al — 01 — ].) — Tl(det(M))
S 7’2(141 - Cl — 1) — rQ(det(M))

= 7o(—Tr(M) — 1 — det(M))
= 7“2(— det(M + I)) <0,

using that —r; < —ry, det(M) > 0 and det(M + I) > 0.

Since 7 is additive with respect to short exact sequences, we obtain that
Z(E) € HUR g for E € F and, since we have seen earlier that this holds
true for E € T[—1] also, we obtain Z(F) € H U R, for arbitrary F €
H(Cy, D). O

The following lemma is based on ideas of [I7, Proposition 7.1].

Lemma 4.7.32. Let A = Coh(C) where C' is an elliptic curve. If we have
Ay, B1,C1, Dy € Q and Z as in lemma |4.7.31. Then the pair (Z,H(C4, Dy))
is a pre-stability condition on DT.

Proof. By [7, Proposition B.2], in order to see that the HN-property is ful-
filled, we — on one hand — need to prove that {(Z(E)) | E € H(C1,D,)} is
a discrete subgroup of R. But since Cy, D1 € Q, we have D; = =, () = %
for o, § € Z and suitable m € Z.Therefore

Dy deg(A\i(E)) 4+ Cy rank(A\(E)) 4 rank(p(F)) =
adeg(\(F)) + Brank(A(E)) + mrank(pz(F)
m
and since deg(A1(F)), rank(A;(F)), rank(pa(E)) € Z we therefore obtain that
adeg(A(E)) + frank(A (E)) + mrank(ps(F)) € Z. Hence, since m is given
by C4, Dy and therefore fixed, the subgroup {J(Z(E£))} is indeed discrete.
Moreover, we must prove for £ € H(C4, D;) and an ascending sequence

0OcLiClLy,...CL;,C...CFE

of subobjects of E, where L; belongs to the full subcategory P’(1) of objects
with phase one, the sequence stabilises (note that P’(1) only becomes a slice
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as a result of this lemma). To prove that the sequence stabilises, we show
that P'(1) c A" which is noetherian by lemma giving the desired
result. As L; € H(Cy, Dy) = (F,T[—1]), applying lemma [1.7.9] we can use
the exact sequence

0— F,— L, - T;[-1] — 0, (4.45)

with F; € F and T; € T. Now, since F; and T;[—1] are in H(Cy, D;), we
obtain that Z(F;) and Z(T;[—1]) are in the upper half plane which provides
SZ(F;) > 0and SZ(T;[—1]) > 0. Since SZ(L;) = 0 we obtain SZ(T;[—1]) =
0 (and of course IZ(F;) = 0 also), by the exact sequence (4.45]), which gives
T; = 0. To see this use the torsion pair from lemma [£.7.22] Note that
SZ(T(T;)) < 0 with equality holding only if 7'(7;) = 0 and SZ(F(T3)) <0
with equality holding only if F/(7;) = 0 provided by since F(T;) is
a quotient of T;. This gives SZ(7;) < 0 and hence a contradiction, unless
T; = 0. Therefore P'(1) C F C A", which finishes the proof. O

Lemma 4.7.33. Let A = Coh(C) where C is an elliptic curve. Let o =
(Z,H(Ch, Dy)) be a pre-stability condition defined in[{.7.31 Then we obtain
that i1(C(x))[—1], A(C(z))[—1] and i2(C(x)) are in H(CY, Dy) and ir(C(z))
is stable of phase one.

Proof. Since Z(i2(C(z))) = —1, and io(C(z)) is a simple object in F, io(C(x))
is o-stable of phase one. We have i1 (C(x))[—1], A(C(z))[—1] € H(C1, D1)
by lemmas [4.7.7  and [4.7.9] since i1 (C(z)), A(C(x)) € T. O

We now define a torsion pair that we are going to need subsequently.

Lemma 4.7.34. Let A = Coh(C) where C is an elliptic curve. The pair
(Z1, A) with Z,(E) = Dy deg(F) + (Cy — 1)rank(E) + irank(E) for Cy, Dy
like in definition 15 a stability condition on D.

Proof. The corresponding Matrix is (_é)l 011_ L (and hence det(M) =
—D; > 0) for which we choose the unique f such that f(0) = 0 providing us
with an element g € é\i;(R)WhiCh finishes the proof. O

Definition 4.7.35. Let A = Coh(C), Coh(C) a smooth projective curve.
Define 7, = 731(%, 1] and F; = F1(0, %) where P; is the slicing that corre-
sponds to the stability condition (Z;,.A) with Z1(E) = Dy deg(E) + (Cy —
1) rank(E) + irank(E) for C4, D like in definition

Remark 4.7.36. Note, that equivalently B € 7, if the HN-factors of its
torsion-free part with regard to Z;(E) = D;deg(E) + (Cy — 1) rank(E) +
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irank(F) satisfy

—R(Z1(B)) _—D deg(B) — (Cy — 1) rank(B)
$(Z1(B)) rank(B)

> —cot(3m/4) =1

and B € F; if it is a torsion-free sheaf, whose HN-factors satisfy

—R(Z1(B)) _—Dy deg(Ai(B)) — (Cy — 1) rank(A(B))
3(Z1(B)) rank(\;(B))

Lemma 4.7.37. The pair (71, F1) defined in is a torsion pair on A.

Proof. As mentioned in Remark [4.7.6] this is a standard-construction of tor-
sion pair. ]

< —cot(3m/4) = 1.

We use this to obtain the following important lemma after introducing
new notation.

Definition 4.7.38. On D = D’(A) for A = Coh(C), C' a smooth projective
curve, define A” := P, (r,r + 1].

Lemma 4.7.39. Let A = Coh(C) where C is an elliptic curve. We have
that

ZQ(.A) C H(Cl, D1)7i1(Ar) - H(Cl, Dl) G/fld A(Ar?’) C H(Cl, Dl), (446)

where cot(rm) = CL cot(rsm) = C}D—Jlrl with r,r3 € (—1,0) such that A" =

FLT).

Proof. Since A\; 0iy = 0 we have iy(A) C F C H(Cy, D1) by lemma .

The strategy to prove that both other inclusions hold is to make use of the
torsion-pair defined in[4.7.35] We will prove 4, (77) C T as well as i (F) € F.
We proceed similarly for A(A") C H(Cy, Dy), using a torsion pair analogous
—D1 Cl —1

0 2 )

To see that i1(A") C H(Cy,Dy), let E € A" be a p-semistable object.
Without loss of generality we may assume F to be torsion-free as otherwise
we would simply work with F'(i1(E)). If i;(E) had a A-destabilising subobject
S, we would obtain

—D; deg(E) — (Cy — 1) rank(FE) - —D; deg(S) — (C1 — 1) rank(S)
rank(FE) rank(.S)

to (71, F1) (the corresponding matrix is now

and since —D; > 0, hence

deg(E) _ deg(F)
rank(E)  rank(F)
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which provides a contradiction implying that i,(F) is A-semistable also.
Moreover, since Z; of definition fulfils 7, = Z) o4y, E € Py(t) im-
plies A(i1(E)) = t.

If A € Ti, note that K(i1(A4)) = A € A. Now consider its HNF
Aq,...,A,. Since Ay, ..., A, are u-semistable and in 7; we have Ay,... A, €
Pi1(2,1] and hence A(i1 (A1), ..., A(i1(An)) € (2,1]. Since 44,..., A, are also
torsion-free However, T is extension closed and we obtain A € (A;,..., A,) C
T.

Let now A € Fj. Since Pi(1) C 7; in A, the torsion-free criterion on
the objects in ¢y (F;) is fulfilled — if A = A;(i1(A)) was not torsion-free, then
there would be a non-zero morphism from a torsion subobject S € P; € T;
onto A € F; which is impossible. Now consider the HNF A;,..., A, of A
and repeat the argument used in the case of Tj.

Therefore we obtain i;(71) C T and i1(F;) C F. This implies i, (A") C
H(Cy, D).

To see that A(A™) C H(C4, D;), we consider a torsion pair given by
(T3, F3) = (P(rs+1,1],P(0,r3+1]), » € R on A, such that A™ = (F3, T3[—1]).
Let E € A" be a u-semistable object. Note that we can assume p-semistability
without loss of generality because otherwise we only consider its last or, re-
spectively, its first HN-factor. We can additionally assume E to be torsion-
free as otherwise we simply work with F(A(E)). We have that K(A(E)) =
0 € A. Let A, be the last factor in the A-HNF of A(E). We need to prove
that A\_(A(E)) = A(A,) > 3/4, that is —Dyd — Cirf — rh > 0 (see ([1.38))
where rank((A4,,);) = 7} and deg((A4,,);) = d, with A,, = (An)1 = (Am)2.
Note that the surjectivity is provided by the fact that A,, is a quotient of
A(FE). Since A, being a quotient of A(E) also implies A\ (A(E)) — (Am)1,
we obtain from the p-stability of A;(A(E)) that

d_/lz

/
T

1((Am)1) = p(M(A(E))) = r(i(lalglf()\)\lfé((EE?)))))

which, in combination with the fact that A(F) € A(T3;) and we therefore
obtain A\ (A(FE)) € Ts, provides

—Dydy — Cir S — Dy deg(M(A(E))) — Cyrank(A (A(E)))

r; = rank( A (A(E))) > 1

via % > _05_4;1. This gives —Dyd} —Cyry — 7 > 0 and since (A;,)1 — (An)2
implies ] > 7, we conclude

—Dldll — C’lrll — T’é > —Dldll — 017’/1 — 71 > 0.
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Hence, A(7T3) € T and similarly, now using the first semistable quotient A;
in the HNF of F which — since it is the first quotient — is also a subobject of
A(E), we obtain A(F3) C F which, as before, finishes the proof. ]

4.8 Pre-stability conditions in O

This subsection aims to introduce the important result that pre-stability
conditions in o € ©;; are always constructed by CP-gluing using one of
the semiorthogonal decompositions (D, Ds), (, D3, D), (D2, D3) or by tilting
in the sense of lemma up to the GLJ (R)-action. We will establish
theorem via the investigation of ©,.

We first characterise the hearts of the pre-stability conditions in terms of
the stability of the skyscraper sheaves, by studying pre-stability conditions
satisfying that one of the three embeddings of the skyscraper is stable of
phase one. We then distinguish between the case where one certain other
embedding is not o-stable and one where it is. Where the non-stability of the
embedding in question will turn out to be resulting in a CP-glued pre-stability
condition, the other ones will turn out to be pre-stability conditions of the
form of lemma . We adapt the theory developed in [I7, Proposition
10.1].

The following is a special case of the theory developed in corollary [£.2.24]

Definition 4.8.1. Define

e His = {E € DI | \((E) € A, p2(E) € A} and therefore to be the
heart obtained by CP-gluing using two copies of A, with regard to the
semiorthogonal decomposition (D, Ds),

o Hyy = {E € D' | po(E) € A K(E)[1] € A} and therefore to be the
heart obtained by CP-gluing using two copies of A, with regard to the
semiorthogonal decomposition (D3, D),

o Hys = {E € D' | K(E) € A M\ (E) € A} and therefore to be the
heart obtained by CP-gluing using two copies of A, with regard to the
semiorthogonal decomposition (Ds, D3).

Remark 4.8.2. Note that 5 from definition is equal to AT.

Lemma 4.8.3. Let A = Coh(C), where C is an elliptic curve, and o =
(Z,H) be a pre-stability condition and assume that there are exact functors
iw:D—-D'j:D—-DI,:D—-D, i :D - D I': D - D,
g% : DY = D with i, [—1] 4 5* 4 j. 4 5" A1, 41" i, where j, is an embedding,
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such that we have 1.(C(z)),i.(C(x)) are o-stable and j.(C(z)) is o-stable of
phase one. Assume additionally, that there are non-zero morphisms

i.(C(x)) = j.(Cl2)[1)),
7:(C(x)) = L(C(x)) (4.47)
and 1,(C(x)) — i.(C(x)).

IfE € H, then H*(j'(F)) = H*(IN(E )) 0, unless k € {0 1}. Also H*(j*(E)) =
0, unless k € {—1,0}. Moreover, H*(j*(E )) and H(I'(E)) torsion-free.

Proof. First note that i,(C(z))[—1], l.(C(z))[—1] € H. To see this, consider
the morphisms of ([£.47)), which provide 1 < ¢, (L.(C())) < ¢, (ix(C(2))) <
2.

It suffices to conduct our proof for E stable. Otherwise we consider its
JHF with last exact triangle

Eyy— By — Ay 5
and using the exactness of F' € {j',1',*,} we obtain the exact triangle
F(Ey_1) — F(By) — F(Ay) 5
and hence the exact sequence
H'(F(Ey-1)) — H'(F(Ey)) — H'(F(Ay))

where we obtain H'(F(Ay)) = 0 directly and H*(F(E}_;)) = 0 by induction.
We will continuously apply [19, Proposition 5.4] and proceed as follows.
To see that H*(j'(E)) = 0, unless k = 0,1 we will prove that

Hom’ (j'(E), C(x)) = 0 for j ¢ {—1,0} for j'(E) # C(x).
If j'(E) = C(x) then the statement obviously holds true anyway. We have
Hom' (5'(E), C(x)) = Hom?! (E, I,(C(z))) which is zero if j < 2

because of E € H = P(0,1] and C(x) € P(1,2) where P is the slicing of o.
On the other hand,

Hom (j(E), C(x)) = Hom' (C(x), j'(E))"
= Hom' 7 (j,(C(x)), E)* =0if 1 — 5 <0

and E ¢ P(1), since j.(C(z)) € P(1) by assumption. If, however E €
P(1), then Hom' ™7 (j,(C(x)), E) # 0 would imply 7,(C(z)) = E since E



138

~Y

was assumed to be stable. Since j, is an embedding we obtain j'(E)
7'(j.(C(z))) = C(x)) and the statement holds true as well.

To see that H*(I'(E)) = 0 for k ¢ {—1,0} proceed similar as before.
However, in this case this will also imply H(I'(E)) torsion-free since we can
prove the Hom-vanishing without the consideration of I'(E) = C(z). We
have

Hom? (I'(E), C(z)) = Hom?! (E, i,(C(z))) = 0 for j < —2
and
How (I'(E), C(x)) = Hom' ™ (C(x), ()"
= Hom'7(1,(C(z)), E)* =0 for 1 — j < 0.

To see that H*(j*(F)) = 0, unless k € {—1,0} and H~'(j*(E)) torsion-
free we use

Hom’ (j*(E), C(z)) = Hom(E, ,(C(x))) = 0 for j < —1
as well as
Hom’! (j*(E), C(z)) = Hom" ™ (C(z), j*(E))*
= Hom' (i, [1]C(z), E)* =0if 1 —j < —1,

or, in other words, 2 < j.
O

Remark 4.8.4. We need the level of generality of lemma [£.47] to not only
obtain the first part of lemma but the analogous statements for the
situation where

J =AM, de = 01,5 = K1, = io[1], 1) = pao[—1],4, = A[1]
and the situation where
F = pa g = A g = A L=y, 1=K i, = ig[1]
because we subsequently need this to prove lemma |4.9.31

Lemma 4.8.5. Let A = Coh(C) where C is an elliptic curve and o =
(Z,H) € ©12 and assume that A(C(x)),i1(C(x)) are o-stable and ia(C(x))
is o-stable of phase one. Then, for E € D we have

1. If E € H, then H(po(E)) = H'(M\M(E)) = 0, unless i = 0, 1.
HY{(K(E)[1]) =0, unlessi = —1,0. Moreover, H *(IK(E)[1]), H°(A
are torsion-free.

Also
(

(M (E))
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2. If E 1is stable of phase one, then either E = is(T), where T € A a
torsion sheaf, or E € Hio with H'(K(E)[1]) = 0 and we have that
M (E) and po(E) are torsion-free.

3. Hia C PJ(O, 2]

4. The pair T = Hi2 N P,(1,2] and F = Hia NP,(0,1] defines a torsion
pair of His. Moreover, the heart H is the corresponding tilt.

Proof. There are morphisms

such that we can apply lemma to see that part one holds.

We now proceed to prove the second part. Let E € P,(1) a stable object,
which is not isomorphic to i5(7"), where 7' is a torsion sheaf. Since ¢,(E) = 1,
like the proof of lemma continuously applying [19, Proposition 5.4], we
have

H'(A\(E)) =0 unless i = 0 and H'(p2(E)) = 0 unless i = 0

as well as A\;(F) and py(E) torsion-free.

For the third part assume E € Hip C D=°ND="1 where (D=, D=") is
the standard t-structure on DT, If F' € P,(2,00), then, by the first part, F' €
D="1. Consequently, we have 0 = Hom(D=° D=!) = Hom(D="2 D="1),
therefore Homp: (F, E) = 0. Analogously, we have that if B € P,(< 0), then
B € D='. Now, since Hom(D=" D=!) = 0, then Homp(E, B) = 0. It follows
that £ € P,(0,2].

We now prove the fourth part. Let E € His, by the third part of the
statement, there is an exact triangle A — F — B i>, where A € P,(1,2] and
B € P,(0,1]. After applying A\; we obtain a long exact cohomology-sequence
and by part one we have H '(\;(A4)) = H'(\(B)) = 0. This implies that
A (A), A\ (B) € A. Analogously, we have py(A), p2(B) € A and we obtain
A, B € His.

O

With the aid of lemmas[4.8.6]and [4.8.7], we now prove the following crucial
fact, proposition 4.8.11] We will use the stability function Z, from definition
2.5.38
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Lemma 4.8.6. If A = Coh(C) where C is an elliptic curve, F' € {iy,i2, A}
and o is a pre-stability condition on D' such that we have F(C(x)) and F (L)

are o-stable for any line-bundle L, then there ezists g € @;(R) such that
og = (Z',H') satisfies F(P,(0,1]) = F(A) C H' and Z'(F(E)) = Z,(E) for
all B € D.

Proof. We have that
Hom(O¢, C(z)) #0 (4.48)

and — since the Serre functor Sp is equal to [1] provided by the fact that
C is elliptic — additionally that Hom(C(z), O¢[1l]) = Hom(O¢, C(x)) and
therefore

Hom(C(z), O¢l1]) = 0. (4.49)

The assumed stability of F(C(x)) and F(O¢), now provides the inequality
0.(F(O¢)) < 95 (F(C(x))) < ¢5(F(O¢)) + 1. Therefore, there is an orienta-
tion preserving transformation M : R? — R? satisfying that

(A, D)~ (—1,0) and (B,C) — (0,1), (4.50)

where Z(F(C(z)) = A+ Di and Z(F(O¢)) = B+ Ci. There is an increasing
function f : R — R that is compatible with M = T~! and that satisfies
Flo+1) = f() + 1 with £(1) = 6,(F(C@))), £(1/2) = 6,(F(Oc)). The
existence of this f is granted by the fact that M (Z(F(O¢))) = (0,1) and
M(Z(F(C(x)))) = (~1,0). We obtain (T, f) € GL, (R). The stability
condition ¢ = o(T, f) satisfies i;(A) C H ', where 0 = (Z',H'). Indeed, we
have

F(C(x)) € P(¢o(F(C(x))) = P(£(1) =P (1),
F(L) € P(6s(F(L))) = P(f(tc)) = P (te),

with t, = ¢ (F(L)) € (0,1) since and provide the inequality
o (F(C())) =1 < ¢ (F(L)) < ¢or (F(C(x))). Therefore, all point sheaves
and line bundles in A are mapped into P’(0,1] by F. Since any object in
A admits a filtration with quotients either isomorphic to point sheaves or to
line bundles, we obtain F(A) C H .

Finally we require Z'(F(E)) = Z,(E) for all E € D. This is provided by
(14.50). O

Lemma 4.8.7. Assume A = Coh(C) where C' is an elliptic curve, F €
{iy,49, A} and 0 = (Z,H) a pre-stability condition on D' such that for Z o
F =2, F(P.,0,1])) = F(A) C H and F(X) is o-stable for all stable X €
Coh(C). For any (T,f) =g € C/}VL;(]R) we have that og = (Z',H') satisfies
F(P,(r,r +1]) = F(A") C H', where r = f(0).
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Proof. Because F'(X) is o-stable and Z(F(X)) = Z,(X), we get that X and
F(X) have the same phase up to the addition of an even number. But we
assumed F'(P,(0,1]) C H, so the phase of F(X) lies in the interval (0, 1].
As the phase of X is in the same interval, they must agree. This shows that
F(P,(t)) C P(t), where P is the slicing of o. If P’ is the slicing of og, then
H' = P'(0,1] = P(r,r + 1] and the result follows now. O

For simplicities sake we introduce the following notation.

Notation 4.8.8. Assume A = Coh(C') where C is a smooth projective curve.
Let Y € A", Denote

di = deg(M(Y))), 1 = rank(A(Y)))
dy = deg(pa(Y')), r2 = rank(pa(Y")).

Definition 4.8.9. Let A = Coh(C'), where C'is an elliptic curve and o € ©5.
Assume that g € (/}\i;(]R) was applied to o such that there are stability
conditions oy = 0,(T, f) = (Z1, A"),r = f(0) > —=1,(T, f) € @i;(lR) and
oy = (Z,,A) € Stab(D) with i1(A") C H, iz(A) C H, and Z‘Dl = 7,
and Z ’DQ = Z,. We refer to the conditions above as "normalised stability
conditions”.

(4.51)

Notation 4.8.10. We denote M :=T"! and M := (:g g)

Proposition 4.8.11. Assume A = Coh(C') where C' is an elliptic curve.

1. Bvery @;(R)—orbz’t on Oy (with Oy defined in |4.5.27) contains ex-
actly one normalised element oy .

2. Let (Z,H) = 0 € O3 and 0 = o,(13, fa) = ongs where oy is the

normalised stability condition corresponding to the @;(R)—orbit of o
then i (AT 2OD) € H and iy(A2) € H where f corresponds to oy.

Proof. We will start by proving the second statement as it contains the first
—~ +
as a special case if we additionally prove r > —1. Pick ¢ in the GL, (R)-

orbit. By lemma [4.8.6) where F' = iy, we can pick ¢’ € (/}\i;(]R) such that
i1(A) ¢ H and Z' oty = Z, and Z" o iy = Z,, where o' o ¢ = o' =
(Z',H"). Now, again by lemma where we now let ' = iy, we can pick
g" € @;(R) such that i3(A) C H", where 0 o ¢" = " = (Z",H"). By
lemma letting F' = 4y, we obtain i1(A") = i1(Pu(r,r +1]) C H" as
well. Now, considering ¢” o gy for any g, € @i; (R), provides iy(A?2(0)) =
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i2(Pu(f2(0), f2(0) +1]) € H" via lemma [4.8.7 with F' = iy, where " is the
heart corresponding to o” o go = ¢’ 0 ¢” 0 go. Considering o’ o ¢” o g, provides
i1 (AT 2O = 4 (P, (f" o f2(0), " o f2(0) + 1]) € H" via lemmawith
F =i,. Letting g = ¢’ 0 ¢” and f” = f; we obtain H"” = H and the result
for arbitrary g, € C/}\i; (R) follows.

If, on the other hand, g, = 1 GLHR) and hence H"” = H"', we must prove
r > —1. Lemma provides » > —1. Therefore, all that is left to prove
is that r # —1. Assume that r = —1. Then if Z” 0 iy(ry,dy) = Ady + Bry +
(Cry + Ddy)i, we get D = 0 since f”(0) € Z is equivalent to D = 0 by the

compatibility of 7" and f that provides the equation exp(imf(0)) = &giﬂ
where T = M = (:é g) Hence Z(i1(C(x))) € R such that
oon(i1(C(x))) € Z. (4.52)

Consider the non-zero morphism i;(C(z)) — i2(C(x))[1] which provides us
with

Do (i1 (C()) < 6o (in(C(@)[1] = G (in(C(x) +1=2.  (453)

since we have ¢, (io(C(z)) = 1. Since r = —1 we obtain (r,r + 1] = (—1, 0]
such that C(z)[—1] € P,(r,r + 1] and therefore i, (C(x)[—1]) € H = P(0, 1].
This gives i, (C(z)) € P(1, ] and therefore ¢, (i1(C(x))) > 1. Combined
with ¢ (i1(C(z))) < 2 by we therefore have ¢, (i1(C(x))) ¢ Z, con-
tradicting . O

Remark 4.8.12. In the following we will use the notation oy = 0, (7, f) and
M = Tl%g g) and r = f(0) for stability conditions of the kind of
definition

Proposition puts us into the position to determine by which con-

struction a normalised stability condition with r > 0 was obtained.

Lemma 4.8.13. Let A = Coh(C), C a smooth projective curve and o =
(Z,H) € O1a, such that there are stability conditions

o1 = (21, A") = 0,(Th, f1) and 02 = (Z,, A) € Stab(D)

with i1 (A") C H, i2(A) C H,Z|D1 = 7, and Z}D2 = Z,. If f1(0) =
r >0, then o is obtained by CP-gluing stability conditions (01,0,) via the
semiorthogonal decomposition (D1, D).
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Proof. Since oy and o5 satisfy gluing conditions f;(0) > 0, (see lemma[3.2.31]
where o« = f1(0) and g = 0) there is a pre-stability condition ¢ = (Hz, Z5)
that is obtained by CP-gluing stability conditions (o4, 0,,) via the semiorthog-
onal decomposition (Di,Ds) on D'. Because of i1(A") C H, is(A) C H,
Z b = Z1, we have Hz C H and since Hz and H are hearts of bounded
t-structures this implies Hz = H. On the other hand, Z and Z5 are uniquely
determined by Z; and Z, anyway. O

We will now deal with the case where f;(0) = < 0 broken down into a
series of lemmas.

Lemma 4.8.14. Let A = Coh(C), where C is an elliptic curve and o =
(Z,H) € O1a, be a normalised pre-stability condition on D'. We have r < 0
if and only if A(C(x)) is o-stable.

Proof. We will start by proving that A(C(x)) o-stable is equivalent to having
¢5(11(C(x)) > 1. To see this, consider two cases.

1. If A(C(x)) is o-stable, then the exact triangle
io(C()) = A(C(2)) = ir(C(x)) =

provides ¢,(i2(C(2))) < ¢,(A(C(x))) < ¢o(i1(C(x))). And since
¢5(i12(C(x))) = 1 by assumption, we have ¢,(i1(C(z))) > 1.

2. If A(C(x)) is not o-stable, then the exact triangle
io(C(x)) = A(C(2)) = ia(C(x)) =

is the JHF of A(C(z)) if A(C(x)) is o-semistable, in which case we
have ¢, (is(C(2))) = ¢, (A(C())) = ¢o(i1(T(x))) and the HNF if
A(C(z)) is not o-semistable, in which case we have 1 = ¢, (i2(C(z))) >
0o (11(C(x))). Therefore ¢, (i1 (C(x)) < ¢o(i2(C(x)) = 1.

Hence, we have established that A(C(z)) o-stable is equivalent to having
B0 (i (C(x)) > 1.

We have i (P,(r,r + 1]) € P(0,1] and hence &1 (P,(r + n,r +n+1]) C
P(n,n + 1] for any n € 7Z as well. There is a unique n € Z for which
we have 1 € (r +n,r +n + 1]. Since we know C(z) € P,(1), we obtain
i1(C(x)) € P(n,n + 1]. This is equivalent to ¢,(i;(C)(z) € (n,n + 1].
However, ¢,(i1(C)(z) > 1 if and only if n > 1. Since 1 € (r +n,r +n + 1]
we now have 1 > r +n > r+ 1 if and only if ¢,(i1(C)(z) > 1, if and only if
r < 0. [
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Lemma 4.8.15. Let A = Coh(C) where C is an elliptic curve and o =
(Z,H) € Oy be a normalised pre-stability condition on D'. If we have
r = fi(0) < 0 and oy = 0,(T1, f1) € @;(R) and let M = T;', then
det(M + 1) > 0.

Proof. Let M = :g g . If Tr(M) > 0, we have det(M + I) > 0 via

det(M+1) =det(M)+Tr(M)+1>0.If —A+C = Tr(M) < 0, then A(O¢)
not o-stable would imply ¢, (i1(Oc)) < ¢,(i2(Oc)). We have ¢,(ia(O¢)) =
1/2 since o is normalised, such that ¢, (i1(O¢)) = (0, 1/2], such that B,C >
0. Hence, via D < 0 and —AC + BD = det(M) > 0 we obtain —AC >
0 such that —A + C' > 0 contradicting the assumption. Since A(C(x))

is also stable, by lemma [4.8.14] we obtain ¢,(A(O¢)) < ¢o(A(C(z))) <
$o(A(Oc))+1. Since Z(A(C(x))) = A—1+iD, Z(A(O¢)) = B+i(C+1) and
we also have Z(A(C(x))) = ma(c(a)) exp(imos(A(C(z)))) and Z(A(O¢)) =
ma(oe) exp(imds(A(O¢))), we therefore obtain

det(M +1)=BD - (A—-1)(C+1)

= MA(@(2) €08(TPs (A(Oc)))ma(c(a)) sin(Tgo (A(C(2))))—
MA(C() ST (A(Oc)))ma(@(z)) cos(mde (A(C(1))))

= MA(C(2))MA(Oc) Sin((¢a(A(@(x)))— +(A(Oc¢)))m) >0

(since obviously ma(c(z)), Maoe) > 0). O

Lemma 4.8.16. Let A = Coh(C) where C is an elliptic curve and o =
(Z,H) € ©12 be a normalised pre-stability condition on D' and assume that
A(C(x)) is o-stable. Then o is given by a pair constructed in lemma|4.7.31,.

Proof. Since o is normalised in ©15 we have that i;(C(x)) is o-stable and
the object iy(C(z)) and i5(O¢) are in H and are also o-stable with

Z([i2(C(2))]) = =1 and Z([i2(Oc)]) =

By proposition [4.8.11], in combination with the assumption that o is nor-
malised, there are stability conditions o1 = (Z;, A") and oy = (Z,, A) €
Stab(D), such that i1(A") C H and i5(A) C H, with Z‘Dl = 7, and Z‘DQ -

Z,. Lemma|4.8.14 implies —1 < f1(0) < 0, where oy = (T3, f1)o, € (/}\i;(]R)
We start by noting that Z can be written in the way of lemma as it
is completely determined by Z; and Z, and therefore, with the notation of

(4.51)), has the form

Z(Tl,dl,’l“g,dg) = Adl + B?”l — d2 —+ ?:(C?”l + Dd1 + Tg)).
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Let M be defined by M = T, = :g g

tion, we have that det(M) > 0. The exact triangle i5(C(z)) — A(C(z)) —

i1(C(z)) = has all involved objects stable and therefore 1 = ¢, (iy(C(z))) <
0o (A(C(2))) < ¢5(i1(C(x))) < ¢o(i2(C(x))) + 1 = 2. This implies D =
My, (©(2)) SI(@0 (i1 (C(x)))m) < 0, since, by definition, we have m;, (¢ () > 0.

Now consider the torsion pair (7,F) = A" given in lemma . We
are going to show that it equals the torsion pair (7, F ) given by definition
It is enough to prove that 7~ C T and F C F.

We take a torsion-free A-semistable object £ = E; — FE, € T', which
by definition satisfies A\(E) > 3/4. We have the existence of a short exact
sequence

. Since oy is a stability condi-

0=-T—>FE—=F—=0, (4.54)

with T € T and F' = F, — F, € F. Since E € 7' and — hence — we have
E = (E; — E,) such that F' = (F} — Fy) via E — F, we can assume
F # (0 — G3), where G, is a torsion sheaf. We apply lemma to
see that the short exact sequence gives us A(F) < A(F), provided
by the A-semistability of E which implies A(T') < A(E), hence A(F) > 2.
On the other hand, we have J(Z(F)) = R(Z\(F)) + S(Zx(F)), which is
greater or equal to zero if R(Zy\(F)) > —S(Z\(F)). The latter, however, is
equivalent to \(F) < %, providing us with a contradiction and this implies
that I = (0 — G3) where G is torsion which is another contradiction such
that F' =0 and hence £ € T.

Taking a A-semistable torsion-free object £ = F; — F, € F', we have
A(E) < 3/4 by definition. Firstly, consider the case A(E) < 3/4. There is
a short exact sequence given by 0 - T' — E — F — 0, with T € T and
F e F.Since T € T C P(1,2] we have J(Z(T)) < 0. this is equivalent to
R(Z\(T)) +(Zx(T)) such that A(T') > 3/4. If T' # 0, the A-semistability of
E implies 3/4 < \(T') < A(E) < 3/4, which gives a contradiction and hence
T = 0 and we obtain £ € F.

Take a torsion-free A-semistable object E = Ey 5 E, € F' with A(E) =
3/4, we consider the short exact sequence 0 — T — E — F — 0, with
T € T and F € F. The inequality 3/4 < A(T) < A(E) = 3/4 holds such
that 3/4 = \(T"). We get T'[—1] € P(1), where P is the slicing corresponding
to 0. This is because A\(T) = 2 is equivalent to S(Z'(T)) = 0 and since
T € P(1,2], we obtain T' € P(2). To see this consider that T' € P(1,2]
provides T[—1] € H. We have (Z(T[-1])) = —=(Z(T)) = 0. Any HN-
factor L of T|—1] € H is also in H and therefore I(Z(L)) > 0. Since
T[—1] is the sum of its HN-factors in the Grothendieck group, we obtain
X(Z(L)) > 0. We obtain L € P(1) which is extension closed such that
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T[-1] € P(1) and therefore T' € P(2). Moreover by lemma [4.8.5 we have
that P(1) € A". Hence, T[—1] € A" and since — at the same time — we have
T € A" this implies T' = 0.

Note that for all torsion-free object E € T, we obtain E € T via its \-
HNF — which works analogously for E € F . This result extends to any object
in 7 and F. In consequence, 7 =T, F = F and therefore H = H(C1, Dy).

We can now apply lemma letting ¢ = Cy and D = D;. This
finished the proof. O

Lemma 4.8.17. Let A = Coh(C) where C is an elliptic curve and o =
(Z,H) € O1a, such that there are stability conditions

o1 = (Zl,.AT) = (Tl,fl) and oy = (ZM,A) S Stab(D)

with iy(A") C H, i2(A) C H, 2|, = Z1 and Z|, = Z,,. If f1(0) = r, with
—1 <r <0, then o is given by a pair constructed in lemma|4.7.51.

Proof. This combines lemmas [4.8.16| and |4.8.14} m

Proposition 4.8.18. Let o be a pre-stability condition in ©15. There is an

—~ +
element g € GL, (R) such that og is given by a CP-glued pre-stability con-
dition or one constructed by tilting in lemma[{.7.31]

Proof. Apply proposition [4.8.11], then the result follows by lemmas 4.8.13
and .8 17 O

We will finish this section by adding to our description of pre Stab(D")
provided in theorem [£.5.29] by studying which stability conditions in a given
©,; do actually belong to the subset of stability conditions glued via either
of the semiorthogonal decompositions (Dy, Ds), (D, D3) or (D3, Dy). The
aim — therefore — is to refine the result of proposition by establishing

theorem [4.8.36]
. . —-A B
Notation 4.8.19. For a Matrix M = _p Cl denote

1. its characteristic polynomial x? — Tr(M)x + det(M) (where Tr(M) is
the trace of M), by pa(x) and

2. the discriminant Tr(M)? — 4 det(M) of p(x) by Discr(M).

Definition 4.8.20. Define
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e O; to be the set of pre-stability conditions, for ¢ = 1,2 or 3, which are,

up to the action of (f}vLZ+ (R), CP-glued with respect to the semiorthog-
onal decomposition (D;, +D;), and

e I' to be the set of pre-stability conditions, which up to the é\i;(]R)—
action is given by lemma [4.7.31| with Discr(M) < 0.

By studying the discriminant of M, we will investigate if the correspond-
ing o is in either of the ©;, for i € {1,2,3}.

Lemma 4.8.21. We have

e O C O,
[ @2 - @23 and
L4 @3 C @31.

Proof. Firstly, B B B
@1 C @12,@2 C @23 and @3 C @31

follows from [21], Proposition 2.2(3)].

For o € PreStab(D') assume E € A stable and i, (F) strictly o-semistable,
then @(i1(E)) = ¢(i(E)[1]) from the JHF (lemma [£.5.31)). If o CP-glued
from oy = 0,(T1, f1) and oy = 0,(1%, f2), then f1(0) > f2(0) (condition for
CP-gluing). Now, for ¢ = ¢(i1(F)) = ¢(i2(E)) + 1, using [21, Proposi-
tion 2.2(3)], we obtain £ € Pi(¢) = Pu(fi(¢)) as well as £ € Pa(¢p — 1) =
P.(fa(p) —1) such that fi(¢) = f2(¢)—1. Let n € Z such that ¢ € (n,n+1],
then we obtain fi(n) < fi(¢) = fo(¢) — 1 < fa(n+ 1) — 1 = fo(n) such that
we now obtain f1(0) < f>(0) which is a contradiction such that i;(£) must
be o-stable. A similar argument leads to is(E) o-stable such that ©; C ©1s.
Again by similar arguments we obtain ©5 C O3 and O3 C Og;. H

Definition 4.8.22. For o3 = ((M + I)™!, f3) define

f12(0)(z) = fi(xz) — z and hence also
fas(0)(z) = 2 — f3(z) and
fa1(0)(z) = fs3(x) — fi(z).

Definition 4.8.23. Let (A")! be the unique heart of a bounded t-structure
obtained by CP-gluing via (i1 (D), i2(D)) from two copies of hearts A! on D =
DP(A) for A = Coh(C), C a smooth projective curve, where A' = P, (1,1 +1]
by definition with [ = r.
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Lemma 4.8.24. Let 0 € ©15 normalised with corresponding M. If f1(0) < 1
and we additionally assume that we have Discr(M) > 0 and also the eigen-

values of M are positive, then there is g € (/}\i;(]R) such that og = (Z, (AN,
withl € R and —1 <1 < 1. Moreover we have o € 0.

Proof. The eigenvalues are assumed to be real (by the assumption that we
have Discr(M) > 0), positive numbers. The same follows for 7} correspond-
ing to fi. Let A € R be an eigenvalue of T} and v € R? = C its corresponding
eigenvector, in other words, Tiv = Av. We consider the polar coordinates of
v = (mcos(¢),msin(¢)) with ¢ € (—m, 7] and m € Rs( and claim that

og € Oy, where g = (K, fs) € (/}\i;(]R) (For the definition of K, see|A.2.1
and lemma for its implications, f, fulfils f,(0) = £.) In other words,
we want to prove that og is obtained by CP-gluing via the semiorthogo-
nal decomposition (D;,Ds). We consider 019 = 0,(T1Ky, fi o f3) where
oy = o,(Th, fr).

Using the compatibility between f; o f; and 71K, over S' and the fact
that v is an eigenvector, we will now prove that f; o f4(0) = ¢/m. As a
representative for the positive real axis we choose the vector vy = (1,0) Since
Kyvg is (cos(¢),sin(¢)) (K, is the rotation-by-¢-matrix), we therefore have
Kyvy = %v providing us with 71 K4vg = %v. This means that 7T} K, maps
the positive real axis onto the ray trough v, in other words, exp(im f1 f5(0)) =
exp(i¢). This implies f;f4(0) = ¢/m + 2k for some k € Z. We now have to
prove k = 0. From ¢ € (—m, 7] we obtain —1 < ¢/m < 1. Since f; is an
increasing function and —1 < f;(0) this implies —2 < f1(—1) < fi(¢/m) =
o/m+2k = fi(¢/m) < fi(1) < 2. Therefore we obtain k € {—1,0,1}. Ifk =1
we obtain ¢/m + 2 < 2 which implies ¢ /7 < 0. Then fi(¢/7) < f1(0) < 1
and hence ¢/m+2 = f(0) = fi(¢/m) < 1 which gives ¢/m < —1, providing a
contradiction. Similarly, k = —1 gives a contradiction via ¢/ > 1 such that
we obtain k£ = 0 and hence f; o f4(0) = ¢/.

We now consider 029 = 0,(Ky, fs). We obtain fi2(0g)(0) = 0. By lemma
[3.1.16, we obtain that og = (Z, (AN!),l = ¢/7 € (—1,1] is glued from o1g
and 0,9 via the semiorthogonal decomposition (Dj, D). O

Lemma 4.8.25. Let A = Coh(C) where C is an elliptic curve and o =
(Z,H) € preStab(D"), Zoiy = M Z,, Zoiy = Z,, M = (:g g), det(M) >
0,det(M + 1) >0 and

i1 (Pu(r,r +1]) C H,i2(Pu(0,1]) € H,A(Py(rs, s+ 1]) C H

where —1 < r < rg < 0.
Then, for py(z) = —Dz* — (A+C)x — B



149

o if 0 < ¢, <1 then i1(X),i2(X) are o-stable and A(X) is o-stable if
and only if pa(p(X)) > 0,

o ifr+1<¢,(X)<rs+1 then i1 (X),A(X) are o-stable and i(X) is
o-stable if and only if ppr(u(X)) > 0,

o ifrs +1 < ¢, (X) < 1 then iy3(X),A(X) are o-stable and i,(X) is
o-stable if and only if par(u(X)) > 0.

Proof. For X € A stable we have

i1(X)o — stable <= ¢,(A(X)) < ¢y (i2(X)) + 1
i2(X)o —stable <= ¢,(11(X)) < ¢ (A(X)) + 1 (4.55)
A(X)o — stable <= ¢, (i2(X)) < ¢y (i1(X)).

Moreover recall that Z(ry,dy, 9, ds) = Ady + Bry — ds + i(Ddy + Cry + 13).
To prove the first part we start with the claimed equivalence and see that
0 < ¢u(X) < r+1if and only if u(X) < -5 if and only if —Dp(X) < C
(since—D > 0) if and only if —Ddx < Cry (since p(z) = f—;‘ and rx > 0) if
and only if 0 < Ddx+Crx if and only if 0 < \S(Z(il(X))) Now we have that
A(X) o-stable if and only if ¢,(ia(X)) < ¢5(i1(X)) (by ([4.55)) if and only
if 1o (i2(X)) < po(i1(X)) (by the slope phase correspondenee) if and only if
R(Z(i2(X))) R(Z(i1(X))) (7 (4 (7(i
SZHE) < 8L (where we can assume I(Z(i2(X))), S(Z(i1(X))) #
0 as otherwise the o-stability of A(X) is automatic). This now is equiva-
lent to R(Z(i>(X)))(—S(Z(i(X)))) < R(Z(i2(X)))(~S(Z(i5(X)))), which
is equivalent to dx(Ddx + Crx) < —rx(Adx + Brx), which is equivalent to
—D(f—i)z —(A+ C’)ff—)f — B > 0, which is equivalent to —D(u(X))? — (A +
C)u(X) — B > 0, which is equivalent to pas(1(X)) > 0.

To prove the stability of i;(X),i2(X) on the other hand consider that
0 < ¢,(X) < r+1in combination with i, (P, (r,r+1]) C H and A(P,(r3, rs+
1]) € H implies i, (X) € H and and A(X) € H. Moreover we obviously have
i2(X) € H. Therefore ¢, (A(X)) < ¢y (i2(X)) + 1 which implies that i, (X) is
o-stable by and ¢,(11(X)) < ¢o(A(X)) + 1 which implies that is(X)
is o-stable, again by .

To prove the second part we start with the claimed equivalence and see
that 7 + 1 < ¢,(X) < r3+ 1 if and only if 5 < p(X) < < if and
only if Du(X) +C <0 < Du(X) +C +1 (since =D > 0) if and only if
Ddx+Crx <0< Ddx+(C+1)rx (since u(x) = f—i and ry > 0) if and only
if 3(Z(i1(X))) < 0 < X(Z(A(X))). Now we have that i5(X) is o-stable if
and only if @, (i1(X)) < ¢o(A(X)) +1 (by (4.59))) if and only if 11, (i1 (X)) <

Lo (A(X)[1]) (by the slope phase correspondence) if and only if % <
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S(Z(AX)[)
erwise the o- stablhty of 22 ) is automatic). This now is equivalent to

R(Z(i2 (X)) (~S(Z(A(X))) < ~S(Z(i2 (X)) R(Z(A(X))), which is equiv-
alent to (Adx + Brx)(—(Ddx + (C+1)rx)) < —(Ddx + Crx)(Adx + Brx),
which is equivalent to py(u(X)) > 0.

To prove the stability of i;(X) and A(X) on the other hand consider
that r +1 < ¢,(X) < r3 + 1 in combination with (P, (r,r + 1]) C H
and A(P,(rs,rs + 1]) € H implies ¢;(X) € H[1] (such that i1(X)[—1] €
H) and A(X) € H. Moreover we obviously have i5(X) € H. Therefore
0o(A(X)) < ¢5(i2(X)) + 1 which implies that i;(X) is o-stable by
and ¢, (i2(X)) < ¢ (i1(X)) which implies that A(X) is o-stable, again by
@55).

Proving the third part, finally, is similar to the previous two cases where
we now use r3+1 < ¢,(X) < 1 equivalent to <5 < 1(X) which is equivalent
to S(Z(A(X))) < 0. O

—RZBEN)) §R (Where we can assume S(Z(A(X))) # 0 as oth-
(X

Lemma [4.8.25| has the following useful implication.

Corollary 4.8.26. Let A = Coh(C) where C' is an elliptic curve, o =
(Z,H) € preStab(D"), Zoiy = M Z,,, Zoiy = Z,,, M = (:é g) ,det(M) >

0,det(M +I) > 0 and
i1 (Pu(r,r +1]) C H,i2(P.(0,1]) C H, A(P,(r3,r3+1]) C H

where r,13 € (—1,0).
Then Discr(M) < 0 implies that for any stable X € A = P,(0,1] we have
11(X),2(X), A(X) o-stable.

Proof. We have r < r3 since C' + 1 +iD € Rygexp(imf3(0)) because of
the compatibility of f;3 and T3, while f1(0) = r € (—1,0) and C +iD €
R~ exp(imf1(0)) implies D < 0 such that r = f1(0) < f3(0) = r3. Therefore
lemma, applies and additionally D < 0 provides that py,(§) for the
polynomial p,; of lemma is positive for & >> 0 (the corresponding
parabola is opened above). Since Discr(M) < 0, we additionally obtain that
pu () has no zeroes and therefore pys(z) > 0 which by lemma[4.8.25] finishes
the proof. n

Lemma 4.8.27. If A = Coh(C),C is an elliptic curve, 0 = (Z,H) € O12
a normalised pre-stability condition where we assume that the embedding
i (P(r,r +1]) € H satisfies =1 <r <0 and X € A stable with i,(X)[—1] €
H, then A(X) is stable.
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Proof. 1If we assume A(X) not stable, lemma [4.5.31] provides us with the
HNF/JHF triangle

i5(X) = AX) = iy (X) 5,

therefore with ¢, (i2(X)) > ¢4 (i1(X)), which implies ¢, (i1 (X)) — ¢, (i2(X)) <
0. As 0 < ¢, (i2(X)) < 1, this gives ¢, (i1(X)) < 1, contradicting our hypoth-
esis since 71 (X)[—1] € H implies 1 < ¢, (i1(X)) < 2. O

Remark 4.8.28. Note that the discriminant of the quadratic polynomial Dd?+
(A+ C)d + B is given by (A + C)? — 4BD = Discr(M), in other words, it
equals that of p(x).

Lemma 4.8.29. Let A = Coh(C), where C is an elliptic curve, c = (Z,H) €
©19 a normalised pre-stability condition with corresponding M and eigenval-
ues Ai, Ao of M. Assume r < 0 and Discr(M) > 0. If X € A stable,
A1, A2 < 0 and i1 (X) € H, then

—Dp(X)? — (A + C)u(X) — B > 0.

Proof. We consider the polynomial ¢(z) = Dx? + (A + C)z + B. As the
discriminant of ¢(x) is Discr(M) > 0, the polynomial ¢(x) has real roots
i, po € R. Assume that gy < ps. Since for i € {1,2} we have \; = %(C’ —

A+ ,/Discr(M)) and p; = _A_CiszDlscr(M) we have y1; = 21— £. Since \; < 0
and r < 0 provides D < 0 this implies pu; > —%. Since D < 0 the parabola
q(z) is opened at the bottom such that ¢(z) < 0 for all z < py < po. Since
we have pu(z) < =% by lemma we have p(z) < —£ < iy such that
q(p(X)) < 0. The proof is finished. O

Corollary 4.8.30. If A = Coh(C),C is an elliptic curve, 0 = (Z,H) € Oy
a normalised pre-stability condition with corresponding M and eigenvalues
A1, A2 of M where we assume that the embedding i1(P(r,r+1]) € H satisfies
-1 < r <0, A\;,\y < 0, then A(X) is o-stable for all stable X € A.
Moreover, o is in O3 and Os;.

Proof. From —1 < r < 0 we obtain that either i;(X)[—1] € H, in which case
we obtain the result from lemma4.8.27] or i1(X) C H, in which case it follows
by applying lemma [£.8.29] and after that lemma Now, 0 € O33N O3
follows by definition. N

Lemma 4.8.31. If A = Coh(C),C is an elliptic curve, o = (Z,H) a nor-
malised pre-stability condition where we assume that the embedding i, (P (r, r+
1]) € H satisfies —1 < r < 0, A, A2 < 0, then there is a t € R with
f31(o)(t) =1 such that o € O3.
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Proof. Assume there is a t € R with f51(0)(¢) = 1. By lemma}.8.21| we have
O3 C O3, and corollary implies 0 € O3;. Moreover, the assumption
is, by definition of fs3; made in 4.8.9 that f5(t) — fi(¢) = 1 and therefore

fi(t) = f3(t) — 1. Proving o € ©3 means finding g € @;(]R) such that og

~ +
satisfies the gluing conditions in question. Let g = (K, fir) € GL, (R) (see
section for the definition of K;,) and obtain

fio fir(0) = fi(t) = f5(t) — 1 as well as f3 o fi(0) = f3(¢) which implies
f31(09)(0) = f3 0 fix(0) = fi0 fir(0) = f3(t) — (f3(t) = 1) = 1.

Hence, the condition for CP-gluing via the semiorthogonal decomposition
(D3, Dy) is fulfilled and like in the proof of lemma [4.8.13] we obtain o €
Os. [

Remark 4.8.32. Note that lemma [4.8.31] in fact is an ”if and only if”. The

general idea how to prove this is that one considers a g € C/}E;(R) such that
for og the condition for CP-gluing via the semiorthogonal decomposition
(D3, Dy) is fulfilled and where, since non-rotations do not change the heart,
g = (Kix, fir),l € R can be chosen. One can subsequently prove that we
obtain f3(1) = fzo fix(0) > fi0 fi(0) =14 1. We have f3;(0)(0) =d < 1 by
assumption and f3;(0)(1) = e > 1 which, in combination with the fact that
f31 is continuous, by the intermediate value theorem, provides a ¢t € R such
that fs51(0)(t) = 1, such that the proof is finished. However we do not need
this implication here.

Lemma 4.8.33. Let A = Coh(C), where C'is an elliptic curve, 0 = (Z,H) =
o,(T, f) a normalised pre-stability condition with corresponding M and eigen-
values A1, Ay of M and Discr(M) > 0 as well as det(M+1) > 0. If we assume
that the embedding i,(P(r,r + 1]) € H satisfies =1 <1 < 0, A, Ay < 0, then
we have

1. sz > A, Ao > —1, then o € O3.
2. if)\1,>\2 < -1, then o € O,.

Proof. We will prove that 0 > A\, Ay > —1 implies ¢ € O3. The case of

o € Oy for A\, Ay < —1 is similar. Let f5 such that (73, f3) € (ﬁ;(R) and
f3(0) € (=1,1],03 = 0,(T3, f3) and 3 be an eigenvalue of T3 = (M + I)~*
(which exists since det(M + I) > 0 such that M + [ is invertible), then
b= %H where )\ is an eigenvalue of M. Therefore § > 1 and — in particular —
positive. Let w = m(cos(8),sin()), 8 € (—m, 7] be an eigenvector of T3 which

has [ as its eigenvalue. Then, by linearity, v = (cos(#),sin(f)),0 € (—m,0]
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is an eigenvector. Note that v being an eigenvector of T3 is an eigenvector

of T" as well. Consider o3g where g = (Ky, fy) € (Ei;(lR) We investigate
fs0 fa(0) = f3<§) The compatibility between Matrix and function now gives
Bexp(if) = dexp(irf3(£)),d € Rso. Since S > 0 we obtain exp(if) =
exp(z’wfg(%)) which gives 6 + 2kim = iﬂfg(%) for a k € Z. Define t = ;Qr such
that we have f3(t) =t + 2k.

Now let 01 = 0,(T, fi) and consider o;g. Similar to before we obtain
1/Xexp(itr) = eexp(infi(t)),e € Rso using Tv = fv. Since A < 0 we
obtain

exp(im f1 (1))
exp(itm)
—1 =exp(infi(t) —itmw). Hence — 1 = exp(im(fi(t) —1))

—exp(itm) = exp(im f1(t)) and hence — 1 = , such that

such that we now end up with fi(t) =t+ 2+ 1 for an [ € Z.

Hence, we now have f31(0)(t) = f3(t) — fi(t) = 2(k — 1) — 1. We obtain
from 6 € [r,0) that —1 < ¢ < 0 and applying f; and f3 to this gives, since
both are increasing functions, fi(—1) < fi(t) < f1(0) as well as f3(—1) <
fs(t) < f3(0). We have f;(0) = r < 0 and fi(—1) = r —1 > —2 since
—1 <r < 0aswell as f3(0) = r3 < 0 and f3(—1) = r3 — 1 > —2 since
—1 < r3 < 0, which is seen from the fact that M +1 = (1__DA Ci 1> such
that C+1+iD € R~ exp(imf3(0)) because of the compatibility of f3 and 75,
while f1(0) =r € (=1,0) and C'+iD € R~gexp(imf1(0)) implies D < 0 such
that f3(0) € (=1, 1] now gives f3(0) € (—=1,0). Using fi1(t) =t + 20 + 1 and
f3(t) =t + 2k we now arrive at —2 <t+2/+1<0and at =2 <t+2k <0,
therefore —2 — 2l — 1 <t < =2l —1 and -2 — 2k < t < —2k. Since
—1 <t <0 wenow have —1 < —2] — 1 and —2 — 2] — 1 < 0, which provides
—% < [l < 0. Therefore [ = —1 and similarly we see that £ = 0. hence,

fs1(o)(t)) =2(k —1) —1 =1 and by lemma [4.8.31| the proof is finished. [

Lemma 4.8.34. If det(M + 1) > 0 and Discr(M) > 0 then for the eigenval-
ues Ay, Ay of M with A, Ao < 0 we have either A\i, Ao < —1 or Ay, Ao > —1.

Proof. We have A\; = $(Tr(M) — \/Discr(M)) as well as Ay = $(Tr(M) +
Discr(M)). Now, 0 < det(M + I) = det(M) + 1 + Tr(M) such that
—det(M) < 1+ Tr(M). Hence,

Discr(M) = Tr(M)? — 4det(M) < Tr(M)* 4+ 4(Te(M) + 1)
=Tr(M)* +4Tr(M) +4 = (= Tr(M) — 2)? = (Tr(M) +2)%

Since 0 < Discr(M) we obtain Tr(M) # 2 and distinguish two cases.
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1. If
Tr(M) < -2

then —Tr(M) — 2 > 0 and +/Discr(M) < —Tr(M) — 2 such that we
have A\ < Ay < —1.

2. If
Tr(M) > —2
then — Tr(M)+2 > 0 and /Discr(M) < Tr(M) + 2 such that we have
—-1< )\1 < )\2.

]

Lemma 4.8.35. Let A = Coh(C) where C is an elliptic curve. We have
I' c @12 N @23 N @31.

Proof. We can apply corollary [4.8.26| since for o € I' we have Discr(M) < 0
and therefore the conditions of corollary are fulfilled by lemma [4.7.39]
O

Theorem 4.8.36. Let A = Coh(C) where C' is an elliptic curve. We have
pre Stab(D') = ©, UB, UB3 UT.

Proof. By theorem [4.5.29] we have that 0 € ©15 U O3 U O3;. Via (4.35) we
obtain that

Sp1(O12) C Og3, Spt(O23) C O31, Spr(O31) C Oy (4.56)

and additionally, using (Spto)g = Spr(0g), g € éi; (R) provided by the fact
that Sp+ is an autoequivalence, that

SfDT<@1) € 0., S’DT(@Q) S @3,SDT(@1) € 0,. (457)

Now, let o’ € preStab(D') = Oy, U O3 U O3;. If 0/ € Oy, define 0" := o’
If o' € O3 define 0” := Spi(0’). If 0’ € Oy3 define 0" := (Spr)?(0’). Hence
0" € O15 by ([L.56). Let 0 = 0"g,9 € @i;(]R) such that ¢ normalised — its
existence is granted by proposition [1.8.11] In other words, o = (Z,H) such
that Zoiy = MZ,,Zoiy = Z,,det(M) > 0,—1 < r and i1 (P(r,r +1]) C H
as well as i5(P(0,1]) € H. We can reduce our investigation to these pre-
stability conditions, because the sets ©; and I', for ¢ = 1,2, 3 are defined up

to the GNL;(]R)—action. If f(0) > 0, then by lemma |4.8.13 we obtain o € ;.
If =1 < f(0) < 0, 0 is obtained by tilting — but might yet still be in any of the
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©; also. We distinguish two cases — one where Discr(M) > 0 and one where
Discr(M) < 0. If Discr(M) > 0, with positive eigenvalues then by lemma
4.8.24] we get 0 € ©4. If the eigenvalues are smaller than —1, then we have
that o € ©3 by lemmal[4.8.33] If the eigenvalues are between 0 and —1, which
by lemma 4.8.34]is the only remaining case then, again by lemma [4.8.33] we
obtain that ¢ € ©,. In other words, o € ©;UO, U O3 and, applying ¢g~!, we
have ¢’ € ©; U ©, U O3. Therefore, by , we obtain ¢’ € ©; U ©, U O5.

Finally, if Discr(M) < 0 then by lemma [4.8.14) A(C(z)) is o-stable (r <
0) and therefore by lemma [£.8.16] o € ', implying ¢” € I" by the definition
of I'. Since I' C ©;5NBO93M O3 by lemma , we have 0 € O15MN B3N O3
which implies o € ©1,, therefore ¢’ = ¢’ by definition of ¢”, in other words
o’ € T'. The proof is finished. ]

We will finish this subsection by introducing the useful proposition
following.

Lemma 4.8.37. Let A = Coh(C) where C is an elliptic curve. Then
(U, UB;)NT = 0.

Proof. Let 0 € (O UBO,UBO3) NI, then as 0 C ' C ©15 N O3 N O3 by

lemma [4.8.35] we have o € ©12 and can without loss of generality assume o to

be normalised (01, ©y, O3 and I' defined up to the @;(R)—action). Also we

obtain from lemmas [4.8.14] and 4.8.15| that » < 0 and that det(M + I) > 0.

Hence f1, fo and f3 are defined with M; = M, My = I and M3z = M + 1.
We now distinguish the cases 0 € ©1, 0 € ©, and 0 € O3.

1. If o € ©; then there is a g € érvL;(lR) such that og has a heart
obtained by CP-gluing via (D;,D,) and hence 019 and o9 (where
01,09 € Stab(D) are the usual stability conditions associated with o)
satisfy the CP-gluing condition with regard to (D;, Dy). Without loss
of generality we can assume g = (K, frr). Then the hearts of o1g
and 0,9 are A"® and A”2® where f; are associated to o;. The gluing
condition is now fi(t) > fa(t). We also have f1(0) = r < f5(0) =0
(0 € T and normalised). The continuity of fi(z) — fo(x) now implies
the existence of an s € R such that fi(s) = fa(s) = s. The compatibil-

ity condition of (M|, f) € (f}vL;r(]R) means that there is a A € R such
that
My exp(im f1(s)) = Aexp(ims)(this is Mv = \)

and hence
M exp(ims) = Nexp(ins)(Mv = \)
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which means that M; has (at least) one real eigenvalue and therefore,
by definition o ¢ T'.

2. If 0 € ©y we proceed similar as before to obtain fo(t) > f3(t) + 1.
From lemmas |4.8.16| and 4.7.39| we obtain f1(0), f3(0) € (—1,0). This
implies D < 0 and because f1(0), f3(0) are the directions of C'+ Di and
C + 1 + Di, respectively, we have

— 1< £1(0) < f5(0) <0, (4.58)

Hence 0 = f»(0) < f3(0) + 1 and and continuity of fo(z) — f3(x) gives
s € R with fo(s) = f3(s)+1 such that f3(s) = s—1. The compatibility

condition of (M3 *, f3) € @;(R) means that there is a A € R such
that

M exp(imfi(s)) = Aexp(ims)(Mv = X)
and, similar to the previous case we obtain (M + I)v = Av and hence

Mv = (=1 — A)v such that —1 — A € R is an eigenvalue of M and we
argue as before.

3. If o € ©3 weuse f5(t) > fi(t)+1 as well as f5(0) < f1(0)+1 from (4.58))
to obtain s € R with f3(s) = fi(s) + 1. Since (M3, f3), (M, f1) €

éVIJ; (R) there are positive real numbers «, 3 such that
(M + I)exp(imf3(s)) = aexp(ins) and M exp(imfi(s)) = fexp(irs).

Writing v = exp(imfi(s)) and A = § € R.o and we obtain (M +
—_ M. Hence, since A > 0 we — once

I)(—v) = AMwv such that Mv = —
again — found a real eigenvalue of M.

We obtain ¢ ¢ I' if o € ©; for i € {1,2,3} and the proof is finished. O
Proposition 4.8.38. Let A = Coh(C') where C' is an elliptic curve. Then
Spr (F) crn

Proof. Assume o € I'. If Spi(0) ¢ T" then Spr(0) € ©1 U O, U O3 and hence
o € O;UB,UB3 such that o € (O UBO,UBO3)NT = () by lemma [4.8.37], we
obtain a contradiction. O
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4.9 Support property

The support property (definition [2.5.43]) depends on a quadratic form. We
will now prove its holding for CP-glued pre-stability conditions. We start by
proving it for pre-stability conditions under a stronger orthogonality condi-
tion.

Lemma 4.9.1. If a pair o = (Z,H) is a pre-stability condition on D' ob-
tained by CP-gluing from stability conditions o1, 09 with regard to (Dy, Ds),
satisfying that Hom3; (i1(H1),ia(Ha)) = 0 (or equivalently f(0) > 1), then
it satisfies the support property and as consequence, is a Bridgeland stability
condition.

Proof. We use the notation Z; ([E]) = Z1([M(F)]) and Z2([E]) = Za([p2(E)]).
We can linearly extend Z and the homomorphism induced by the exact func-
tors Ap, p2 to N(D') ® R =2 R*. We define the quadratic form

Q:N(D) @R~ Ras Qv) = I(Z1(0)I(Z(v)) + R(Z1(0))R(Za(v)),

where R(v) and I(v) are the real and the imaginary part of Z;(v) € C,i €
{1,2} respectively. By the linearity of Z, it is clear that @ is a quadratic
form. We first show that it is negative definite on ker(Z) = {v € R |
R(Z1(v)) = —R(Zy(v)) and F(Z1(v)) = —(Z2(v))}. To see this, we now
consider Q(v) = —S(Z1(v))* — R(Z1(v))? < 0, for v € ker(Z). If, on the
other hand, Q(v) = 0, we obtain Z(v) = Z;(v) = 0. This implies v = 0.
Let E = E; 5 E, € H be a o-stable object — by lemma it is
enough to show that Q(E) > 0 for o-stable objects. Let [¢] be the morphism
in Homp(F1, E») that is induced by the object Ej % B, € D'. Since o is
a CP-glued pre-stability condition, by the definition of a heart obtained by
CP-gluing from (H;,Hs) via (Dy, Dy), we have that F; € H; and Ey € Hs.
Since [p] € Homp(E1, Ey) = Hompt (i1(E1), i2(E2)[1]) and — by hypothesis
— we have Hompt (i1 (E1), ia(E2)[1]) = 0, we obtain that [¢] = 0. Therefore,
applying corollary we have E = i1 (A (E)) @ i2(p2(F)) and this gives us
E =i1(M(E)) @ia(p2(F)) =i1(Ey) @ iz(Es). Since E is stable, this implies
either 1(A1(E)) = 0 such that Z;(FE) = 0 or is(p2(E)) such that Zy(E) = 0
either of which provides ) = 0.
[

Lemma 4.9.2. Let A = Coh(C) where C' is an elliptic curve. Let o = (Z,H)
be a stability condition on D' obtained from CP-gluing stability conditions
01,09 with 01 = 09g via (D1, Ds). Assume f(0) = 0. Let

dy = =R(Z([p2(E)))), di = —R(Z2([M(E)])),
ry = 3(Za([p2(E)])) and ry = I(Z([M(E)]))-
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where Z is the stability function associated with oy. If we have E = Ey 2
Ey € H with ry > 0,79 > 0 a o-stable object and [¢] # 0, then

—B > (A+ C)uo(E).

Proof. We have that ¢ is a complex-morphism over 4 and [¢] the associated
morphism in D, in other words [¢] € Homp (A1 (E), p2(E)). By lemma [3.1.5]
we have Ey = \(E) € Hy and Ey = po(E) € Hy where Hy, Hy are the
hearts associated with oy and o9. Since f(0) = 0 we also have H; = Ha.
We consider a short exact sequence in H; constructed following. Since H;
is an abelian category, we can compute ker([p]), coker([¢]) € H; and by the
definition of H, we have morphisms

E — i;(im(p)) and ix(im(p)) — E. (4.59)

Let Zy(im([p])) = —d] + ri. We have that r{ # 0, as r{ = 0, would
imply ¢, (i2(im([p]))) = 1, and by the o-stability of E we would therefore
get 1 = ¢,(i2(im([¢]))) < ¢, (E) < 1, giving I(Z(E)) = 0. This — on the
other hand — would imply that r; = 0 or r, = 0, which contradicts our
assumption.

From , combined with the correspondence between slope and phase,
we obtain

d" —Ad" — Br"
7"_’11’ < po(E) and po(E) < #7
therefore, using —A, C' > 0, we have u,(E) < %f—% — g < _—Cf‘ug(E) — g, in
other words, ji,(E) < <2, (E) — £ and conclude 11,(E)(A+C) < —=B. O

Lemma 4.9.3. If, under the conditions of lemma with ry > 0,79 > 0
and [p] # 0, then

—Ad1 + dg — ILLO—(E)(TQ - ATl) S 0.
Proof. We have

_—Ad1+d2—BT1_—Ad1+d2+ —B’I“l
N CT1+T2 N OT1+T2 CTl—f—Tg'

MU(E)

By Lemma 4.9.2| we obtain

S —Ady + dy

NG(E>T1
B Fol\ =)7L
Ho(E) 2 Cry+1rs

+(A+C)C’r1+r2’

using r; > 0,79 > 0 and C' > 0, which implies
ILLU(E)(TQ — A’f’l) Z —Adl + dQ

and therefore gives the claim. O]
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Lemma 4.9.4. If, under the conditions of lemma E=E 5B cH
with r1 > 0,79 > 0 with [¢] # 0 is a o-stable object, then

(TQ - Tl)/JJU(E) < dy —d;.

Proof. Recall our explanations regarding ¢ at the start of the proof of lemma
4.9.2l We first consider the case ker([¢]) = 0, providing us with the exact
sequence 0 — A(El) — E — iy(coker([¢])) — 0. By the o-stability of E, we
obtain p,(F) < fz ++, which implies the desired result given by the fact that
ker([]) = 0 implies ro > r; and hence 1o — 1y > 0.

Next, we consider the case coker([¢]) = 0, where we have the exact se-

quence 0 — iy (ker([¢])) = E — A(E3) — 0. We obtain

—A(dl — dg) — B(T‘l — 7“2) o —A(dl — dg) —B

-(F) > = + )
o (E) C(ry —1rg) C(ry —rg) C
Lemma [4.9.2| gives ji,(E) > po(E) + po(E)4 — % Since —A,C > 0,
(from f(0) =0 and D = 0) we obtain
di — do
-(F

po(E) > p—

Since NOW 7'(ker([4])) = T1—72 Where rer(p))) = S(Zoia(ker([p])) and ker([¢]) €

H, we have 1 — 5 > 0 and obtain p,(E)(re — 1) < (ds — dy).
It remains to consider the case where coker([p]) # 0 and ker([y]) # 0.

—Ad}—Br/,
—r - < ty(F), where

Zo(ker([¢])) = —dy + rji. The previous quotient exists since 7 # 0, as
otherwise, if we had r] = 0, we would obtain ¢(i;(ker([¢]))) = 1 and by o-
semistability we have that 1 = ¢(i1(ker([¢]))) < ¢(F) < 1, which, implying

r1, 79 = 0, would give a contradiction.

Ad,

Since #Brl < e (E) provides — 4 < tto(E) + 2, we therefore obtain

#‘flm < 1o (E)Cry + Bri. We have
1

From the morphism i, (ker([¢])) < E we obtain

—ACdﬂ”l — BOT% + Cdg’f’l + BCT% + BT17’2

ILLU(E)O’Fl + BTl §

Cry+ry
< —ACdyry + Cdyry + Briry
- Cri+ry
< (Cry 4+ 1re)(—Ady + dy) + Adyry + Bryrg — dars
- Cry 419

< —Ady + dy — po(E)rs,



160

providing #‘flm < po(E)Cry + Bry < —Ady + dy — pio (E)ry. This gives

1

— Adyry + pe(E)rary — ri(—Ady + dy) < 0. (4.60)

If 7o — r} # 0, then the morphism E — is(coker([p])) gives us

dy — d!
H(E) < , 4.61
u()_m_w (4.61)

where Zy(im([p])) = —d{ + ir], as before.
As d| = d; —d| and r{ = ry —r], multiplying (4.61)) by —Ar; and adding
(4.60]), we obtain

AT1<d2 — dl) — T/I(—Adl —+ dz) -+ MU(E>(—AT1(T2 — Tl) + r’l(—Arl + 7’2)) S 0.
By lemma [4.9.3] we have d; — dy + i, (E)(r2 — 1) < 0 and as a consequence
po(E)(ry — 1) < dgy — dj.

If 7o —r{ = 0, then also dy — d{ > 0. Since df = dy — dy and r{ = ry — 1], we
obtain
—A’l“l(dl — dll — dg) S 0.

Adding the previous inequality to (4.60) we have
o (E)rory — ri(—Ady + dz) — Ari(dy — dg) < 0.
By Lemma [4.9.3] we obtain
fio (E)rory — 11 (ko (E) (r2 — Ar)) — Ari(dy — d2) <0,

which, provided by —A > 0, gives p,(E)(r2 — 1) < (dy — d;) and therefore
finishes the proof. O

Lemma 4.9.5. Let 0 = (Z,H) be a pre-stability condition on D' and assume
that o is obtained via CP-gluing stability conditions o1 and o9, using the
semiorthogonal decomposition (D1, Ds). Assume that oy = 099 where g =
(T, f) in GL;L(]R), that satisfies f(0) = 0.

Define r;,d; as in lemma x = % and y = ‘Ti—;.. If there is a o-

semistable object B = Fy L By € H withre > 11 > 0 then Cy+ Axr < —B.
Moreover, if [¢] # 0 then y —x > 0.
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Proof. Let E = E; 5 FEy € H be a o-semistable object. Considering the
short exact sequence 0 — i5(Fy) — E — i1(E;) — 0, the semistability of F
and the correspondence between slope and phase provides us with

—Ad1 — B?"l
2 (B < ST 7
T2 =H ( ) - C?”l
This implies Crids+ Adyre < —Briry, as 1,19, C' > 0. We obtain Cy+ Ax <
-B.
If 4 = ry and [p] = 0, we have d; < dy by lemma and therefore
y > z. Now assume r5 > 1. Since [¢] # 0, lemma [4.9.4] provides us with the

inequality *Acg;l i:ljdg < i;:ﬁl, hence —B < Cdm+Ad1r2_(fjr?))flm+d2r1_d”2.
From the inequality C'y + Az < —B, we now obtain
r
Cy+ Ax < <Am+0y+y—m— —1m(A—|—C)) , implying
To o — T

0<(y—2x)(ry+ Cry).
Since ry + Cry > 0, we have proved y — z > 0. O

Lemma 4.9.5| requires the restriction ro > r; > 0. We require to prove
the analogous statement for r; > ry > 0 or, using the language of lemma
[4.9.5] Cory + Dady > Carg + Dads > 0. In order to do so, we follow ideas of
[29]. The following definition makes sense due to [37, Remark 2.51].

Definition 4.9.6. Let C' be a smooth projective curve. Define
D = R Hom(—, O¢): D’(Coh(C)) — D*(Coh(C))
as the right derived functor of Dy = Hom(—, O¢).

It was proven in [40, Section 3.2] that D is an equivalence of categories.
Additionally we have the following.

Lemma 4.9.7. We have D? = id.
Proof. See [40, Section 3.2]. O
We will discuss "locally free” objects in A" in analogy to definition .
Definition 4.9.8. For g = (T, f) € C/}VL;(]R) define 0(g) by
8(9) = (CTC™',h) € GL, (R)

where €' — {_01 ﬂ and h(t) = — f(1).

Hence, for ¢ = 0,9 define 0" by
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Lemma 4.9.9. The map d is a homomorphism of groups.

Proof. Let M := T~'. We have M exp(irf(t)) € Rxqexp(int). Such that,
substituting —t for ¢ we obtain M exp(imf(—t)) € R>¢exp(imr—t). Moreover,
C = C7! and Cexp(ins) = — exp(—ims) and hence MC~' exp(—iw f(—t)) €
—Rsgexp(int) and CMC~'exp(—inf(—t)) € Rsgexpint. Therefore we
have CMC~! € (ﬁg (R. Since conjugation with C'is a group homomorphism
on GLj (R and composition with — id is a group homomorphism on the group

of bijective maps from R to R, we obtain that ¢ is a homomorphism of groups.
m

Lemma 4.9.10. Ifo = 0,4 is a stability condition on D with g = (T, f), M =

T-! = (_DA _CB) and heart P,(f(0), f(1)], then 0¥ = 0,(g) with 6(g) =
—-A -B

(T, f),M' = (T")"* = ( D C > has P,(—f(0), —f(—=1)] as its heart.

Proof. Let 6 = f(0). We obtain the stability function of o by conjugation
with C as defined in Moreover, for P, (6,0 + 1] we obtain from h(0) =
—f(0) = —6 that 0" has P,(—6,1 — 0] as heart and we have P,(1 — 6,2 —
0][—1] = P.(—0,1 —4]. O

Lemma 4.9.11. For allt € R we have DP,(t) = P,(1 —t).

Proof. We have D(F[n|) = D(F)[—n] for all ' € Coh(C) and n € Z such
that we can impose the restriction ¢ € (0, 1].

If T e P,(1) torsion we have D(T) = T[-1] € P,(0). If E € P,(t) is
locally free, then D(E) = EY and Z,(D(E)) = — deg(D(E))+rank(D(E)) =
deg(E)+irank(E) = —Z,(E). Since E is p-semistable if and only if EV is p-
semistable we obtain EV € P,(s) for some s € (0, 1) determined by Z,(E). In
other words, the complex number is mapped by a reflection on the imaginary
axis which for ¢ € (0,1) swaps the phase ¢ with 1 —¢. Hence EY € P,(1 —1t)

and the proof is finished. n

Corollary 4.9.12. We have DP, (0,0 + 1) = P,(—0, -0+ 1).
Proof. This follows from [4.9.11] and the HNF since D is an exact functor. [J

Definition 4.9.13. Let o be obtained by CP-gluing stability conditions
(01,02) on D with respect to (D;, D) and assume H; = Ho where H; is
the heart corresponding to 0;,7 € {1,2}. We define the dual stability con-
dition o* = on D' as the stability condition obtained via CP-gluing from
oy, 0, with respect to (Dy, Ds).
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Lemma 4.9.14. Let 0 = (Z,H) be a pre-stability obtained by CP-gluing
stability conditions (o1, 09) on D with respect to (D1, Ds) such that o1 = 039,
where g = (T, f) and assume H, = Ho = P, (0,0 +1],0 € R where H,; is the
heart corresponding to 04,1 € {1,2}. If E = By 2 Ey € P(0,1) where P is
the slicing of o then \(E), p2(E) € P,(60,0 + 1).

Proof. Define FY to be F and T to be T from lemma with ¢ = 1. We
obtain the short exact sequence

0—=Ty = Ey— F, =0 (4.62)

as well as the short exact sequence

0T D B = F =0 (4.63)

with Tl,Tg € Tg and Fi, Fy € Fg in Hy = Hy. It T 7é 0 then ZQ(TQ) =
(0 — Ty), using that ia(P(6 + 1)) C P(1), is a non-zero subobject of £ with
05(i2(T2)) = ¢,(0 — Ty) = 1, contradicting £ € P(0,1). Hence T, = 0,
providing Fy, € F?. Hence, Ey = F, provides Hom(Ty, E5) = 0 from the
torsion pair such that the embedding f from the short exact sequence (4.63))
provides us with the commutative diagram

TlL)El

Ll

0 %EQ,

in other words, with an embedding of i;(7}) = (77 — 0) into £ 2 By We
conclude — as in the previous case — that T} =0 O

Definition 4.9.15. Define D) : A" — A" by

DI(E, & B) = (Do(Es) 2% Dy(E)))

for all E = (F, 5 Ey) € AT

We require the right derived functor of ]Dg and will now prove that it
exists.

Lemma 4.9.16. Let A = Coh(C), C' a smooth projective curve. FEvery
bounded object E in C(A") is isomorphic to a complex F € C(A") of locally
free sheaves.
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Proof. Tt is enough to show that for E = E; 2 E, € A" thereis a G € A" of
locally free sheaves with G — E. In A, there are locally-free sheaves F; € A

and surjective morphisms F; =% E; for i = 1,2, provided by [37, Remark

3.26]. Let now G = (F} EL—0)—> Fy @ Fy). Since F} @ F, is also locally free,

we have constructed G to be locally free. We have a surjective morphism
G — E in A" given by the diagram

F L) Ey

l(id,o) lso
FoF 20t o
and the proof is finished. O

Lemma 4.9.17. Let A = Coh(C), C a smooth projective curve. The right
derived functor of ng exists.

Proof. For any bounded acyclic object E € C(A") of locally free sheaves we
have that Hom(E, O¢) is acyclic. By lemma [4.9.16| the result now follows
from [37, Remark 2.51]. O

We are therefore able to provide the following definition.
Definition 4.9.18. Define
D' :=RD}: D" = D'
to be the right derived functor of D],

Lemma 4.9.19. Let A = Coh(C), C an elliptic curve and let o = (P, Z) be
CP-glued from stability conditions (o1, 03) via (Dy,Dy). Assume that oy, 09
have hearts as in lemmal{.9.1f} For o* = (P*, Z*) we have that E = (E; —
E,) € P(0,1) o-stable implies DT(E) € P*(0,1) and D'(E) o*-stable.

Proof. By lemma[4.9.14| we have \{(E), p2(E) € P,(6,0+1). Following from
the analogous identities for D} and Dy we obtain

MoD'=Dopyand pyo DM =Do A (4.64)

Together with lemma this provides DT(E) € P*(0,1]. In addition,
(4.64) provides, using that for a given stability condition o, the stability
function Z,v is obtained from Z, via conjugation with the matrix C' from

definition [£.9.8] that
Zyo(DY(E)) = Zye (iy MDY (E)) + Z,-(i9po DT (E))
= Zyy (D(E1)) + Zoy (D(E2)) = —Zo, (E1) — Zoy (E2) (4.65)
= —(Zs (1M (E)) + Zo(i2p2(E)) = —Z,(E).
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This implies that Z,«(DT(E)) € R if and only if Z,(E) € R if and only if
E € P(1). Therefore Z,-(D'(E)) ¢ R. Hence o*-semistability of DT(E)
would imply ¢,-(DT(E)) < 1 and hence DT(E) € P*(0,1).

It is therefore our task to prove DT(E) o*-semistable. Let

0—-+G—=DI(E)—=Q—=0

be an exact sequence in P*(0,1]. If ¢o-(Q) = 1, we have ¢,«(DT(E)) <
bo+(Q). If Q@ € P*(0,1) then lemma implies that A\;(Q), p2(Q) €
P.(—0,—60 + 1). Hence, by corollary [4.9.12) D'(Q) € P(0,1]. Because
(P*(1),P*(0,1)) is a torsion pair in P*(0,1] and the torsion-free part in
a torsion pair is always closed under taking subobjects, we have G € P*(0,1)
and hence D(G) € P(0,1] by lemma arguing as before. The exact
triangle

D'(Q) — E — D'(G) &

therefore is an exact sequence
0—D'Q)— E—DIG) =0

in P(0, 1], using lemma which implies (D")? = id. The o-stability of E
provides ¢,(D"(Q)) < ¢,(F). By this is equivalent to ¢,«(DT(E)) <
$o(Q) (because DT(Q), E € P(0,1] and Q,DT(E) € P*(0,1]). Hence, we
get that DT(E) is o*-semistable. This, in turn, implies DT(E) € P(0, 1) and
even when ¢,+(Q) = 1 we obtain ¢o«(DT(E)) < ¢5+(Q). Therefore DT(E) is
o*-stable.

]

The previous lemma is indeed an equivalence but we only require the
implication discussed, in order to prove the next lemma.

Lemma 4.9.20. Let A = Coh(C), C an elliptic curve and o = (Z,H)
be a pre-stability condition on D obtained by CP-gluing stability conditions

01,09 on D wia (D1, Ds), with o1 = o9g, were g = (T, f) € GL;(]R) and

T-! = {_OA g} . Assume f(0) = 0. Let E = Ey 5 Ey € H be a o-stable

object and define

dy = —R(Z oix([p2(E)])), di = —R(Z 0ix([M(E)])),
re = S(Z oda([p2(E)])), 11 = I(Z 0 iz([M(E)])),
ds

1
r:=— andy:= —.
1 )
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If riy > ry >0 then
Cy+Ax+B <0

and if, additionally, [¢] # 0 then
z <.

Proof. We have Z(E) = Z(iy \(F))+ Z(igp2(E)) = Ary+ Bdy —dy +i(Cry +
ry). As f(0) =0 and D = 0 we have C' > 0. From r; > 0 and r, > 0 we
now get S(Z(E)) = Cry + ry > 0, hence ¢,(F) < 1. Since o is obtained by
CP-gluing stability conditions 01,09 via (D1, Ds) and 01 = 099, we obtain
that o* is obtained by CP-gluing stability conditions oy, 0y and therefore
from 030(g), 0y via (D1, Ds). Let ¢’ := §(g) " and define o’/ = o*¢’. Because
oyg and ¢V have the same heart they satisfy the CP-gluing condition so
that we can apply lemma to obtain that ¢’ is obtained by CP-gluing
stability conditions o3 ¢’, oy via (Dy, Dy).

Let E' := D(E). By lemma[4.9.19 we get £’ € P*(0,1) and E’ o*-stable.
As ¢/ = o*g, E' is o'-stable too. Let ¢’ = (T", f'), then M' = (T7!) =

-A —B -1 1 C B . -A B . I / /
(0 C) —TC(O —A)_'(O C”)' We write o' = (Z',H')

and define

dy = =R(Z" 0 is([p2(E")])), dy = =R(Z" 0 iz ([M(E1)])),
ry = (2" 0 ia([p2(E)))), m1 = S(Z" 0 in([M(E)))),

. . dy

7= —and y = o

Because, o is obtained by CP-gluing stability conditions 29,09 on D via
(D1, Ds) and o’ is obtained by CP-gluing stability conditions ob¢’, o on D
via (D1, Dy) we obtain that Zoiy and Z'oiy are, using that for a given stability
condition o, the stability function Z,v is obtained from Z, via conjugation
with the matrix C' from definition [£.9.8] that related by the formula

Z'0isD(X) = —Z 0iy(X) for any X € D.

Using Ai(E') = MD(E) = Dpy(E) and pa(E') = poD'(E) = DAi(E), we
obtain
dy = —dy, 7}, = 1r9,dy = —dy and 15 = ry.

In particular does the assumption 71 > ro > 0 translates into 75, > r} > 0.
Moreover z/ = ‘:—} = =% — _yand ¢y = G = =4 — _5 and we see that
72 7‘2 T1

x<y1fand0nly1fy <.
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Finally
Cy+ Av+ B = (~AC)(~A/(~a') = C'(~y/)+ B) = (~AC)(C'y + A/ + B).

We have [1)] # 0 where £/ = D' (E) = (D(E,) SN D(E1)), to see this we
use that E o-stable implies E’ ¢’-stable, which combined with [¢] = 0 would
imply Ef = \D'(E) = 0 or By = pD'(E) = 0 by corollary 4.5.60 Then
ri = 0 or v, = 0 which contradicts r5 > r] > 0. Because —AC > 0 and,
[1] # 0, the proof is finished by applying lemma to o’ and F'.

UJ

The previous series of lemmas now allows us to prove the support property
for yet another type of stability conditions.

Lemma 4.9.21. Let 0 = (Z,H) be a pre-stability condition obtained by CP-
gluing via (Dy, Do) from stability conditions o1 = (Z1,H1),00 = (Z2, Ha),

such that there is g = (T, f) € GE;F(IR) with o1 = 099 and T~ = :g g} :
If Hy = Ha, then f(0) =0 and hence D = 0,C > 0.

Proof. Let o9 = 0,(13, f2), then Hy = P,(f2(0), f2(1)]. We have oy = 099 =
ou(To, f2)(T, ) = 0 (TxT, fa o f). Therefore Hy = P,(f2(f(0)), f2(f(1))].
From H; = Hy we obtain f5(0) = fo(f(0)) which by the injectivity of
f2, provided by the invertibility of M, = T, ' gives f(0) = 0. Hence
exp(imf(0)) € R and we obtain from

C+ Di
exp(in f(0)) = ﬁ. (4.66)

that D = 0. Since exp(imf(0)) = exp(inrf(0)) = 1 > 0 and D = 0 turns
{60 into

exp(im f(0)) = il

such that C' > 0. O

Lemma 4.9.22. Let A = Coh(C) where C is an elliptic curve. Let o =
(Z,H) be a pre-stability condition obtained by CP-gluing via (D1, Ds) from
stability conditions o1 = (Z1,H1),00 = (Zo, Ha), such that there is g =
(T, f) € @;(R) with 0 = 099 and T™! = :é g} . Assume that Hy =
Ho, then o satisfies the support property and therefore it is a Bridgeland
stability condition.
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Proof. We have f(0) = 0 since H; = Ho. By lemma [4.9.21| we obtain D =

0, that is 77! = _OA g . Because C' +iD = C € Rygexp(inf(0)) =
R~g we obtain C' > 0. By lemma 4.9.21| H; = Hs, gives D = 0, that is
T-! = _OA g . Moreover, again by lemma 4.9.21| we have A = 0. Via

0 < det(M) = —AC this implies —A > 0.
Recall that CP-gluing means that H is given by the equation

H={X D" | M(X) € Hi,p(X) € Hy}

and 2y = Z oy, /4y = Z o1y. From o1 = 029 we get Z; = MZ,. For any
E € D' we define

dy = =R(Z 0 iz([p2(E)])), di = =R(Z o iz([M(E)])),
ro = S(Z oig([p2(F)])) and r1 = S(Z 0 ia([M(E)))).

We now obtain Zispe(E) = —d +ir and Ziy\(E) = Ady + Bry + iCry such
that
Z(E) = Adl + B?”l — d2 -+ i(C?"l + 7“2).

From corollary we obtain i1(H) C H as well as iy(H) C H such that
ZiiM(E), Zigps(E) € H. In particular 75 > 0 and Cr; > 0. Now C' > 0
implies r; > 0 as well.

We want to show that o fulfils the support property with regard to the
quadratic form

Q(E) = —(Adl + BT’l)(TQ + 5d2) + 07’1(7’2 — dg)

for positive § which, if B non-zero also fulfils § < ’Bzc. Hence, we will

subsequently check the conditions of definition [2.5.43]
Firstly we must prove that Q’ker( 2 is negative definite. We have

ker(Z) = {v | Ady + Bry = dy,Cr) = —15} for v € N(D") ® R = R*

and hence Q|ker(z) = —dy(ry + 6dy) — r5(rg — dy) = —12 — 6d2 < 0. If indeed
—r2 — §d3 = 0 then ry = dy = 0 since § is positive and since C' # 0 this
implies 71 = 0. Now A # 0 implies d; = 0 providing v = 0 such that Q|ker(Z)
is negative definite.

By lemmawe now have to prove Q(E) > 0 for E = (E; 2 F,) € H
o-stable. Note that it suffices to assume E € H, since Q(E|[n]) = Q(E) for
all n € Z. We will conduct our proof by considering the following cases.
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1. If [¢] = 0 € Homp(E1, Ey), then E = iy(E;) @ i2(Ey) by corollary
4.5.6, The o-stability of F now implies £; = 0 or EF5 = 0. Either
implies Q(E) = 0.

2. If ry = 0, we have $(Zi; A\ (F)) = Cr; = 0 and hence ¢, (i1 A (E)) = 1.
Consider the torsion pair (7,F) = (P2(1),P(0,1)) = H, (example
where Ps is the slicing given by o9 on D. By definition m pair
we obtain a short exact sequence

0Ty, > FE,— F,—0

in Hy with T, € T = P(1) and Fy, € T = P(0,1). Since is(H) € H,
this provides the short exact sequence

0— ZQ(TQ) — ZQ(EQ) — ’LQ(FQ) — 0

in H. On the other hand, we have i;(F;) € i1(H;) € H as well as
i2(Ey) € i2(Ha) € H and so the exact triangle

iy(Ey) — E — iy (Ey) =
in D' gives rise to the short exact sequence
0—is(Ey) = E—i1(E) =0 (4.67)
in H. Hence, we obtain the chain
is(Ty) Cis(Es) C E

of subobjects in H. The o-stability of £ now provides ¢, (i2(13)) <
¢, (E). By [2I, Proposition 2.2(3)] we obtain is(Ps(t)) C P(t) for all
t € R. Therefore we obtain ¢, (iz(72)) = 1 providing a contradiction
to ¢,(F) € (0,1]. Hence, we can disregard this case.

3. If 3(Zigp2(E)) =1y = 0, then ¢,(i2p2(F)) = 1. But (4.67) combined
with the o-stability of E implies

1 = ¢o(ia(E2)) < ¢o(E) <1,
a contradiction. Therefore, we can disregard this case.

4. Tf [p] # 0,71 # 0,79 # 0 we have r; > 0 and ro > 0 and define

T = ﬂ,y = @ and
T T2
1
Q(z,y) == —Q(E) = —-Ax — Cy — B+ C — §(Azy + By).

rire
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Since 71,79 > 0 we need to show that Q(x,y) > 0 and use the key
ingredients

(a)

Cy+ Az 4+ B < 0 (from lemma [4.9.5| and [4.9.20)), (4.68)

x <y (since [¢] # 0) and (4.69)

—A>0,C >0 (from before). (4.70)

If y > 0 then we use to obtain 0 < Cy and obtain 0 <
Cy < —Ax — B via . Since y > 0 was assumed we obtain
0 < —(Azy+ By) such that —§(Azy + By) > 0 since § > 0. From
(4.68) and (4.70]) we obtain —Az—Cy—B+C > —Az—Cy—B >0
and Q(z,y) > 0 follows.

If y<0and Az + B > 0 we obtain Azxy + By < 0 and hence

—d§(Azy + By) > 0 such that we can conclude as in the previous
case.

If y <0 and Ax + B < 0 then we get from that x <y < 0.
Using this gives —Axr < —Ay < 0. Hence the assumption
Axr+ B <0 implies B< Ar+ B<0and B < —Axr < —-Ay < 0.
Multiplying these inequalities of negative numbers, we obtain

B? > —Ay(Az + B).

Since B < 0 we obtain B2 > 0 and using C > 0 we now have

C >

C
(Azy + By).

BQ

Because y < 0 and Ax + B < 0 was assumed in this case, we have
Axy + By > 0. Moreover, —A > 0 and C' > 0 as well as B # 0
imply —g—(; > (. For each ¢ that satisfies 0 < ¢ < —‘;—g we get

C > §(Axy + By).
From (4.68)) we finally obtain
—Ax—Cy—B+C >C > 0(Azy + By)

and hence Q(z,y) = —Ax — Cy — B+ C — §(Azy + By) > 0.
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This concludes all cases and — hence — finishes the proof.
O

We will now use the discriminant as a tool to separate different cases and
— therefore — have

Notation 4.9.23. For a Matrix A = Z ﬂ , denote its trace w+z by Tr(A)
(such that Discr(A) = Tr(A)? — 4det(A)).

—-A B o
D C’]’ this implies that we have

Recall that for a Matrix M = [
Discr(M) = (A + C)?> —4BD.
We will now investigate the support property for CP-glued pre-stability

conditions with negative discriminant.

Lemma 4.9.24. Let 0 = (Z,H) = (T, f) be a pre-stability condition ob-
tained by CP-gluing via (D1, D) from stability conditions 01,09 such that
Discr(M) < 0. For h € @i;(lR), we have that oh is a pre-stability condition

obtained by CP-gluing via (D1, Dy) from stability conditions aih, osh.

Proof. Without loss of generality we can assume h = (K., f,), since the
feature of two hearts of t-structures on D to fulfil CP-gluing condition is
invariant under anything but rotation. Let o} = o;h = (Z!, H}) for i € {1,2}.
Let 01 = 0o(T, f) and P; the slicing of o;. Then Pi(t) = Pao(f(2)). If
we let P! be the slicing of o then Pi(t) = Pi(f.(t)) = Pa( f(f:(t))) and
Ph(t) = Pa(fr(t)). Letting t = 0 and t = 1 respectively and f,.(0) = r we
obtain
Hy = Po(f(r), f(r)+ 1] and H) = Pa(r,r + 1].

Since the restrictions of f and T to S' agree and via Discr(M) < 0 the
eigenvalues of M are not in R, there is no (eigenvalue) 2’ € R with f(a') = «'.
Since f(0) > 0 we therefore have f(r) > r for any r € R. Applying corollary
3.2.31]combined with lemma[3.1.16] proves that oh is a pre-stability condition
obtained by CP-gluing via (D;, Ds) from stability conditions o1h,00h. O

Lemma 4.9.25. Let 0 = (Z,H) be a pre-stability condition obtained by
CP-gluing via (D1, D) from stability conditions 01,09 and assume that 0 <

f(0) < 1 such that Discx(M) < 0. If E = B, 5 E, € H is a o-semistable
object with 3(Z2(Ey)) < 0. Then Ey € Hs[1].

Proof. By the definition of a heart obtained by CP-gluing (see lemma [3.1.5)),
Ey € Hy, since E € H was assumed. By lemma we have that for

each h € @i; (R), the object oh is a CP-glued pre-stability condition. As
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o1 = 039, if we apply ¢!, then o/ = og~! is glued from stability condi-
tions og, 099~ = (Z',H') with respect to (D, Ds). Since the é\i;(ﬂ%)—action
does not change the fact that F is o’-semistable, this gives £ € H'[n] for
some n. By lemma we obtain E; € Ha[n], because Hy is equal to
Pi(f710), F71(1)] = Py(0,1], where P; are the slicings of o;, for i = 1,2.
Since 0 < f(0) < 1, we obtain that Ho C Pi(—1, 1], which implies n = 0, 1.
We assumed $(Z3(E;)) < 0 and therefore we get that Ey € Ha[l]. O

Lemma 4.9.26. Let A = Coh(C) where C is an elliptic curve. Let o =
(Z,H), obtained from CP-gluing via (D1,D3) be a pre-stability condition,
where 01 = (Z1,H1) and oy = (Zy,Ha), such that there is g = (T, f) €

@;(R) with oy = o9g where (T, f) satisfies that M = T~ = :g g
with

Discr(M) < 0 and 0 < f(0) < 1.

Then o is a Bridgeland stability condition.

Proof. By we need to prove that the support property is satisfied.
Firstly, we have Z; = Z o4y and Zy = Z o 15 such that Z; = M Z, and will
for an E = (F, % F,) € D' use the following notation throughout the proof

dy = =R(Z 0 is([p2(E)])), di = =R(Z 0 in([M(E)))),
To = %(Z e} ZQ([ﬂg(E)])) and r = C\E(Z o Zz([}q(E)D)

We have
Z(U) = ZZ.1>\1(U> + Z’L.ng(v) = MZZQ/\l(’U) + Zigpg(ﬂ)

=M ( Tclll) + ( TiQ) :Adl—l—B’Fl —d2+i(Dd1+OT1—|—T‘2)
such that R(Z1i1M1(v)) = Ady + Bry and $(Zyi3M1(v)) = Ddy + Cry for
veN(DH @R =R

We will investigate the quadratic form Q(v) := dyry — r1ds and start with
a number of facts that will allow us to prove that the support property holds,
namely

0< f(0) <1land C+iD € exp(imf(0)) implies

4.71
$(C +1iD) > 0, hence D > 0, (4.71)

Discr(M) = (A + C)* —4BD < 0 implies 0 < (A+ C)? < 4BD

4.72
such that (4.71]) provides B > 0, (4.72)
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qu(d,r) := Dd* + (A + C)dr 4 Br? has discriminante equal to
Discr(M) = (A+C)* —4BD < 0

such that (4.71)) and (4.72) provide
qu(d,r) > 0 for all (d,r) # (0,0),

(4.73)

E € H implies \;(E) € Hy, p2(E) € Ho by [3.1.5]

moreover, i1(H1) € H,iz(Ha) € H

by corollary [3.2.19] such that all objects in the exact triangle
ispa(E) = E — i\ (E) 5

are in H and it therefore provides the short exact sequence

0 —igpe(F) = E — i1\ (E) > 0€ H,

(4.74)

if £ € H is o-stable then implies (4.75)
0 < @o(izpa(E)) < 9o (E) < do(it i (E)) <1, '
if £ € H then arguing as in (4.74)),

Z(E), Z(i1 M (E)), Z(iapa(F)) € H, therefore
ry = S(Z(iap2(F))) > 0 and if ro =0

then — dy = (Z(i2p2(E))) <0

analogously Dd; + Cr; > 0 and if

Ddy + Cry =0 then Ad; + Brqy <0

(4.76)

and
E e H,ry >0, if Ddy + Cry = 0 then, by ([£.77),
Ady + Bry < 0 and
qr(dy,r1) = di(Ddy + Cry) +1r1(Ady + Bry) <0
contradicting , such that Dd; + Cr; > 0.

(4.77)

We will now prove that Q|ker( 2) is negative definite. Let v € ker(Z),
this is the case if and only if R(Z(v)) = I(Z(v)) = 0, which is equivalent
to dy = Ady + Bry and ro = —(Ddy + Cry). Hence Q(v) = dyrg — ridy =
—d1<Dd1 +OT1) —T’l(Adl +B7’1) = —qM(dl,’f’l) <0 by (lf r = d1 =0
then ry = dy = 0 and hence v = 0). Hence Q‘ker(Z) is negative definite.

We now have to prove that £ € H o-stable then Q(£) > 0 and distinguish
the following cases.
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1. If ro = 0 then ¢, (iap2(E)) = 1, contradicting (4.75) and we can disre-
gard this case.

2. If ry = 0 then (4.76) provides Dd; + Cr; > 0 such that Dd; > 0
and therefore, by (4.71)), d; > 0. By (4.76) we have ry > 0 such that
Q(E) =dyry —ridy = dyra > 0

3. If o > 0,71 > 0 then (4.75) provides ¢yizps(FE) < ¢yi1A1(F) which
implies pyiape(F) < pyi1A1(F), in other words

—R(Zizpa(E)) < —R(Ziy M (E))
X(Zigp2(E)) = (ZigM(F))
in other words

dy < —Ad; — Bry

ry = Ddy +Cry

Now, (4.73]) provides qps(dy, 1) > 0 such that dy(Dd,+Cry)+r1(Adi+Bry) >

0 and hence
—Adl — B’I“l dl

<
Dd1 + CTl T
since r; > 0 by assumption and, by (4.77)), Dd; + Cry > 0 as well. Hence,

dy dy
— < R
) 1

and since r1,ry > 0 this implies Q(F) = dyry — r1ds > 0.

Ifry > 0,71 < 0, we obtain by lemma/4.9.25| which is applicable because r; <
0, that Ay (E) € Ha[1]. Since ps(E) € Ha we obtain [¢] € Hom3) (Ha, Ha) = 0
which implies E = i1(E}) @ i5(E») by corollary [4.5.6] Since E stable either
Ey =0 or E5 = 0 which contradicts r,79 > 0 such that we can disregard
this case.

]

Lemma 4.9.27. Let 0 € ©; normalised with Discr(M) > 0 for the asso-

ciated matrix M and negative eigenvalues. Then there is an h € (f}\i;(lR)
such that oh is obtained from CP-gluing stability conditions o1h,osh via the
semiorthogonal decomposition (Dy, Dy) with o;h = (Z],H}),1 € {1,2} and

Hom="(i1(H}),i2(H5)) = 0.

Proof. The existence of real eigenvalues of T is provided from that of 7!
since Discr(M) > 0. Let f < 0 be an eigenvalue of 7" with corresponding
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eigenvector v, in other words Tv = fv. Written in polar coordinates we have
v = m(cos(¢),sin(¢)) with ¢ € (—m, 7] and m € R~,. However, by linearity
we can, without loss of generality assume m = 1.

We investigate och where h = (K, fs) € @i; (R). Firstly we consider
gh = (T'K,, f o fs). By the correspondence between f o fs and T K, over
St it is sufficient for the computation of f o fs; to compute T Kyvy where
vo = (1,0). We have (I'Ky)vg = Tv = fv. Therefore, if we study the
induced map f : S' — S, where S' = (=1, 1], as 8 < 0, we show fo f4(0) =
flo/m) = ¢/m + 1. We distinguish between two cases

L. If =1 < ¢/ < 0 we have f4(0) = f(¢/7) = ¢/m + 1 on S, such
that f o fs(0) = f(¢/m) = ¢/m + 1+ 2k, k € Z. We use that f is an
increasing function to see that —1 < ¢/7 < 0 implies

“1<f(-1)<o¢/m+1+2k< f(0) <1
which forces k£ = 0.

2. If 0 < ¢/ < 1 we have f4(0) = f(¢/7) = ¢/m — 1 on S*, such that
fofs(0) = f(¢p/m) = ¢/m—142k, k € Z. We use that f is an increasing
function to see that 0 < ¢/7 < 1 implies

0< f0)<o/m—142k< f(1)<2
which forces k = 1.

In essence, the consideration of both cases reveals f o f,(0) = f(¢/7) =
¢/m + 1. Now, let P} be the slicing of o9, then

Hy = Pa(f o f6(0), f o fo(1)] = P(¢/m + 1, /7 + 2]
and Hy = Pa(f6(0), fo(1)] = P(¢/m, ¢/m + 1]

Hence,
Hom=! (i1 (H}), ia(H5)) = 0

holds and oh is indeed obtained from CP-gluing by corollary |3.2.36| ]

We are finally ready to give the following important proposition.

Proposition 4.9.28. Let A = Coh(C') where C' is s smooth projective curve.
If

o€ @1 U @2 U @3
then o satisfies the support property and is therefore a Bridgeland stability
condition.
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Proof. We will prove the statement for ¢ = 1, where + = 2 and ¢ = 3 follow
by applying the Serre functor. This is seen from

Spt(01) € O2,5pt(02) € O3,5p1(01) € 61
(see (4.57))), and lemma [2.5.55]

Let og be normalised and note that f(0) = 0 and Discr(M) < 0 is not
possible since f(0) = 0 forces D = 0 such that Discr(M) = (A+C)*—4BD =
(A+ C)? > 0. The proof falls into the following cases:

1. If f(0) > 1, we obtain the result from lemma [4.9.1]

2. If 0 < f(0) < 1 and Discr(M) > 0, we have the existence of real
eigenvalues A, Ay € R. If A\;; \s > 0, then, by lemma [4.8.24] we can find

g € C/}VL;r (R) such that og is obtained via CP-gluing of two copies of
the same heart — therefore D = 0. By lemma [4.9.22| and the fact that
the support property is stable under the (/}VL: (R)-action, we have that
o fulfils the support property. If A\;, A\ < 0, then lemma there
is h € é\i;(]R), such that oh is obtained by CP-gluing from o1h, o2k
via the semiorthogonal decomposition (Dy, Dy) with o;h = (Z], H}) and
Hom="'(i1H},iyH}) = 0. We hence obtain the result from lemma [4.9.1]

3. If 0 < f(0) < 1 and Discr(M) < 0, the result is obtained from lemma
14.9.26\.

]

We will now study the support property for pre-stability conditions in I'.
We aim at proving proposition [4.9.36| broken down into a Series of lemmas,
which will - in turn — provide a key ingredient for establishing theorem [4.9.37]

Lemma 4.9.29. Let 0 = (Z,H(C1, D1)) be a pre-stability condition in . If
F € A= Coh(C), C an elliptic curve, is p-semistable, then iy (F'), io(F') and
A(F) are o-semistable.

Proof. We consider a JHF of F' with respect to p. All the p-stable factors
A;, for i = 0,...,n, have the same slope pu(F) and by lemma [1.8.35 we
additionally obtain that i5(A;) is o-stable and, by lemma in H, for all
ie{l,...,n}. As Z‘h(A) = Z,, we obtain from the equality of the slopes
that ¢(ia(A;)) = ¢(i2(F)) = A, with A € R. Since the category P () is closed
under extensions, we obtain that is(F') is o-semistable. Now since F' is pu-
semistable, we can use lemmal[4.7.39| to see that ;(F') is in H or in H[1] and
A(F)isin H or in H[1]. Since the slope determines the phase up to addition
of 2n,n € Z, the same conclusion can be drawn for i, (F') and A(F). O
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Lemma 4.9.30. Let A = Coh(C), C an elliptic curve and H be the heart of
a normalised pre-stability condition in I'. We have H NDy = is(A).

Proof. Let E € #,E = E; 5 E,. Using the description of E’s cohomology
provided by lemma assuming F € D, at the same time, we obtain
H°(E,) = H'(E)) = 0. By considering the long exact cohomology-sequence
induced by the exact triangle By % E, — Cone(yp) %, in D, we obtain
H~'(Cone(y)) = H'(Ey) = 0, which implies F € is(A).

On the other hand, lemma provides i3(,A) C H. Since obviously
i2(A) C Dy, the proof is finished. O

Lemma 4.9.31. Let A = Coh(C) and C be an elliptic curve. If E = E; 5
Ey € H is o-semistable and o = (Z,H) where o is a normalised pre-stability
condition in T then E € His or E € His[—1] or E € Haz[—1] or E € Ha.

Proof. By lemma we have that 11(@( )),i2(C(x)) and A(C(x)) are

o-stable. There are elements ¢, gy € GL (R) with 6; = og; = (W, B;)
for i = 1,2, such that J; satisfies that 21<(D(£L')) is d;-stable of phase one,
i2(C(x)), A(C(x)) are d;-stable and J, satisfies that A(C(x)) is do-stable of
phase one and i5(C(z)), 11(C(x)) are do-stable. We can apply lemma [4.8.3]
to describes the cohomology of objects in the respective hearts.

It

e E € H, then the cohomology of E;, Ey and K(E)[1] vanishes except
for

HO(E1>7 H1<E1)>HO(E2)a Hl(EQ)vH_l(]K(E)[l]) and HO(K(E)D])’

e F € By, then the cohomology of Fj, Fy and K(E)[1] vanishes except
for

H™(Ey), HY(Eq), H™ (E), H'(Ey), H(K(E)[1]) and H*(K(E)[1]),

e F € By, then all its cohomology vanishes except for

HO(Ey), H(Ev), H™(E), HY(Ez), H(K(E)[1]) and H*(K(E)[1]).

Additionally we see from the exact triangle Fy — Ey — K(E)[1] = that
H'" = 0 for all i € Z for two of the objects, then H* = 0 for all i € Z for the
third one as well.

Since E' is d;-semistable we have that £ € B;[n|, for i = 1,2 and n € 7Z,
where the only possible cases are n = 1,0, —1, —2. We study the non-trivial
cases.
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1. if E € HNB;[—2] then the only non-vanishing cohomology is H!(E;) =
H°(E;[1]) and H'(Ey) = H°(E,[1]) such that E)[1] € A and Ey[1] € A
and hence F € Hyo[—1]

2. if E € HNBy[—1] N Be[—1] then the only non-vanishing cohomology is
HO(Ey[1]), HY(K(E)[1]), such that E € Haz[—1]

3. if B € H N By[—1] N By then, by similar arguments as in the previous
case F/ € Hqs.

4. If E € H N By then H(E;) and H'(E,) vanishes if i # 0 such that
Ey, Ey € A and therefore E € Hqs.

O
Lemma 4.9.32. If D has a Serre functor, then
Spr(Haz) = Has[1], Spr(Has) = Ha[2], Spr(Har) = Hiz(1]
Proof. We obtain this from combining with definition m m

Lemma 4.9.33. Let A = Coh(C) and C' be an elliptic curve and E = E; 5
Ey € H;j be o-semistable in H, where (ij) is an element of the set of ordered
pairs {(12), (31),(23)} and 0 = (Z,H) and o a pre-stability condition in I .
Then we have Homp: (E, E[2]) = 0.

Proof. Assume that £ € His = A'. We have £ €¢ A"TNH = F, where
H = (F,T[—1]) as in lemma [4.8.5, Additionally,

Homp+ (E, E[2]) = Hompt (E[2], Spr(E))* = Hom(E[1], B2 — Cone(y))*

and it therefore suffices to prove that Hom(E[1], E; — Cone(yp)) = 0.

Consider the exact triangle iy(Cone(p)) — Spi(E)[—1] — i1(Ey)
which, via applying the Hom-functor, induces a long exact sequence which
implies that it is enough to prove that Hompt(E[1],4;(E5)) = 0 and that
Homp+t (E[1],i2(Cone(p))) = 0. We obtain the first vanishing from the fact
that we have Homp+(E[1],i1(F2)) = Hompsy(E1[1], E2) = 0 provided by
E, Ey € A combined with the fact that A is the heart of a t-structure on D.
We must therefore prove that Homp: (E[1], i2(Cone(y))) = 0.

1. If ker(¢) = 0, we obtain that Cone(yp) = coker(yp) and via K[1] - iy
this implies
Hompr (E[1], i5(Cone(p))) = Hompy (E[1], iz(coker(p)))
= Hompt (coker(p)[1], coker(p)) = 0.
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2. Ifker(y) # 0, we will obtain the Hom-vanishing by showing that ¢(E)+
1 > ¢T(i3(Cone(p))), to which end we now compute ¢* (io(Cone(p))).
By lemma[t.9.30] we have that HND, = i»(.A) and hence i»(Cone(y)) ¢
‘H. Therefore we need to consider its filtration in the t-structure induced
by H, given by

0 iz (ker () [1] iz Cone())

R N

N

~
N

H(ia(Cone()))[1 HO(iy(Cone(i)))][1

with H'(iy(Cone(p)))[1] € ia(A)[1] C H[1], H(ia(Cone(p)))[1] €
i2(A) C H. By definition, ¢™(i(Cone(p))) = ¢*(ia(ker(p))) + 1. We
examine the HN-filtration 0 C Hy--- C H, 1 C H, = is(ker(p))
of is(ker(p)) in ‘H with respect to o. Lemma provides that if
F € Ais p-semistable then iy(F') is o-semistable. Therefore, we con-
sider the HN-filtration of ker(yp) with respect to p. Since is(A) C H
and Z {iz( 4 = Z,, we obtain a filtration that fulfils all the condi-
tions of a HN-filtration of iy(ker(¢)) in ‘H with respect to o. By the
uniqueness of the HN-filtration, we deduce that H; € iy(A), for all
i = 0,...,n. Moreover, we have that H; # 0 is o-semistable and
B(Hy) = ¢+ (in((ker(p))) = ¢ (ia (Cone()) — 1.

Let Hy = iy(Fy), with Fy € A. By definition we have F; C ker(p). As
ker(y) — 0 is a subobject of £ in A" and F is closed under subobjects
we obtain F; — 0 € F C H. Since Fj is p-semistable, we use lemma
to see that i1 (F7) too is o-semistable. Moreover, we have a non-
zero morphism i1 (F;) — E. As both i;(F}) and E are o-semistable this
implies ¢, (i1(F1)) < 60(E).

Let d = deg(F1) and r = rank(F}). By the definition of F, using lemma
we get that ker(y) and therefore F} is torsion-free, implying
r > 0. As iy(Fy) € F, we also have that Cr + Dd > 0. Moreover,
D < 0 and Discr(M) < 0 implies that ¢(H;) < ¢(i1(F1)) holds true.
Therefore, we obtain ¢*(iz(Cone(p))) — 1 = ¢(ia(F1)) < ¢(FE), which
is what we wanted to prove.

We obtain the statement when E € Hsz; or £ € Hyz by applying the
Serre functor — lemma [4.9.32 provides, in particular,

Spt(Has) C Hsi[2], Spr(Ha1) C Hio[l]
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such that F € Hy3 o-semistable provides
Hompt(E, E[2]) = HomDT(S%T(E)a S%T<E[2]))

by the previous and since E is S2.(o)-semistable by lemma [2.5.54] and

S2.(0) € T by 4.8.38, we have Homps (S5, (E), S5 (F[2])) = 0. Similarly,
E € H3; o-semistable provides

Homp: (£, E[2]) = Homp: (Spt (E), Spr(E[2])) = 0.
L]

Corollary 4.9.34. Let A = Coh(C) and C be an elliptic curve. If E is
o-stable where o is a pre-stability condition in ', then Homp: (E, E[2]) = 0.

Proof. Because of lemma and since stable implies semistable, lemma
4.9.33| applies — the shift does not change the vanishing of the Hom. O

Lemma 4.9.35. Let A = Coh(C) and C' be an elliptic curve. If E = (B, %
Ey) € D' is a o-stable object, where o is a pre-stability condition in T, then
—X<E, E) = dg?”l - leQ Z 0.

Proof. The proof falls into two cases:

1. [¢] = 0. This implies that either £y = 0 or Ey = 0, as otherwise,
by corollary [4.5.6), E would be a direct sum of non-zero i;(E;) and
i5(Fsy) and we would obtain a contradiction to the assumption that £

is o-stable and therefore cannot be written as a direct sum of non-zero
subobjects. It follows that —x(E, E) = 0.

2. [¢] # 0. As x(E[n],E[n]) = x(F,E) for all n € 7Z we may assume
E € H and since H is the heart of a bounded t-structure, we have
that Hompt (E, E[n]) = 0 for all n < 0. By corollary we have
that Homp:(E, E[2]) = 0 and so A" has homological dimension 2,
which implies that Has[—1] and Hz; also have homological dimension
2. Therefore, it follows that Hompt(E, E[n]) = 0 for n > 2. As a
consequence, we obtain —x(FE, ) = —hompt (F, E) +homp: (F, E[1]).
Since E was assumed to be o-stable, it follows that —hompt(E, E) =
—1. To prove our claim, it therefore suffices to show that the strict
inequality homp:(E, E[1]) > 0 holds. We have homp:(E, E[1]) =
hom(E[1], Spr+(E)) where Spr(E) = Es[l] iull), Cone(p)[1]. We also
have homp: (E[1], Spr(E)) > 0 because there is a non-zero morphism
E — Spi(E)[—1]. Therefore, —x(FE, E) = dory — dyro > 0.
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]

Proposition 4.9.36. Let A = Coh(C) and C be an elliptic curve. Let
o = (Z,H) on D' be a pre-stability condition in T, then o satisfies the
support property and therefore it is a Bridgeland stability condition.

Proof. We will prove that o satisfies the support property with respect to
the quadratic form Q(ry, dy, 2, ds) = dary — dyry. We — using a normalised o
combined with the fact that the group action preserves the support property
— have

ker(Z) = {(Tl,dl,T’Q,dg) ‘ d2 = Adl + B?”l and 9 = —C7"1 — Ddl}

Let (11, dy, 9, ds) € ker(Z), then Q(ry,dy, ro, ds) = Dd2+(A+C)dyri+Br? <
0. Since —1 < f(0) = r < 0, we have that D < 0. Moreover, since we
have Discr(M) = (A+ C)* — 4BD < 0, we additionally obtain B < 0 and
Dd? + (A + C)dyry + Br? < 0 for all (r,d;) € R2 Hence, @ is negative
definite in ker(Z2).

Now, let E = E; % E, be a o-semistable object. By [8, Lemma A.6] it
is enough to show that Q(E) > 0 for o-stable objects. By lemma we
have that dor; — dyry > 0 and the proof is finished. O

Theorem 4.9.37. Let A = Coh(C) where C is an elliptic curve. Then
pre Stab(D") = Stab(D").

Proof. Let o € pre Stab D' then o satisfies the support property and, there-
fore, is a Bridgeland stability condition. To see this apply proposition |4.9.28

for 0 € ©;, and proposition [4.9.36| for ¢ € I". By theorem [4.8.36| these are
the only cases we need to consider. ]

4.10 Topological description of Stab(D")

It is now our purpose to study the topology of Stab(D") by investigating one
of it’s characterising subsets. The aim of this section is to prove that the set
S12 to be defined in is an open, connected four dimensional complex
manifold. We start by introducing new language.

Definition 4.10.1. Let A = Coh(C') for a smooth projective curve C. Define
the sets

Sio = {0 € Stab(D") | iy (C(x)), ia(C(z)),i1(O¢), i2(O¢) o-stable},
Sys = {0 € Stab(D") | iy(C(x)), A(C(x)),i2(Oc), A(O¢) o-stable},
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and
S3; = {0 € Stab(D") | iy (C(x)), A(C(z)),i1(Oc), A(O¢) o-stable},
for all closed points x € C.

The following lemma is a very useful — and intriguing — fact on Stab(D).
We will subsequently be able to use it with regard to Stab(DT) also.

Lemma 4.10.2. Let A = Coh(C) for a smooth projective curve C. Let
M = {(mg,m1, o, 1) € R | ¢1 < o < ¢1 + 1 and mg, my > 0}

There is a homeomorphism

p : Stab(D) - M
o= (Z,H) > (mo,mi, ¢o, P1)

where my = |Z(C(x))| and my = |Z(O¢)|, ¢o = ¢-(C(x)) and ¢1 = ¢5(Oc).

Proof. The stability of C(z) and O¢ in combination with Hom4(O¢, C(X)) #
0 # Homy(C(X), Oc[1]) provides ¢1 < ¢ < ¢1 + 1. Moreover, mg, m; > 0
by definition.

We obtain that p is continuous from two fact. Firstly from that, that the
operators ¢ (E) = ¢, (F) and ¢ (E) = ¢ (E) of [18, Section 3], considered
as functions on the set of slicings/stability conditions are equal whenever F
semistable (which is the case for £ = C(x) and for £ = O¢) and — that
is the point — are continuous. Secondly that, that the same holds for the
mass-function m of [I8, Section 5].

Next, we will prove that p is bijective. Identifying o with an element
(T, f) € @i;(lR) via 0 = 0,(T, f), which is possible by theorem [2.5.51] we
must prove that 7" and f can be reconstructed from the vector (mg, my, ¢o, ¢1).

We obtain T as 4B
-1 _ [~
=% o)

where mg exp(m¢gi) = A+Di and my exp(n¢1i) = B+Ci. On the other hand,
to reconstruct f from (mg, my, ¢o, ¢1), we need to provide f : R/27 — R /27,
which is given by the formula

ft) =
%(arg(ml(sin(qﬁm) cos(tm) — cos(¢ym) sin(tm)

+imo(ma (sin(¢1) cos(tm) — cos(¢im) sin(tm)))),
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as well as n = | f(0)]|. To obtain the latter, note that applying f to
—_n < ¢0 = fﬁl(l) <-n+1

gives
f(=n) <1< f(=n+1)

which — using the fact that f is increasing — provides
fO)—n<1<f(0)—n+1

and hence n < f(0) < n+1 such that n is provided by ¢, given as n = [¢o].
Finally, to see that p is a local homeomorphism, consider

v {(mg,m, ¢, P1) € R* | ¢1 < ¢o < ¢1 + 1 and mgy,m; > 0} — GL3 (R)
—mg cos(¢om) My cos(qﬁlﬂ)) -

—mgsin(gom)  my sin(¢ym)

(mo, ma, o, $1) — (

which makes sense because the matrix above has det > 0.The map v is a
covering and we have v o p = Z, where Z : Stab(D) = (/}\i;(]R) — GL$ (R)
is the universal covering. Hence, p is a local homeomorphism. Combining all
this, we conclude that p is indeed a homeomorphism. [

From now on we will, throughout this chapter, freely identify the following
three topological spaces:

GL, (R), Stab(D) and M.

These homeomorphisms are explicitly given by the identities:

o= 0T, ), 77 = M = (:g g) ,

mo = |Z,(C(z))|, m1 = 1Z,(Oc)l, do = ¢o(C(x)), 1 = ¢5(Oc),  (4.78)
A+ Di=mgexp(ingo), B + Ci = myexp(ingy), f(po) = 1,
o = |A+ Dil,my = |B + Cil, o = f~'(1) and n = f~(1/2).

Definition 4.10.3. Let A = Coh(C') for a smooth projective curve C. Define

Prs = {(01,02) € (GLy (R))? | do < o+ 1,1 < ¢ + 1
and if ¢y > ¢, then det(M; + My) > 0}

with ¢;,7 € {0,...,3} as in lemma [4.10.2}
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Definition 4.10.4. Let A = Coh(C) for a smooth projective curve C'. For
o € Si9 define

G0 = 0o (i1 (C(2))), ¢1 = ¢o(12(Oc)), @2 = ¢o(i2(C(x))) and g3 = @6 (i2(Oc))-
We immediately obtain the following.

Lemma 4.10.5. Let A = Coh(C) for a smooth projective curve C. For
every o € Sia, we have ¢ < ¢g < ¢1 + 1 and moreover g3 < ¢g < @3+ 1

with ¢;,1 € {0,...,3} as in definition |4.10.4).

Proof. This follows from the fact that i, (C(z)),i1(O¢), i2(C(z)) and i2(O¢)
are stable and the existence of non-vanishing morphisms between the respec-
tive pairs. ]

Lemma 4.10.6. Let A = Coh(C) for a smooth projective curve C. There is
a map

I 512 —)Pu

o = ((mo, ma, ¢o, 1)(Ma, m3, P2, ¢3)) = (01, 02),

where we have 0 = (Z,H) with mg = |Z(i1(C(x)))],m1 = [Z(i1(O¢))|,
mo = |Z(12(C(x)))|, ms =1|Z(i2(O¢))| and ¢;,i € {0,...,3} as in definition
4. 10.4)

Proof. Since every o € Si5 satisfies ¢ < ¢ < ¢1 + 1 and ¢3 < o < @3 + 1,
then by lemma [4.10.2] we have a unique stability condition o; given by
(mo, m1, go, $1), where mg = |Z(i1(C(x)))| and my = |Z(i1(O¢))| and a
unique stability condition oy given by (ms, ms, 2, ¢3), where we have my =
|Z(i2(C(x)))| and m3 = |Z(i2(O¢))|. Therefore, we obtain two stability con-
ditions oy = (21, H1) = (11, f1) and 09 = (Z2, Ha) = (15, f2) in Stab(D) and
define 7 as o — (01, 09). O

Lemma 4.10.7. The map 7 is well-defined, continuous, open and éi;(]R)-
equivariant.

Proof. We have that érVLZ+ (R) acts freely on Si2. As 7 is defined in terms
of the slicing, we obtain a C/}VL; (R)-equivariant continuous map from Sis to
GL, (R) x GL, (R).

We now show that (o, 09) € Pia. First we prove that m —n > —1. Let
with ¢;,4 € {0,...,3} as in definition [£.10.4 Since i1(C(x)),i2(C(z)) are

stable and we have a non-zero morphism i;(C(z)) — i2(C(x))[1], it follows
that ¢g — ¢ < 1.
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If ¢g > o, then by lemma[4.5.31| we get that A(C(x)) is stable. We show
now that in this case det(M; + Ms) > 0. By the equivariance of m we obtain

that there is g € (/}I;F(IR) such that by acting by g we obtain a stability
condition o' = og such that 7(¢') = (019,0,). Let ¢ = o1g = (T, f)
and M = T'"'. By lemma , we have det(M' + I) > 0. Note that
M = M ' M, therefore
0 < det(M; 1M, + 1)
= det(My M) + det(I) + det(M; ' M) Tr(M2 1M1)
= det(Msy) " det(M;) + 1 + det (M)~ det(M;) Tr(My M)
= det(My) ! (det(M;) + det(Ms) + det(M;) Tr(M, 1]\/[1))
= det(Ms) det(M; + M,).
As 3 < ¢ < ¢3+1, we obtain det(Msy) > 0. This implies det(M; + My) > 0.
Moreover, as i1(O¢) and i5(O¢) are o-stable and there is a non-zero mor-
phism i, (O¢) — i2(O¢)[1], we obtain ¢ < ¢3 + 1.
Since 7 : S5 — GL*(2,R)? is a local homeomorphism, where 7’ maps a
stability condition to it’s stability function, the fact that 7 is a local home-

omorphism follows from the fact that p o # = 7/, where p : éi;(]R) —
GL*(2,R) is the universal covering. O

We require some technical language in order to prepare the proof of propo-

sition 4.10.27
Definition 4.10.8. Define

o the set
Vig = {0 € Si2 | (o) = (04, 02) such that o5 = 0, },

e furthermore

L1s ={(0,0,) € GLy (R)*| £(0) > —1,3/2 > f~'(1/2)
and if f(0) < 0 then det(M + I) > 0},

e moreover we define
Y to be the set of all (mg, m1, ¢o, ¢1) where

3
m; > 0,00 < 2,01 < 5,01 <do <1 +1
3
and if 1 < ¢y <2and 0 < ¢ < Y then 0(mg, m1, ¢, ¢1) > —1, where
3
d:Rsp x Rag x (1,2) X (O, 5) — R is given by

(mo, m1, ¢, $1) — moma sin((¢g — ¢1)7) — mg cos(om) + my sin(pym)
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e and finally
o = 7T|V12.

We prove the following lemmas for the newly-defined sets.

Lemma 4.10.9. The set Y is connected.

—-A B
-D C
as well as B + Ci = my exp(im¢) and set

Proof. We denote M by M = < ), and have A 4+ Di = mgexp(im¢)

a = cos(¢om), d := sin(Pom), b := cos(p1m), ¢ := sin(py7), A :=bd — ac
such that

det(M) = BD — AC = momy (bd — ac) = momy sin((¢g — ¢1)m) >0
and Tr(M) =C — A = myc— mypa.

Moerover,
d=det(M)+ Tr(M) =det(M +1)—1> -1 < det(M +1) > 0.

Now A > 0 provides § = momiA + myc —mea > —1 <= moemy +mix —
mo% > —+ which in turn is true if and only if m(mo + £) — 4 (mo + £) >
—+ — 2 which holds true if and only if (mo + £)(my — 4) > —2e =
% =: R. For fixed ¢g, ¢1 we now consider a set (mqg, mq, po,d1) € Y. Its
connectedness is obvious except in the case where ¢; > 0 and ¢y > 1. If
in this case R < 0 then we see that the set is connected. On the other

hand, this is not clear if in this case R > 0. The connectedness then is in

question if simultaneously with R > 0 we had my < —% and at the same

time m; < % and hence, using mg, m; > 0 as well as A > 0, that a > 0 and

¢ < 0. However, using R = % reveals that the very case of a > 0 and ¢ < 0

cannot occur simultaneously with R > 0. Hence, all fibres of the projection

v & X e R,
(mo, m1, ¢, d1) — (¢o, 1)

where X = {(¢o,¢1) | 3 mo, my such that (mg, my, ¢o, ¢1) € Y} are con-
nected and non-empty.
Therefore, consider S(15, 15, ¢o, ¢1) for all (¢g,¢1) € X. Since 0 =

momi A + myc — moa we obtain

|~

3
(IA[+ el +a]) < = <1

‘(Sl < ]m0m1A| + ]mlc\ + |m0a] < =70

1

=}
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such that § > —1. If we now take @, Q" € Y then we obtain that S(P(Q)) and
Q are in a path-connected component of P~1(¢g, ¢;) and that S(P(Q’)) and
Q' are in a path-connected component of P~1(¢, ¢}). Since X is connected,
there is a path from P(Q) to P(Q') and therefore from S(P(Q)) to S(P(Q"))
(note that we use that connectedness and path-connectedness is the same in
a metric space). With this, the proof is finished. O

Lemma 4.10.10. Let A = Coh(C) for a smooth projective curve C. We
have mo(V12) C L.

Proof. We consider m(c) = (01,0,) where we need to prove that the re-
strictions on oy = 0,(11, f1) and o, are fulfilled. This is seen by using the
definition of Py in|4.10.3, where we simply have My = (Ty) ™}, My = 1,95 =1
and ¢3 = % with ¢;,7 € {0,...,3} as in definition |4.10.4. Subbing these into
the definition of Pi5 now provides the result — for instance, consider the con-
dition ¢ < ¢35 +1 =141 = 2. Since f;'(3) = ¢1 (see ([4.78)) we obtain
@ <3 :
Lemma 4.10.11. Let A = Coh(C) for a smooth projective curve C. If
o € Viy and mo(0) = (0,9, 0,) with g = (T, f) € GL, (R) and 0 < f(0) then
o€ @12.

Proof. Let ¢;,i € {0,...,3} as in definition[1.10.4] If A(C(z)) is o-stable, its
stability provides ¢o < ¢(A(C(x))) < ¢o. Let | f(0)] = n. Since ¢y = 1 we
obtain 1 < ¢y < —n+1 such that —n > 0. We obtain | f(0)] = n < —1 which
provides f(0) < 0 and that is a contradiction. Hence, letting X = C(z) we
have X € D stable for which A(X) is not o-stable such that the result follows

by theorem [4.5.29, [

Lemma 4.10.12. Let A = Coh(C), for a smooth projective curve C. If
o € Vip and mo(0) = (0,9, 0,) with g = (T, f) € GL, (R) and 0 > £(0) > —1
then A(C(x)) is o-stable.

Proof. Let ¢;,1 € {0,...,3} as in definition [4.10.4] Let | f(0)| = n. If we
assume A(C(x)) to be not o-stable, then we obtain by corollary 4.5.21] and

lemma 4.5.31| that ¢y < ¢o. Since ¢ = 1 we obtain —n < ¢y < 1 such that
n > —1. We obtain f(0) > | f(0)| =n > 0 which is a contradiction. O

Lemma 4.10.13. The map

piﬁlg—)YCR4
1

(T, f) = (mo,my, f71(1), 1 7(3))

with mo = |A + Di|,my = |B + Ci| is a homeomorphism.
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Proof. Let ¢;,i € {0,...,3} as in definition . It suffices to prove that
Y is the image of £ under the map defined in lemma [£.10.2] Let oy € L1s.
We have mgy, m; > 0 for start. We will cumulatively use that f is increasing.
First of all this implies that we obtain 0 > f~!(—1) from f(0) > —1. Hence
we obtain

25 (1) 42 = 142 = F 1) = 6y
as well as
61=17(3) < S (1) and
=17 < W= =) <)
SFGAD =G F 1= h L

Additionally, we have ¢; = ffl(%) < % by assumption and if f(0) > 0, and
hence f(1) > 1 we obtain 1 > f~1(1) = ¢. If, on the other hand, f(0) < 0,
we obtain

1< f10) =60 = f-1(1) < 2and 0 < fH(5) =1 = f1(5) <2

We now use det(M + I) > 0 together with
A+ Di = mg(cos(fH(1)m) +isin(fH(1)7))
1

B+ Ci= ml(cos(f_l(%)ﬁ) + z'sin(f_l(ﬁ)ﬁ))

provided by the correspondence between M and f~!, which gives

—l<det(M+1)—1= 5(mo,m1,f‘1,f‘1(%>)-

Lemma 4.10.14. The set L5 C P1o is open and connected.
Proof. Define
Uy = {g € GL, (R) | f(0) > 0} and

U, = {g € GL. (R) | % S £(0) > —1,det(M + I) > 0 and f‘l(%) < g}.

The sets U; and U, are open in (Ei;r(]R) and U; UU, C Lys.
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Let g € Ly, if f(0) # 0 we have g € Uy UU,. If f(0) = 0 we have
—A,C € R which gives Tr(M) > 0, hence det(M + I) > 0 and therefore
g € Uy which provides L15 C U; U U, and hence L5 = U; U U, such that L
is open.

Since Y from definition [4.10.8] is connected, by lemma [4.10.9] we obtain
by lemma that L5 too is connected. O

In preparation of case [I| of the proof of proposition [4.10.27, we have the
following lemmas. We start by considering the situation where both o; and
09 have the abelian category A as their heart.

Lemma 4.10.15. Let A = Coh(C) for an elliptic curve C. Let Z, be a stabil-
ity function on A. There is a stability condition obtained by CP-gluing from
o1 = (21, A) and 09 = 0, via the semiorthogonal decomposition (Dy,Ds).

Proof. We must prove the HN-property — the result then follows from |4.9.28|
In this situation CP-gluing conditions are fulfilled and the resulting heart
is AT, Since under the conditions of this lemma we have ¢y = 1 and so
A+ Di =mgexp(ir) = —my. In particular, D =0 and A = —myg < 0.

We use [4, Corollary 3.6] to prove the HN-property. Let £ = Ey, — Es €
A" and consider subobjects F' = (F} — Fy) of E. Let ¥ d¥ rF' dF be
rank and degree of F; and F;. The class of E in the numerical Grothendieck
group is given by (rf d¥ r¥ d¥) € Z* and we have Z(E) = Ad¥ — df +
Brf 4+ 4(Crf + rf). We need to prove that there are only finitely many
classes (rf’, df',rf, dl') coming from sub-objects F' C E that satisfy Adl —
df + Brf' < max{0, Ad¥ — d¥ + BrF}. Because degrees of subsheaves are
bounded above by by lemma there exist integers M, M, that may
depend on FE but not on F such that dI" < M; and d}’ < M,. Because A < 0
we need only concern ourselves with such /' C E for which

AM; < AdF < max{0, Ad¥ — d¥ + BrP} 4 df — Brf, (4.79)

in particular AM1 < maX{O Ad¥ — d¥ + Brf} + di’ — Brl". Because F C E
provides 0 < rf" < rE_ this leads to the inequality

AM, — max{0, Ad¥ — d¥ + Brf} + min{0, Br¥} < d < M.

Now, since 7f" and d% are integers we obtain that there are only finitely many
pairs (rf" dl') arising from subobjects F' C E that satisfy the required con-
dition. We see from - that there is only a finite number of df" occurring
for each such pair such that the number of classes of subobjects F' C E for
which R(Z(F)) < max{0,R(Z(F))} is finite and therefore the conditions for
[4, Corollary 3.6] are fulfilled and the proof finished. O
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Proposition 4.10.16. Let A = Coh(C) for an elliptic curve C. If o9 €
Stab(D) and o1 = 05(T, f) € Stab(D) with f(0) > 0, then there is a stability
condition obtained by CP-gluing o1 and oo via the semiorthogonal decompo-
sition (D1, Dy).

Proof. 1t is sufficient to prove that the HN-property is fulfilled — because the
support property then follows from [4.9.28, Assume P; to be the slicing of o;.
We use
Hom3! (i1P1(6, 0 + 1],i2P5(0, 0 + 1))
= Hom3, (i1Pa( (), £(0) + 1],i2P(0,0 + 1]) = 0
if and only if f(#) > 0 applying lemma [3.2.30 Via [2I, Theorem 3.6], this

reduces the problem to proving that there is a 6 € (0,1) with f(f) > 0. Now
we consider different cases.

1. If £(0) > 1 we use 6 € (0,1) to see that f(#) > f(0) > 1> 6.

2. If 1 > f(0) > 0 we obtain from the correspondence between f and 7'

(definition of (f}\i;(lR)) that for 77! = <:é g) we obtain

f(0) = % arg(C cos(f0m) — Bsin(0m) + (—Asin(fn) + D cos(67)1).

From 1 > f(0) > 0 we obtain D > 0 which implies that there is a
A
0 € (0,1) such that cot(fm) = ) and hence —Asin(07) + D cos(07) =

0. Then D(Ccos(fr) — Bsin(f0r)) = DC cos(6n) — DBsin(fn) =
AC'sin(0r) — DBsin(0) = — det(T 1) sin(d7) such that

1
f(0) = = arg(— det(T")sin(r)) = 1 > 6 provided by det(7') > 0.
s

3. If f(0) = 0 then oy and o, have the same heart P,(s,s + 1] where
s € R. Apply a shift [—[s]] to reduce the problem to a situation where
the (common) heart is simply P,(r,r + 1],r € (=1,0]. If » = 0 apply
lemma Otherwise we adapt the strategy of lemma [£.10.15]
Glue two copies of P,(r,r + 1] (the hearts of 0y,0,) and obtain the

heart obtained by CP-gluing P;(r, 7+ 1] = (A")! (see definition [4.8.23)).
Now consider a torsion pair (P;(0,7 + 1], P;(r,0]) for this (abelian)
category and obtain for any E € P;(r,r + 1] an exact sequence

0—-F —-FE—FE'[-1—=0,
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where E' € Py(0,7+1] and E” € P;(r+1, 1] and therefore E', E” € A"
For any subobject F' C E we obtain an analogous sequence such that

0 > I > I > F' -1 —— 0
lf/ lf lf”[*l} (4.80)
0 > E >y E E'-1] — 0

where we obtain f’ from Hom(F’, E”[—1]) = 0 provided by the induced
torsion pair (P,(0,7 + 1], P,(r,0]) and hence f” by [32, Section 1.1,
(TR3)]. Moreover f’ is a monomorphism by the snake lemma. We use
the usual notation A\ (E) = E1, A\ (f) = f1 and pa(E) = Es, p2(f) = fa
for objects F and morphisms f and denote deg(F;) by d and rank(F})
by rf'. In order to emulate the proof of lemma we must prove
that there are only finitely many values possible for 7, and that the d;
are bounded above. From

0—-FE —F— E'[-1] =0,

we obtain the equations df” = deg(F!) — deg(F!) and r!" = rank(F}) —
rank(F}"). Since f’ is a monomorphism we have 0 < rank(F!) <
rank(E!). We must now prove that there are only finitely many values
for rank(F!"). From the application of \; or py respectively to (4.80))
we firstly obtain the exact sequence

0= K/'[-1]—-Q.— Qi — Q/[1] =0 (4.81)

via the application of the snake lemma and secondly have the canonical
exact sequence

0K/ —>F' —-E —-Q/—0 (4.82)

where Q;, Q% and Q! are the cokernels of f;, f/ and f!" and K the kernel
of f. In the Grothendieck group we obtain

(K7 [-1]] = (@] + (@] — [Q[1] =0

from (4.81)) and
(K7 = [F] + [E] = (@] = 0

(2

from (4.82). Adding these two equations and rearranging now provides
F" = E" — Q" + @ and therefore rank(F") = rank(E"”) — rank(Q’) +
rank(Q). Since E” and hence rank(E"”) is fixed and there are only
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finitely many choices for rank(Q)’) and rank(Q)) there are only finitely
many choices for rank(F").

To see that the df' are bounded, we first recall that the degrees of
subsheaves of E! are bounded above by lemma . Because df' =
deg(F}) —deg(F!") it is then sufficient to show that deg(F}’) is bounded
below. Because there are only finitely many possible values for rank(F}’),
this is equivalent to the slope of F/ being bounded below. That this
is indeed true follows from F} € P,(r + 1,1] and r > —1, using
M(Pi(r + 1,1]) = Pu(r + 1,1] = po(Pi(r + 1,1]). This finished the
proof for f(0) = 0 and hence the proof of the proposition too is fin-
ished.

O

Lemma 4.10.17. Let A = Coh(C) for an elliptic curve C. Let 0y1,09,03 €
Stab(D).

1. If 0o = 0,(T5, f2), 03 = 0,(T5, f3) and f2(0) — f3(0) > 1, then
O93 € @2 C @23 C 523 C Stab(DT).

where g9z 1s obtained by CP-gluing oo and o3 via the semiorthogonal
decomposition (Dq, D3).

2. ]f 03 = O'M(T3, f3),0’1 = O-p(lefl) Cl’ﬂd f2(0) — f3(0> Z ]., then
031 € @3 C @31 C 531 C Stab(DT).

where 031 is obtained by CP-gluing o3 and oy via the semiorthogonal
decomposition (D3, Dy).

Proof. We prove the first statement. We know from corollary that
f2(0) — f3(0) > 1 is equivalent to the CP-gluing condition for (D, Ds). We
define o] = 03[l] = 0,(=Ts, fo — 1) and o) = 03. Then A} = Ay[—1] and
A, = As. The CP-gluing condition for o/, ¢} that produces the heart A/,
then is fo(0) — 1 > f5(0), which is what we were given. We now obtain

E € A, if and only if Spr[—1](E) € Ajs.

Therefore, Spr[—1](0]5) and oa3 have the same heart where o7, is the stability
condition obtained by CP-gluing o] and ¢} via the semiorthogonal decompo-
sition (Dy, Ds) and o093 the stability condition obtained by CP-gluing o, and
o3 via the semiorthogonal decomposition (Ds, D3). Moreover, the stability



193

functions agree as well. We therefore obtain Spr(07,) = o023 by applying
[21l, Proposition 2.2(2)]. Proposition implies now that oy3 has the
HN-property and the result follows.

For the proof of the second statement we define o, = 03,0}, = 07 and
show that E € A),; if and only Spr[—1](E) € Aj. O

Definition 4.10.18. Define
S ={0¢,C(x) | z € C}.

In preparation of case [2| of the proof of proposition 4.10.27, we have the
following series of lemmas.

Lemma 4.10.19. Let A = Coh(C) for an elliptic curve C. Let (T, f) € L12
satisfy f(0) < 0 and Discr(M) > 0. Let A\, Ay be the eigenvalues of the
matriz M and let v = (cos(mf),sin(wf)) with 6 € [—1,1) be an eigenvector
of M. Let g = (Ky, fg) be the rotation by 78 and let oy = 0,(T, f), 00 = 0,
and o3 = 0,(Ts, f3), where Ty = (M + I1)~" and f3(0) € [-1,1).

o [f\; < —1, then there is a stability condition obtained by CP-gluing 029
and o3g via the semiorthogonal decomposition (Do, D3) in Stab(DT).

o If —1 < \; < 0, then there is a stability condition obtained by CP-
gluing o3g and o1g via the semiorthogonal decomposition (Ds,Dy) in

Stab(DT).

o [f0 < \;, then there is a stability condition obtained by CP-gluing 019
and oyg via the semiorthogonal decomposition (Dy, Do) in Stab(DT).

Proof. The matrix Ty := T = M~! has eigenvalues a; = 1/); and the same
eigenvectors as M and the matrix T3 = (M + I)~! has eigenvalues 3; =
1/(14);) and the same eigenvectors as M (i € {1,2}). To maintain consistent
notation let fi(¢) := f(t) and fo(t) = t.

Recall that —1 < f(0) < 0 is equivalent to 1 < ¢y < 2 implying that
A+ Di = mgexp(imgy) has negative imaginary part — in other words D < 0.
We obtain from the compatibility of f; and M + I that exp(inf3(0)) =

\gﬁ—ig;' From D < 0 we see that —1 < f3(0) < 0 because we have assumed
f3(0) € [=1,1).

Assume A\ to be the eigenvalue corresponding to the eigenvector v, =
/X, 8=1/(1+ ). then

Mv = v, Tiv = av, Tzv = [v.

We therefore have fi(0) = 0+m where m = 2k is an even integer when a > 0
and m = 2k — 1 is an odd integer if & < 0 (k € Z). A similar statement
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holds for f3(#), but now the sign of  is determining the parity of the added
integer.

We will now prove £ = 0 in all cases, that is, the added integer is in the
set {—1,0}. We distinguish two cases. First we assume —1 < 6 < 0. When
h is one of the functions f; or f3, we know that A is strictly increasing, which
means h(t+ 1) = h(t) + 1 and —1 < h(0) < 0. We therefore obtain

—2 < h(—1) < h(0) < h(0) < 0.
Using h(0) = 0 + m, we obtain
m—1<h(0) <m.

Combining these inequalities we get —2 < m and m — 1 < 0 such that for the
integer m we now have m € {—1,0}. Now we assume 0 < § < 1 and obtain

—1 < h(0) <h(@) <h(l)<1laswellasm < h(f) <m+ 1.

The combination of both equalities now gives —1 < m + 1 and m < 1, such
that m € {—1,0}. Considering the three different cases of the statement of
this lemma we obtain

e if A\ < —1, then a, 8 < 0 such that fy(0) = 0, f3(6) = 0 — 1 and hence
f2(0) = f(0) =1,

o if -1 < A <0, then o« <0< < 1such that f3(0) =0, fi(6) =6 —1
and hence f5(0) — f1(0) = 1 and

e if 0 < A then 0 < «a such that f1(0) = 0, fo(0) = 6 such that fi(0) —
f2(0) = 0.

Writing 0ig = 0,,(T}, f;) gives fi(t) = fi(fo(t)) = fi(t +0) and so fi(0) =
fi(6). Thus, in each case the corresponding CP-gluing condition is satisfied
for two of the three stability conditions ;g which by proposition [4.10.16|and

lemma finishes the proof. O

Corollary 4.10.20. With the same assumptions and notation as in lemma

we have

o if \; < —1, then the stability condition obtained by CP-gluing 029 and
o3g via the semiorthogonal decomposition (D, D3) is in Sy,

o if —1 < \; <0, then the stability condition obtained by CP-gluing o3g
and 019 via the semiorthogonal decomposition (D3, Dy) is in S12 and
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o if 0 < \;, then the stability condition obtained by CP-gluing 019 and
09g via the semiorthogonal decomposition (Dy,Ds) is in Sis.

Proof. As above we write 0; = 0,(1}, fi) € Stab(D) and let Z; denote the
stability function of o;. For i = 1,3 we have —1 < f;(0) < 0. We obtain
1 < ¢,,(C(z)) < 2. Moreover Hom(O¢, C(x)) # 0 implies ¢,,(C(z)) — 1 <
00,(O¢) < ¢5,(C(x)) and therefore 0 < ¢,,(Oc) < 2. This means that
¢0,(O¢) is determined by Z;(O¢). Because the definition of L5 provides
06, (Oc) = ¢1 < 3/2, the complex number Z;(O¢) is not in the fourth
quadrant. As

Z3(0c) = Z1(0c) + Z5(Oc) = Z,(O¢) + i

Z3(O¢) cannot be in the fourth quadrant either, in other words, this shows
0< ¢a3(OC) < 3/2

We now study the three cases. First consider o to be the stability condi-
tion obtained by CP-gluing o929 and o3g via the semiorthogonal decomposi-
tion (D, D3). Then iy(X) is o-stable for all X € 5,

¢0<i2(X>> = ¢U2Q(X) = (¢02(X)) (X) -0
and @o (A(X)) = Goyg(X) = f (905 (X)) = ¢y (X) — 0

also. When i;(X) is not o-stable we obtain ¢,(A(X)) > ¢, (i2(X)) + 1 from
the HNF/JHF, see corollary and lemma m To prove stability of
i1(X) it hence suffices to show ¢, (A(X)) < ¢y (i2(X))+ 1 which is equivalent
t0 oy (X) < ¢, (X) + 1.

When X = C(z) we have ¢5,(X) +1 = ¢,,(C(z)) +1 = 2. We have
seen above that ¢,,(C(x)) < 2 and therefore i, (C(z)) must be o-stable. For
X = O¢ we obtain the stability of i1(X) from ¢,,(Oc) < ¢y (Oc) +1 = 3/2
which we have seen before. This proves o € Si».

Now consider ¢ to be the stability condition obtained by CP-gluing 039
and o1¢g via the semiorthogonal decomposition (D3, D;). Then i1(X) is o-
stable for all X € S,

o (A(X)) = 603y (X) = fo ' (903(X)) = 60 (X) — 0
and ¢, (i1(X)) = ¢0,9(X) = f3 ' (¢, (X)) = 65, (X) — 0

also. When i5(X) is not o-stable we — similar as above — obtain ¢, (ia(X)) >
0o(A(X)) + 1 from the HNF/JHF, again see corollary and lemma
4.5.31L To prove stability of i;(X) it hence suffices to show ¢, (ix(X)) <
0o(A(X)) + 1 which is equivalent to ¢y, (X) < ¢y (X) + 1. For X = C(x)
we have seen above ¢,, (C(z)) < 2 < ¢o,(C(x)) + 1 such that ix(C(z)) must
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be o-stable. For X = O¢ we have to show ¢,, (Oc) < ¢5,(Oc) + 1. Recall
Z1(O¢) = B+iC and Z1(O¢) = B+ i(C +1). When B > 0, then Z;(O¢)
is in the first quadrant, because 0 < ¢,,(O¢) = ¢1 < 3/2. This puts Z3(O¢)
into the first quadrant as well and hence ¢,, (O¢) < ¢, (Oc) < ¢4, (Oc) + 1
implying that i2(O¢) is o-stable in this case. When B < 0,7,(O¢) and
Z3(O¢) are both on the left half-plane such that 1/2 < ¢,,(O¢) < ¢,,(O¢) <
3/2. This provides us with

¢01(OC) < 3/2 < ¢03(OC> +1

and i5(O¢) is o-stable in this case as well. Hence we obtain o € Sis.
Since O C ©15 C Sy, there is nothing to prove in the remaining case. [

Corollary 4.10.21. With the same assumptions and notation as in lemma

we have mo(og™') = (T, f).

Proof. In corollary(4.10.20|we saw that each of the intervals (—oo, —1), (—1,0)
and (0, 00) for the eigenvalues provides a different CP-gluing situation which
we will use to prove this corollary. For X € S consider the three equations

Zog1(i1(X)) = aZ, (1(X)) = KoZog(X) = Z4(X),
s (2(X)) = KoZy (i5(X)) = Ko Zyay(X) = Zo(X)
and Zgg +(A(X)) = KoZy(D(X)) = KoZng(X) = Z5(X)

and note that in each of the three CP-gluing situations, two of these three
equations hold true. In fact however we see from Z3 = Z; 4+ Z5 and [A(X)] =
[i1(X)] + [i2(X)] that the third one also holds in all cases. It remains to show
that ¢,5-1(11(X)) = ¢, (X) as well as ¢,-1(i2(X)) = @0, (X) for all X € S.

If 0 < \; and we therefore obtain from corollary that the stability
condition obtained by CP-gluing from 0,9 and o099 via the semiorthogonal
decomposition (Dj, D) is in Sie, from the definition of gluing and of the

(/}VL; (R)-action we obtain

¢0g*1(i1(X)) = f9<¢0(zl(X))) = f9<¢01g(X)> - f9f9_1¢01 (X) = ¢U1(X>

and
Pog1(i2(X)) = fo(do(12(X))) = [o(Pesg(X)) = fo S5 P0r(X) = ¢, (X)

for all X € S.

If 0 < A; and we therefore obtain from corollary that the stability
condition obtained by CP-gluing from o099 and o3g via the semiorthogonal
decomposition (Ds, D3) is in Sie, from the definition of gluing and of the

action GL, (R) we obtain ¢yy-1 (is(X)) = ¢y (X) and doy-1(A(X)) = s (X)
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for all X € S. We obtain via ¢ € Si2 that — in addition to i5(X) and A(X)
stable — we too have i;(X) o-stable for X € S. Hence i1(X), i2(X) and A(X)
are also og~'-stable. This implies

Pog-1(12(X)) < bog-1(A(X)) < dog1(11(X)) < Pog-1(i2(X)) + 1

arguing in the usual way via the exact triangle i(X) — A(X) — i1(X) 5.
Since Ggg-1(i2(X)) = d0y(X) € {1, 5} we obtain ¢,4-1(i2(X)) € (0,2). Be-
cause ¢y, (X) € (0,2) and Z,,-1 (41 (X)) = Z1(X) we obtain ¢y-1(i1(X)) =

o1 (X).
In the remaining case from corollary (4.10.20| we have ¢,,-1(A(X)) =
¢3(X) and ¢yg-1(11(X)) = $1(X) for all X € S. From

0 < ¢o, (X) =1 = dog1(i (X)) — 1

< Qbog*l(iQ(X)) < QSUg*l(A(X)) = ¢03(X) <2
we obtain, as above, ¢, -1 (i2(X)) = @o, (X). O
In preparation of case [3| of the proof of proposition [4.10.27, we have

the following lemmas. We start with the following elementary one, that
Bridgeland uses in [17, Page 264].

Lemma 4.10.22. Forn € (0,1] C R and w,w' € C with |[w — w'| < nlw|,
we have
lw — w'| < 2n|w’|.

Proof. Via the triangle inequality in C and |w — w'| < n]w| we obtain
jw] = |w| = [w' + |w'| < fw —w]+ | <nlw] +[w'],

such that (1 —n)|w| < [w’|. Since 5 € (0, 3] C R, we have n > 0,1 —n > 0
and 0 < 1/(1 —n) < 2 which implies

Ui
njw| < ﬁlw/| < 2nfw’|.

Hence,
w — w'| < nlw| < 2nfw].
]

Lemma 4.10.23. Let Q) be a quadratic form on Ar and W € Hom(A, C).
The following are equivalent

1. There exists a real number Cqw > 0 such that Cow||v|| < |W(v)| for
all v € Ag \ {0} that satisfy Q(v) > 0.
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2. Q is negative definite on ker(W).

Proof. To see that || implies [2 consider Q(v) > 0 and v # 0, we have 0 <
Cowllv]| < [W(v)| such that W(v) # 0, hence Q(v) < 0 for all non-zero
v € ker(W).

To see that [2| implies |1| we use the fact that rank(A) is finite which gives
us that the unit sphere, and therefore the set K = {v | Q(v) > 0,]||v|| = 1} C
AR is compact. Since we assumed () to be negative definite on ker(W), K
is also disjoint to ker(W), hence the function f(v) := |W(v)| is positive and
continuous on K and therefore attains its (positive) minimum — which we
now denote by Cgw. We obtain Cgwl|v|| < |[W(v)| for v € K and hence,
by the linearity of W, for all v € Ag \ {0} that satisfy Q(v) > 0. Since
Cow > 0 we are — indeed — finished. O

Definition 4.10.24. Let W € Hom(A, C). Define
[[Wlloo := max{|W(v)| | v € Ag, [[v]| = 1}.

The topology on Hom(A, C) is given by this norm. We now use lemma

4.10.22| to prove the following.

Lemma 4.10.25. Given a quadratic form Q on Agr, W € Hom(A, C) such
that Q’ker(W) < 0 and Cow > 0 a corresponding constant as in lemma

4.10.25. Then, for all € € (0,1) and all W' € Hom(A, C) that satisfy the
inequality |[W — W'||w < Sin(Tre)CQT’W
Q(v) > 0 we have

and all non-zero v € AR that satisfy

W (v) — W' (v)| < sin(me)|[W'(v)].

Proof. The inequality ||[WW — W'||s < sin(ﬂe)c%w implies the inequality

Cow

O 1| (1.83)
for all v € Ag \ {0}. Lemma 4.10.23| provides us with Cq w||v|| < |[W (v)| for
all v € Ag \ {0} that satisfy Q(v) > 0, such that — since the quantities in
question are positive — the inequality (4.83)) extends to

|W(v) — W'(v)| < sin(me)

W (v) — W' (v)| < Sin(ﬂe)C%’WHvH < sin(re) 'Wé“”.
To this, we apply lemma [4.10.22] where we let w = W(v),w" = W’(v) and
n = % We obtain |W(v) — W' (v)| < sin(mwe)|[W'(v)| for all v € Ag \ {0}
that satisfy Q(v) > 0. O
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Corollary 4.10.26. Given a quadratic form Q on Ar,W € Hom(A,C)
such that Q‘ker(w) < 0 and Cow > 0 a corresponding constant as in lemma
4.10.24. Suppose o’ € Stab(D") satisfies the support property with respect to
Q, that € € (0,1) and that W' := Z(0’) € Hom(A, C) satisfies the inequality

|W = W||o < sin(me) LY then

[|W — W||, < sin(me).

Proof. If E € D' is o’-semistable then Q(E) > 0 since ¢’ satisfies the support
property with respect to (). Therefore we can apply lemma |4.10.25| to obtain

W (v) — W (v)| < sin(me)|W'(v)]
for all o’-semistable objects E. This implies that ||[W — W’||, < sin(me). O
We are now ready to provide the crucial proposition following.

Proposition 4.10.27. Let A = Coh(C), for an elliptic curve C'. The map

o - Vlg — £12

oo

1s a homeomorphism.

Proof. Since we have seen in lemmal[4.10.7] that 7 is a local homeomorphism,
it remains to prove that my is bijective. To prove injectivity, consider o =
(Z1,H1), 7 = (Z3,Ha) € V1o and o7 € Stab(D) with (o) = 0y = n(7). If
0 < £(0), lemma provides 0,7 € O3 and, by lemma we now
obtain o = 7. If =1 < f(0) < 0, then A(C(x)) is o-stable/7-stable by lemma
[4.10.12] We now obtain o = 7 by lemma [£.8.16] via the assumed equality of
their stability functions combined with d(P, Q) < 1, with P, Q being their
respective slicings.
We will now prove surjectivity. We distinguish between three cases:

1 f(0) =0
2. f(0) < 0 and Discr(M) >0
3. f(0) < 0 and Discr(M) < 0.

We obtain case (1| from corollary (giving us that (7, f) is in the
image of my for (T, f) € L2, f(0) > 0).

To study case [2] assume that (7, f) satisfies f(0) < 0 and Discr(M) > 0
resulting in it having real eigenvalues A\, As. By definition of L5 we have
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det(M) > 0 and det(M + I) > 0 which implies A; ¢ {—1,0}. There are only
three possibilities, these are

)\1,)\2 < —1,
—-1< )\1,)\2 <0
and 0 < Ay, Ag.

We can hence apply corollary [4.10.21] which concludes the proof of case [2]
To prove the result for case |3 we will use the deformation theorem of
Bridgeland. Define

LY = {(T, f) € L12] £(0) < 0, Discr(M) < 0} C L1,

which is an open subset of £15. Suppose (T, f) € L}, corresponds to (Z, A) €
Stab(D) and define W = Zo A\ + Z,, 0 p,. Because f(0) < 0 gives 1 < ¢y < 2
and ¢ < ¢ < ¢+ 1 now implies 0 < ¢y < 2, any (T, f) € L}, is determined
by T" and also by W.

For X € S let Ox = M,Q’X = w implying 6y, 0 €
[0,2). Since —1 < f(0) < 0 is equivalent to 1 < ¢ = f~'(1) < 2 and
A+ Di = mgexp(imgg), we obtain D < 0 and from Discr(M) = (A + C)? —
4AB < 0, we get B < 0 also. Now, let {x := ¢,(X), in other words {p(p) = 1
and {o,, = 3 and using [A(X)] = [i1(X)] 4 [i2(X)] we obtain

Ex <Oy <bOx <&x+1 (4.84)

for all X € S.
Let € > 0 satisfy

1
e<min{§,£X+1—9X,9X—9’X,0'X—£X|X€S}.

This implies that the inequalities [4.84] remain invariant under adding or
subtracting € to either fx or #%. We have seen in the proof of propo-
sition where we only needed B, D < 0, that the quadratic form
Q = dory — dy7y is negative definite on ker(W) for any W that comes from
an element (7T, f) € L},. Now we assume Cg v to be a constant as in lemma
that corresponds to this quadratic form () and the fixed W. There
exists (17, f') € L1, such that the entries of the matrix 7" are rational and

W — W|| < sin(me) ng,

where W’ is obtained from (7", f’) in the same manner in which W was
from (7, f). By lemma [4.7.31| in combination with proposition 4.9.36| which
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applies because Discr((T”)™!) < 0 and supplies the support property, there is
a0’ € Vip C Stab(D") such that my(o’) = (1", f') and o’ satisfies the support
property with respect to ). Since we also have Z(¢’) = W', we obtain by

corollary that

[|W — W'||, < sin(e) (4.85)
and from Bridgeland’s deformation theorem, see 7, Theorem B3], we obtain
that there is a o € Stab(D') such that Z(o) = W and d(o,0’) < e.

We now apply lemma to o’. It provides us with 7;(X),i2(X) and
A(X) being o’-stable for X € S. Using this we will now prove that in
this situation 7;(X),i2(X), A(X) are o-stable for X € S. By our choice
of £x,0x and 0, there exist integers k,m,n such that ¢,(i1(X)) = 0x +
2k, ¢, (i2(X)) = Ex + 2m and ¢, (A(X)) = 0y + 2n whenever these objects
are o-stable.

(a) Suppose A(X) is not o-stable. We now let 0 = w € [0,2)
(without changing fx and £x). Hence, ¢, (A(X)) = 0% + 2n and more-
over, by (4.87)), 0y differs from the argument of W (A(X)) by no more
then € such that the inequality holds true. Via the HNF/JHF

(corollary(4.5.21{and lemma|.5.31)) we get ¢4 = ¢y (i2(X)) > o (i1(X)) =

¢_, which translates into ¢, = &x +2m > ¢ = Ox + 2k > Ex + 2k,
using (4.84)), such that we obtain m > k. On the other hand, we have

¢ > d(0,0) = |¢o (A(X)) — 4] = |2(n —m) + Oy — Ex|.
Since we have 0 — &x € (0,1) by (4.84)), this yields m = n. Similarly,
we obtain from

e> d(0,0') > 16 — 6o (AX))] = [2(k — n) + Ox — O,
in combination with x — 6% € (0,1) by (4.84), that & = n. Hence

k = n = m, which contradicts m > k.

(b) Suppose i1(X) is not o-stable. We proceed similar as before, now letting
Oy = W) ¢ 9 2) and obtain, using HNF/JHF that n > m on

™

one hand and using (Ax — 6%),({x +1 —0x) € (0,1), that m =k =n
on the other.

(c) Suppose iz(X) is not o-stable. We — again — proceed as before showing
that k£ > n. However, in this case we use ¢,/ (i2(X)) = ¢,(X) = {x and

¢0’(i2(X>) - ¢+ = £X - ‘9X —2k+1¢€ (_2k7 —2k + 1)
as well as ¢_ — ¢ (i2(X)) = 0y —Ex +2n € (2n,2n + 1)

such that £k =0 = n.
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This concludes our investigation regarding the stability of the three em-
beddings under the given particular circumstances. We have proved that in
this situation i1 (X ), i2(X), A(X) are o-stable for X € S.

Since o € S15 and A(X) is o-stable for X € S, we have

Po(i2(X)) < 9o (A(X)) < ¢6(i1(X)) < @0 (i2(X)) + 1 (4.86)

for all X € S. Since Z(o) = W for any X € S, the difference of ¢,(X)
and the corresponding parameter value ¢; of (T, f) is always an even integer.
Without loss of generality we can assume ¢, (i2(C(x))) = 1 and ¢, (i2(O¢)) =
1/2. This is possible because W (ix(C(z))) = —1 and W(i2(O¢)) = i
and ¢, (i2(O¢)) < ¢,(i2(C(2))) < ¢,(i2(Oc)) + 1 which is why we have
05 (12(C(z))) = n and ¢, (i2(O¢)) = n —1/2 and can apply a suitable shift —

=
corresponding to an element of GL, (R) acting on the stability condition —
if necessary. By (|4.86]) we obtain

L= 65 (12(C(@))) < Go(A(C())) < 65 (1(C@))) < Gulia(C@) +1 =2
L 6,(02(00)) < 62(AO0)) < 6,(01(0c)) < dr(ia(Oc)) +1 = &

so in particular ¢, (i1(C(2))), ¢o(i2(C(2))), do(i1(Oc)), 94 (i2(Oc)) € (0,2).
Therefore they have to agree with ¢g, ¢1, 02 = 1 and ¢35 = 1/2 respectively,
which shows o € V5 and mo(0) = (T, f). This proves that g is surjective
and therefore the proof is finished. O

Corollary 4.10.28. Let A = Coh(C), for an elliptic curve C. The map

[ S12 —>P12

o (01,09).
18 a homeomorphism.
Proof. This is an implication of proposition [4.10.27] n

Lemma 4.10.29. The pairs o = (Z', H) constructed by CP-gluing via (Dy, Ds)

and the pairs o = (Z,H(Cy, D1)) given in lemma|4.7.31| with f~'(3) < 3 are
Bridgeland stability conditions.

Proof. We have seen that whenever oy = (T4, f1) = (Z1,H1) € Stab(D)
and oy are discrete, we obtain a Bridgeland stability condition by applying
proposition after [21], Proposition 3.5]. Without loss of generality we
assume o, = 0,. Let 0 be a pair obtained by CP-gluing via (D;,D,) from
oy and 09 = 0,. As f1(0) > 0, we get (01,0,) € Ly2. Therefore, there is a
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stability condition 7 € Vi, such that =(7) = (01, 0,). By lemma we
obtain 7 € ©12 and by Lemma [£.8.13] we have that 7 is a pair obtained by
CP-gluing via (Dy,D,) from oy and o9. As a consequence the pair (Z,H)
gives a Bridgeland stability condition.

Let 0 = (Z,, A,). If we consider o; as in lemma :4.7.31 with f71(3) < 3,
we obtain —1 < f1(0) < 0 and since we assumed det(M; + I) > 0, we
have that (01,0,) € Li2. Therefore, a stability condition 7 € V;5 such that
7(7) = (01, 02) exists. By lemma [£.10.12] we have that A(C(x)) is 7-stable.
Hence, lemma |4.8.16| gives that 7 is given by the construction of lemma
[1.7.31] Then 7 = (Z,,A,) and as a consequence is a Bridgeland stability
condition. [

Lemma 4.10.30. Let A = Coh(C) for an elliptic curve C. Let o € pre Stab
and assume that there is a g € GL3 (R) such that og is constructed by CP-
gluing via (Dy, Ds) or one of the kind of lemmal4.7.31], then o is a Bridgeland

stability condition.

Proof. Let o € pre Stab such that there is a ¢ € GLJ (R) of the kind of lemma
such that f~(3) > 2. In this situation either i1(O¢) or i5(O¢) is not
o-stable, in other words, o € Saz or 0 € S31. If ¢,(A(O¢)) > % we obtain
that i2(O¢) and A(O¢) are o-stable. On the other hand, ¢,(A(O¢)) < 3 im-
plies that i1 (O¢) and A(O¢) are o-stable. All of this is due to non-vanishing

morphisms and HNFs/JHFs connected to the canonical exact triangle
i2(0c) = A(O¢) — i5(Oc) > is(Oc)[1]
in the usual way. [

Theorem 4.10.31. Let A = Coh(C), for an elliptic curve C. The space of
stability conditions Stab(D") = S15US93USs; is a connected, four dimensional
complex manifold.

Proof. Note that @/;] C Sij, where ©;; is as in corpllary 4.?).30 (it should algo
be observed that @ij = 0;; by theorem [4.9.37)). Since V9 is connected, S5 is
connected too. As, moreover, Sio M Sy = So3 M S31 = S12 M S31 is not empty,
Stab(D') is indeed connected. O

5 More on D'

This section aims at the investigation of questions that have to do with the
category D' and are all — to some degree — related to the discussion of the
space Stab(D') in the previous chapter.
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5.1 Shape of recollement t-structures

Subsection [4.3| saw the introduction of new t-structures via the technique of
recollement — the question remains however, how the resulting t-structures
in fact "look like”, by which is meant that the question arises, if a more
intuitive understanding of them could be obtained that exceeds their purely
abstract functorial description. This — however — can only mean that we
must try to understand how the involved objects look like in terms of their
usual cohomology which will hence be the objective of this subsection.

In order to investigate the t-structures, we hence introduce the following.

Definition 5.1.1. By Tlgg 5 and leal 5 denote the truncation functors associ-

ated to the t-structure (ngﬁ, Dfiﬂ) defined in 4.3.19|

In order to conduct our investigation we also need to introduce the fol-
lowing.

Definition 5.1.2. We define an ”isomorphic arrow” in D' (which will be

denoted by A = B) to be an object X € D' for which X = A(B) for a
B eD.

We will now — broken down into a series of lemmas — provide the expla-
nation for the fact that the definition of an object to be an isomorphic arrow
in matches the intuition (that is being an isomorphism in D) and that
therefore the name is well chosen.

Lemma 5.1.3. Let E € D' such that E, viewed as a morphism in C(A) is
a quasi-tsomorphism. Then and only then, E is an isomorphic arrow.

Proof. First, if we have £ € D' such that E € im(i;), then £ = (E; — 0)
and hence py(E) = po(E; — 0) = 0 which implies E' € ker(py). If — on the
other hand — we have E € ker(ps) then po(E) = 0 and hence £ = (E; — 0)
for an Ey € D. In other words E € im(i;), which means im(i;) = ker(pa).
Since im(A) is left admissible by lemma[4.2.2] we obtain im(A) = (*im(A))*
by lemma m Furthermore, we obtain +im(A) = ker(p,) by lemma
via the fact that p, 4 A. Similarly we obtain (im(i;))* = ker(KK) from lemma
4.2.11, Hence, we have

im(A) = (*im(A))* = (ker(pa))* = (im(ir))* = ker(K).
Using the exact triangle

K(E) = M (E)“5 po(E) 5
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we obtain that K(F) = 0 if and only if pp is an isomorphism in C(A).
The equality K(E) = 0 is just another way of saying that E € ker(K)
and via ker(K) = im(A) we hence obtain £ € im(A) if and only if ug
is an isomorphism in C(.A). The application of corollary finishes the
proof. ]

Remark 5.1.4. Note that, as stated at the end of the proof of [5.1.3] an impor-
tant consequence is that pyz, viewed as an arrow in C(.A) is an isomorphism
if and only if IK(Z) vanishes.

We will finally require the following crucial fact on isomorphic arrows.

Corollary 5.1.5. Assume that A, F € D, then
Hom(i1(A), A(F)) = 0.
Proof. This is a special case of lemma [4.1.4] O

Definition 5.1.6. We define a "monomorphic arrow” in the abelian cat-
egory TES7Q<TE;+17Q+1<DT)) to be an object X € D! such that we have

X 270 L (Fasnan (X)) and 750, (i1 (K(X))) = 0 where a € R.

La,a 1,0,

The following definition will only be required at a later stage. However
we will provide it at this point to ensure completion.

Definition 5.1.7. We define an ”epimorphic arrow” in the abelian cat-
egory Tiwa(Tiasiapi(D)) to be an object X € D' such that we have

X 270 (e (X)) and 75, (i1 (K(X)([1])) = 0 where a € R.

1o, 1o,

Remark 5.1.8. Note that the term ”isomorphic arrow” appears in the con-
text of the derived category DT, in contrast to both the terms ”monomor-
phic/epimorphic arrow” that, even when ordinarily defined for objects in DT,
belong to the abelian situation of the category Tﬁg,a(ﬁ%i t1.041(D")). Note
that for a € 7Z, the above definition is coherent with the vanishing of kernel
and cokernel respectively and therefore generalises the concept from A.

The term ”isomorphic arrow” is particularly well-behaved and turns out
to work well under the transition to the abelian case without the need to
change language. To illustrate this — and to hint at the difference between
the terminology — we will include the following corollary.

Corollary 5.1.9. If we assume X € D' to be an isomorphic arrow in DT,

< >1 . . f . .
then oo o (Tiastas1(X)), considered as a morphism A = B is an isomor-

FLeZ1e]

phism in D and hence in (11 (D)) for any a € R.
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Proof. As part of the proof of theorem [2.5.33 we proved, that 7((Cone(f))

is the cokernel, and (7<_;(Cone(f)))[—1] the kernel of a morphism A ENy:3
Hence Cone(f) = 0 implies

coker(f) = m>¢(Cone(f)) =
= (<1 (0)[-1] = (7< (C(DNH

Since X = A 5 B being an isomorphic arrow in DT implies Cone(f) = 0,
this finishes the proof. n

7>0(0) =
km

Il I\/

We will now, broken down into the following series of lemmas prove the
theorem that fully characterises the D=! (and hence — since the D=C is known
— the t-structure) for type-1-recollement-data.

Lemma 5.1.10. For a t-structure (Dl—aﬁ,Df;ﬁ) on DT assume that o < 3.
For an object X € Df! o we have T16ﬁ<X) =0.

Proof. Since a < 3, we have D1 5.5 C D1 o0 Using @1 ﬁﬁ - ngﬁ, we obtain
Homp: (iTh 4(755 5(X)), X) = Homy,<o @1ﬂﬁgxy7zﬂﬂﬁxn.

Again, we have a < (3, the inclusion Df,@ 5 C Dl oo Introduced above pro-
vides us with (Dm s C (DY 5,5 and on the other hand we have both
<0 >1 >1 :
(Dras)” = Di, s and (DY 58 =D} 3,5 Which means Df | 5 C Dy} 5.5+ Since
X e Dlzi 5, we therefore also have X € Dl, 5.5 Hence, we obtam the equation

HomDT(ilﬁwg(ngﬁ(X)), X) € Homp:+ (D5 g, 8 Dlzgﬁ) =0.
Hence HomD<o (715/3()()7 ng(X)) = 0 which means that Tlﬁﬁ(X) = 0.
[l

Lemma 5.1.11. For a tstructure (D1<257D1>i 5) on D' assume that o <

B8 — 1. For an object X € D we have TS X) s an isomorphic
1,8 1oz+1 a+1
arrow.

Proof. For X € D7} 5 et Z = = a+1 ar1(X) and consider the exact triangle

WK(Z) = Z = Apy(Z) 5 (5.1)

It is our aim to prove that i1IK(Z) = 0, as this would imply Z = Apy(Z),
which — by definition — would make Z an isomorphic arrow . Since i; - K,
and K o A = 0 we obtain

Hom(i1 K(Z), Ape(W)) = Hom(K(Z), KApy(W)) = Hom(K(Z),0) = 0
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for any W € D'. Letting W = Z and applying Hom(i; K(Z), —) to the exact
triangle (|5.1]), we obtain

Hom(i, K(2), i K(Z)) = Hom(i,K(Z), Z).

Hence, we need to prove that Hom(i;IK(Z),Z) = 0. Consider the exact
triangle
TrmaX) = X = 770 (X) 5 (5.2)

<0

and note that 7 = 77, ,1(X) = =1 (X). Note additionally that from

7a7a
>0 >0 :
Tiaa(X) € Di 4.0 We obtain

Taa(X)[-1] € Dfe [-1] = Df.

1,0, 1o,

Applying Hom(i;IK(Z), —) to the exact triangle (5.2)), we obtain the exact
sequence

Hom (i, K(Z), 755 o(X)[~1]) = Hom(i1K(Z), Z) — Hom(i; K(Z), X).
Hence, in order for Hom(:;K(Z), Z) to vanish, we require
Hom(i1K(Z), 50 o(X)[-1]) = 0 = Hom(i1K(Z), X).

Since ng’a(X)[—l] € Dl and X € Dfiﬁ, this will be true if we had

1,0,

both i1 IK(Z) € ngﬁ and 1 K(Z) € ng’a. But, since @ < [, we have
f’gﬂ C Df&a and — hence — it suffices to prove that i1[K(Z) € ngﬁ.

Recall that
Dio , ={Y € DI\ (Y) € DI, pa(Y) € D5°}.

We hence need to examine the image of 7;IK(Z) under the functors ps and
A1. Since py 0i; = 0, we have pi;IK(Z) =0 € DO. It remains to prove that
Mi1K(Z) € D=°. First note, that by lemma [3.2.18 we have 4; fully faithful.

This, combined with the fact that Ay - 41, implies A\; o4 = idp. This means
that \i1K(Z) = K(Z). Consider the exact triangle

Aps(2)][=1] = 1 K(Z) —» Z 5 .
Applying the (exact) functor A\; now gives the exact triangle
MAps(2)[~1] = K(Z) = M(Z) 5 .

Since Z = Tiu 1 o1(X) we have A(Z) € D5}, C D5°. By lemma [3.2.28
we have A fully faithful. This, combined with the fact that A 4 A\, implies



208

idp = A; o A. This means that A\;Aps(Z)[—1] = po(Z)[—1]. Therefore we
have

MBR(D)] 2 po )] = (T s (D] € po(DE )1
= Dgﬁl[_l] - DC%O'
Since D= is extension closed, we obtain K(Z) € D", With this, our proof
is finished. [

Lemma 5.1.12. For a t-structure ( fgﬁ,D%;ﬁ) on DT assume that o < 3.

For an object X € D) o3 We have that s o a(75;+17a+1(X)) is a monomorphic

arrow in 78 o (77 0 (D1)).

Proof. Let Y € D' fulfil Y = 70 (i (IK(X))). Hence, we have chosen Y
such that Y € Df, ;5. By lemma [5.1.11} there is an F € D' such that

A(p2(F)) = X — 7—12,;+1,a+1(X) o (5.3)

is an exact triangle. Since po(Y) = 0 we have Y = i;(A\(Y)) and hence,
using corollary |5.1.5) we obtain

Homp+ (Y, A(p2(F))) = Hompr (i1 (M (Y)), A(p2(F))) = 0.
Hence, applying Hom(Y, —) to the exact triangle (5.3)), provides us with
>1 ~ <0 >1
Homp+ (Y, 7'1,a+1,a+1(X)) =~ Homp+ (Y, X)) C Hompr (Dm,ﬁ» Dy, aﬂ) 0.
Hence, we

We know from o <  that D ﬁ c D% and hence Y € D
<0

can use the adjunction (i, ,, 7'1 P a) to obtain

1,0, 1,0

HomDT (Y 7_1 ,Q oz(7—1>clv+1 a+1 (X))) HOIHDT( 4 Sv a(Y)7 le,alz—i-l,a—s—l (X))

= Homp: (Y, 7_1_701(+1,()¢+1<X)) =0.

Tfwelet X = AL B, wehave Y = T o a(zl(]K(X))) and K(X) is given by the
complex Cone(f)[— 1] = B[— ]GBA with p the canonical projection associated
to Cone(f), we obtain that p[— !/\ ) [—1]‘)\1(752&(““()())) = p[—lHA =
0 implies Y = 0. Since there is a morphism (p[—1],0) from ¢ (K(X)) to
X, we obtain (p[—1] ‘Al(y), 0) € Homp (Y, T1§727Q(T127é+17a+1(X))). This implies
= 0 and, therefore, Y = 0 which finishes the proof. O

p[—l] ‘)\l(y)
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Lemma 5.1.13. For a t- structure ( fgﬁ, Dfi 5) on D' assume that B—1 <

a < f. ForanobyectXED o5 We have 1, <0

o a(T55,5(X)) is @ monomorphic
<0 [ _>1
arrow in Ty, o a(rl ot 1, a+1(DT)).

Proof. The arguments that were used in the proof of lemma [5.1.12| can be
completely adapted to prove lemma [5.1.13] replacing 7'12; +1a+1 With Tfﬁlﬁ
everywhere throughout the proof where it is applied to an object (X or
Y). O

Lemma 5.1.14. For a t-structure (ng B DIZ;B) on DT assume that o < 3.

For an object X = Tlﬁﬁ(X) € D! and X =0 we have X € D1a,,3

Proof. This is obvious. O]

Lemma 5.1.15. For a t-structure (ngﬁ, Df;ﬂ) on D assume that o < .

For an object X = 7'165(7'1<3Jrl ws1(X)) € D' and X an isomorphic arrow,

we haveXEDlaB

Proof. Let Y € Df& - Hence, regarding Y as an arrow Y) EN Y5 we obtain

()

> > B >

pa(hs(V) = ol () 7= 73 (33) (5.4)
= (%) = 3 (pa(Y)).

Since Y € D<O o We have po(Y) € DEO. Therefore 7' Y(p2(Y)) = 0. This,
combined Wlth (5.4), implies that pQ(TfB 5(Y)) =0 and hence we obtain
(leﬁl’ﬂ(Y) = il()\l(Tféﬁ(Y)) Using Tlﬁﬂ = Zlﬁﬁ and the fact that X is an
isomorphic arrow, we obtain for an F' € D'

Homp+ (Y, X)) = Hompt (Y, iT ﬁB(X)) Hompt (7'1 3, B(Y)’ X)

= HomDT(il(Tf,g,g(Y)), A(F)) = Hompy (Tl_’ﬁ’ﬂ(Y) K(A(F)))

= Homp: (1775 4(Y),0) = 0.
Hence, we finally obtain X € (D5, ;) = D7, 4. O
Lemma 5.1.16. For a t-structure ( fgﬁ,Df;ﬁ) on DI assume that a <
B —1. For an object X = T1<(Sa(7'1>olé+1 at1(X)) € DT and X a monomorphic

<0 [ _>1
arrow i Ty o (Tiat1.041(D1)), we have X € D1a5
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Proof. Let Y € D 0 Slnce a<f thls implies Y = 7 aa(Y). We use the
adjoint pair of functors 72 a+1 at1 iT a+1 at1 tO obtain

Homp+ (Y, X) = Homp: (Y, Tl_a a(Tl att,a+1(X)))
= Hompt (ﬁgg oY), 7'1<2 a(7'1 at1at1(X)))
= Hompt (ng,a(y) Uy a+1 oc+1(7—1<2 a(Tl a1, a+1(X))))
= Hompe (le,;+l,o¢+l(7—1§,ao,a(y>>7 7'1<2 a<71>olé+1 a+1( )
= Hompy (752,a<7'12,i+1,a+1 (Y)), ng,a(712,z31¢+1,a+1 (X)))-
Since a < f — 1, we have pg(T1§’27a(7127;+17a+1(Y)) = 0. Therefore g €

Hompt (Tfia(Tf;JrLaJrl(Y)), 7'1%270((7'12;_’_1,&_’_1()())) implies that ¢ factors via
i1(Cone(f)[—1]) = Cone(f)[—1] — 0 given by the fact that

Hompt (150 0 (TFas1,a11(Y)), Alp2(Tin  (TFas 1001 (X))
= Hompr (02 (T a(Thas 1,061 (Y): 2 (7T 0 (Tt 1,041 (X))
= Homp: (0, pZ(Tfo(z),a<Tl>olz+1 a+1(X)))) 0

(via p 4 A) and the canonical exact triangle

Cone(f)[-1] 225 4 — B

J fl idgl —

0 > B B

where (A EN B) = TIS,(S,&(TIZ,;—FI,&—}-I(X)) and p the canonical projection as-
sociated with Cone(f). Since X was assumed to be a monomorphic arrow

in 7'1<2a<7'1>(i+1 as1(D1)), we have Tfaoa(il(K(X))) = 0 or, in other words,

lea’a(Cone(f)[—l]) = 0 and therefore g = 0. This implies that we obtain
I_IOIHDT (X, Y) = I_IOIHDT (T1§2 a(7-12014+1,a+1 (Y)) 7-<0 (Tl>olz+1 a+1<X))) =0.

A W Ne

Hence, we finally see that X € (D OlB)L = 12;5 O

Lemma 5.1.17. For a t-structure (Dl_a 8 Df;ﬁ) on D' assume that B—1 <

a < . For an object X = Tlaa(Tlﬁﬁ(X)) € D' and X a monomorphic

arrow in nga(ﬁ a+1a+1(D )), we have X € Dlaﬁ

Proof. The arguments that were used in the proof of lemma [5.1.16| can be
completely adapted to prove lemma [5.1.17], replacing leal tlar1 With ngﬂ
everywhere throughout the proof where it is applied to an object (X or
Y). m
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Theorem 5.1.18. For a t-structure ( fgﬁ,Dlz;ﬁ) on D assume that o <

B. For an object X € D', we have X € D1 op U and only if
1. Tl’ﬂﬁ(X) 0,

2. 7'1 a+1 ar1(X) is an isomorphic arrow,

3. e ifa< -1, then Tlaa(T12’a1+La+1(X>) is a monomorphic arrow

m 7'1<3 a(7-1>014+1 ar1(Dh),
e if 3—1< a < f3, then ng’a(X) is a monomorphic arrow in
7'1<3 o7 a1+1 ar1(Dh),
Proof. For the ”if”-part break up X into three objects, using the truncation-

functors 7.9 4, T1§72+17a+1 and TE;+1,G+1(X). Apply lemmas , and

respectively, to these objects and deduce from the fact that
D=1 is extension closed that X € D=1,

For the "only if’-part combine lemmas |5.1.10} [5.1.11] and [5.1.12}/5.1.13]

O]

Remark 5.1.19. Note that the second bullet point of part |3 of theorem [5.1.18
makes sense, because part |1| ensures that ng7a(X ) is indeed an object in the

abelian category ngya(Tf;H’aH(DT)).
We can now say, what hearts we obtain from a t-structure of the kind we
have just investigated.

Corollary 5.1.20. For a t-structure ( 1%3,577)12,;,,3) on DT assume that o <

B. The heart Hy o p of (D3 aﬁ,Df;B) is given by the following.
1. If a < =2 then X € Hy,p, if and only if

<0
¢ Tfﬁ+1,5+1(X> =

@)

Y

o ngﬁ(ﬁﬂﬂ 541(X)) is an isomorphic arrow

)
b T1<2+1 a+1( 155(X))

i 02(7'12a(7'1 o, a+1(X)) =0 and

2Ll (X)) =0,
2.IfB—2<a<f—1 then

<0
® Tigy1,a41(X) =0,
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<0 >1 : : :
Tra+1,041(Tig11,501(X)) is an isomorphic arrow,

. TEB’B(TE;JFLQJFI(X)) is a monomorphic arrow in the (abelian) cat-

egory Tlg,fgﬂ <712761+1,6+1<DT));
i 7—1S,2+1,a+1(7—12751,,8(X>> =0,
¢ P2(ng,a(712,a1+1,a+1(X)) =0 and

° TE;,Q(X)) = 0.
3. If 6—1< « then

° TEE+1,B+I(X) =0,

. ngJrl,aH(TfﬁlHﬁH(X)) is @ monomorphic arrow in the (abelian)
CCLtGgOT’y Tlg,g,a(le,olHrl,a+l (’DT)L

° pz(ngya(Ti;ﬂ(X)) =0 and

o Tiaa(X))=0.

Proof. Combine theorem [5.1.18 with definition [2.5.27] O

It will now be our task to extend our findings on t-structures that come
from type-1-recollement-data to t-structures that come from type-2-recollement-
data or type-3-recollement-data. We can rephrase corollary using the
particular properties of the functors IK and C.

Corollary 5.1.21. There are t-structures on D' given by

1.
D= = {Z e D' | ps(Z) € D5°, \i(2) € D}
D2 = {Z € D' | py(Z) € D3, Cone(uz)[~1] € D7}
2.
D=0 = {Z € D" | Cone(uz)[-1] € D5°, po(Z) € D’}
2 2 1
D=l = {Z € D' | Cone(puz)[-1] € D3', M\ (Z) € DI}
3.

D0 _ {Z c Dl | /\1(Z> c 'D;O, Cone(uz) € ,DISO}
D' = {Z € D' | M(2) € D5, pa(2) € D'}
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for t-structure (D=°, DY) and (D5°,D5') on D and py as in corollary

4.5 4}

Proof. Using Cone(puz)[—1] = K = C[—1] by corollary and by lemma
we replace IK and C in corollary 4.3.17] O

We will now provide analogies to theorem [5.1.18| and theorem [5.1.20] by
describing the t-structures provided by type-3-recollement-data. We have the
following observation (recall the definition of an ”epimorphic arrow” made

in[5.1.7).
Corollary 5.1.22. For a t-structure (Dég’ﬁ, DISZ,;B) on D assume that o <
B. Then the t-structure has a description as

D= ={Z e D" | \(Z) € D5°, po(Z) € D"}

D' ={Z e D" | \(Z) € D5, po(Z) € DT}

Proof. The D=° is unique for a given D' by lemma [4.2.6] O

In other words, a > (3 is now the interesting case.

Theorem 5.1.23. For a t-structure (Digﬁ, D;;ﬁ) on D' assume that o > B

For an object X € D', we have X € D;Zﬁ if and only if

1. e ifa>B41, then o |, 4 (10h (X)) is an epimorphic arrow in
<0 >1 (phyy o
Tl,a—l,a—l(Tl,a,a( ))7

o if B < a < B+1, then Tf;,a<X) is an epimorphic arrow in

Tlg,(gfl,afl (le,olé,a (DT))7

2. 7'12’016717&71(7'5875()()) is an isomorphic arrow,
>1
3. Tl_,B,B(X) = 0.

Proof. This is simply the dual of theorem [5.1.18 and all parts of the proof
can hence be obtained dually. ]

In analogy to the previous procedure, following theorem [5.1.18] we will
now explain how the hearts of the t-structures that we have just described,

look like.

Corollary 5.1.24. For a t-structure ( 53577)32;,3) on D' assume that o >

B. The heart Hs o p of (D;gﬁ,l);iﬁ) is given by the following.

1. If a > B+ 2 then X € Hs,p, if and only if
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® 7'1Sc(u)+1 ar1(X) =0,
o Al(Tlaoa(Tlaa(X))
<0 )

(

* TlB,B(Tlaa( )

<0
® 7 ,85(71 B+1,8+1

° Tl_,ﬁ,,B(X) =0.

)=
0,
)

X)) is an isomorphic arrow and

2. If+1<a<p+2 then

g 7'1S£+1 a+1(X) =0,

hd >\1<7_1 ozoc(7_1>olz+1 a+1(X))) = 07

) ng Lo 1(7'173“5“()()) is an epimorphic arrow in the (abelian)
CGt@gOTy 7—1 ,oa—1,a— 1(7—1 NeY a)(DT)

° Tfﬂﬂ(ﬁ,a,m,l(X)) is an isomorphic arrow and

. 71275175()() =0.
3. If B+ 1> « then

. >‘1(Tﬁlg,g+1,ﬁ+1(7—12,talz+l,a+l(X))) =0

. ngB(leala(X)) is an epimorphic arrow in the (abelian) category

7_1([1) 1,a— 1(7_104(1)(DT) and
° 7'1—”375()() =0.

Proof. Combine theorem [5.1.23] with definition [2.5.27] O

Remark 5.1.25. Note that by proposition we have now given a coho-
mological description of the t-structures that we obtain via recollement from
the three semiorthogonal decompositions that we are working with. This
is with the exception of the small interval from remark [.3.22] where the
situation remains unclear.

Remark 5.1.26. Like we did previously, in the description of t-structures
coming from type-1-recollement-data in theorem [5.1.18| and their hearts in
corollary , we are using the functors ng’m and Tf;,y to describe the
t-structures. It might seem odd, that we should use these functors again.
The point is, that they are special cases of the functors ng Lz, and Tj
where we let 1 = x5 and y; = y9, belong to t-structures that simply are "real
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shifts” of the standard t-structure on D' which makes them particularly nice
and hence a good basis to understand the more advanced t-structures we

were describing in [5.1.18], [5.1.20] [5.1.23] and [5.1.24]

We conclude this subsection with a few examples to illustrate our findings.
In order to focus on the essence of this subchapter we will illustrate whichever
of both categories the t-structure is composed of, that does not have the
"easy” CP-gluing description of section

Example 5.1.27. Let X € Df;ﬁ where a, B € Z and o+ 3 = 3. Then the
cohomology of X has the form

0 0

15} 0—0
a+2: Xoto —= Yoio
a+1: X;rl — Y;H

o X, ——Y,
a—1 Xao1 — Yo

Note: We are giving a description of the cohomology-complex of X, therefore
the vertical arrows in the above are 0.

Remark 5.1.28. Example has a particularly nice shape because a and
[ are whole numbers, and hence the abelian categories obtained by the trun-
cations in theorem [5.1.18| correspond to embeddings of A" into D. However,
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a, ¢ Z yields a much more complicated situation as we will see in example
0. 1.29]

Example 5.1.29. Let X € Dlzlﬂ where a, B € Ry, 8 ¢ Z and a + 3 = f.

e’

Then the cohomology of X has the form

0 0
18] +1 0— 50
18] X\ —— Vg
la] +2: XL;HQ = YL;]H
laf +1: XL::J-H Lt YL;H
ol Xja) —— Yia)
la] —1 Xiaj-1 — Y]a)—1

and the objects given by a,b and c can be described by short exact sequences
in A as follows.

1. For the object given by the morphism "a” we obtain the short exact
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sequence

where X[aJ Rt Yﬁlj € 71%2,&<712,L1aj+1,LaJ+1(DT)) is a monomorphic arrow

in the abelian category TffaJ o] (TIZEQH1 aj1(Ph) and X7 = Y2, €

<0 >1
Ti[aj+1, la|+1 (Tfa+1,a+1 (DT)) :

2. For the object given by the morphism ”b” we obtain the short exact
sequence

T

0 —— Y! — Yo 1 — Y2

la)+1 aj41 — 0

b <0 . .
where X[, — YMJrl € Timiran (15, LaH? o) +2(D1)) is an isomor-

phic arrow and XLaJ+1 = YLaHl = 7'1 |_a |+1,]al +1(7'1 atl, ar1(Dh)) is a
Dh).

monomorphic arrow in the category T FaHl LaJ+1( aJ+2 ocJ+2(

7 77

3. For the object given by the morphism we obtain the short exact

Sequence
0 ’ XLIBJ » Xig) ’ Xfm > 0
lcl lc lCQ
0 — Y — Y — Y3 —— 0

where XLBJ SN YL}BJ 0 € D' and moreover we have XfBJ 2 YL,BJ S

Tl—m 6] (71,576(DT)) is an isomorphic arrow.

Remark 5.1.30. We choose the description via exact sequences in [5.1.29| in
order to demonstrate how the respective cohomology objects split up along
the boundaries provided by the real numbers o and 3, obviously
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is simply (X541 — Y|g)4+1) = (XfmJrl =2, YLZ,BJH)' One should think about
the three objects a,b and ¢ as composed of the factors in the short exact
sequences with the subobject sitting on top of the quotient within the ladder
displayed at the start of example |[5.1.29]

We will now provide examples for the better understanding of the situ-
ation of (D?gB,Dfi ). Since this is dual to the ( ;gﬁ,Dgiﬁ)—case as we
pointed out before, the interesting category is now D;gﬁ. The following

example is the dual of [5.1.27]

Example 5.1.31. Let X € Digﬂ where o, B € 7. and o — 3 = 3. Then the
cohomology of X has the form

o Xy — Y,
B+2: Xprog —» Yoo
B+1: Xgi1 — Vi

A Xy ———Y;
6—1 0—0

0 0

And finally we demonstrate the dual to example[5.1.32| with the following.

Example 5.1.32. Let X € D;gﬂ where o, B € 7. and o — 3 = 3. Then the
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cohomology of X has the form

la] +1 Xaj41 — Yoy 1
o] Xja) —— Yia
18] +2: X L\BIJ+2 — Yu;]w
18] +1: X ngﬂ — Yu;jﬂ
18] X —— Vg
|B] —1: 0 ——0

0 0

1. For the object given by the morphism "a” we obtain the short exact
sequence

0 > Xig > Xig) > Xip) > 0
lal la J/a?

where XL25J 2, YLQBJ = 0 € D' and moreover we have that the object

XLIb’J & YE%J € ngﬁ(TiLlﬁHl,LBJ+l<DT)) is an isomorphic arrow in the
category 7 s, 15) (75 1py1, 1941 (D'))-
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2. For the object given by the morphism "b” we obtain the short exact
sequence

0 —— Xl — X — Xy — 0

[

1 b 1 <0 >1 . )
where X5, — Y, € 7175+175+1(Tl,LBJ+2,L6J+2(DT)) is an isomor-

) b <0 >1 .
phic arrow and XL25J+1 = YLZerl € Tl_,LBHLLﬁHl(7—1—75+175+1(DT)) is an

epimorphic arrow in the category ngﬁ(rlzgﬂ 541(D1)).

3. For the object given by the morphism "¢’ we obtain the short exact

sequence
lcl Jc JCQ
where X?, 2 Y72, € TffaJ,LaJ (T5a.a(Dh) is an epimorphic arrow and

c <0 >1
Xlo) = Yoy € a7 a), 1) (P))-

Remark 5.1.33. This subsection was aimed at gaining a better understanding
of t-structures obtained by recollement via the type 1,2 or 3 recollement-data
(therefore linked to the semiorthogonal decompositions (D;, Ds), (D3, Dy)
and (D3, D) respectively). Our approach was to give a description of the in-
volved objects in terms of standard-cohomology. While we almost completely
succeeded, two interesting cases remain as demonstrated by the previous ex-
amples as the morphism a; in [5.1.29| and the morphism by in [5.1.32 obtain
their characterisation as being linked to a monomorphism and an epimor-
phism respectively from categories of the form P(y,y+ 1] where v € Z (with
P(0,1] = A"). Since these categories are not simple shifts of A", we do not
obtain a connection to mono-/epimorphisms in A"

5.2 Connecting morphisms on D'

An important feature of the derived category is, that it has morphisms which
are not a straightforward adaptation of those of the underlying abelian cat-
egory A (and hence of the — also abelian — category C(A)). On the other
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hand, it is via these additional morphisms that the triangulated structure is
provided.
While the first and the second horizontal arrow in the exact triangle

ia(p2(X)) = X = i1 (M (X)) 5

in D' are obvious and are moreover taken from mor(C(A))), the connecting

morphism 7 is less obvious and therefore interesting. Since, as an implica-
tion of [59, Tag 05QT] this morphism has to be non-zero in general, it is also
important to understand how it is constructed.

However, % has proved to be of particular importance in the context of
D'. Lemmal2.2.11|has revealed another problem that appears in this context,
provided by the question if the diagram:

¢4 der D
L
.AT der X

commutes. In other words, the question is if there is an equivalence of cat-
egories between (D”(A))" and D' provided by a trivial functor (or by any
functor at all). Both the author and others believed this to be true for while
(see [29]). However, the functor T of [29, Section 3.4] turns out not to be

faithful, since it maps % to 0. We shall hence provide a description of 5

throughout this subsection, which allows us to see why 2 is non-zero and
hence how it is constructed.

We will require two definitions. At first recall this — well known — defini-
tion.

Definition 5.2.1. For a morphism
ELF
in C(A) we define the "mapping cone” by
Cone(f)" = E""' @ F"

(meaning that without the differential Cone(f) would simply be E[1] & F)
with

—d% 0

fn+1 d%

as differential.
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It is also well known, that with this object we obtain two canonical map-
pings F' — Cone(f) and Cone(f) — E[1].

Definition 5.2.2. For a morphism
ELF
define ip and pgpy) to be the canonical mappings given by the mapping cone:
F 5 Cone(f) " E1].

In other words, ip embeds F' into the F-component of Cone(f) and pgp;
projects the E[1]-component of Cone(f) onto E[1].

The following lemma provides the fact that these mappings are — indeed
— useful.

Lemma 5.2.3. The maps defined in Definition are maps of chain-
complexes.

Proof. To prove the lemma we must show the commutativity of the respective
map with the boundary-operator.
For iy we obtain:

—dEtt 0\ [0\ 0 B 0
frtodp ) \in) o \dpoidy)  \iptody)”

For pgp we easily check:
_dn+1 0
_dn+1 Opn — pn+1 ( nE e
E E] E[1] f +1 dF
O]

Remark 5.2.4. Note that the object Cone(f) is — generally — not equal to the
direct sum of E and F', which implies, that we cannot assume the existence
of mappings pr and igp in analogy to ip and pgp). For example would we
get

. _dn+1 0 " n n n n n
Pr ( fn]il d%) = (" o [ i o dy) # (0, df o p)

whenever f # 0 and at the same time F' # 0. We refer to [56, Section 10.5]
for more details.



223

Lemma 5.2.5. Let (A5 B) € Dt. There is an exact triangle

Aid—“‘> A — 0

b |

B —£ Cone(idg) -4 BI[1]
in DT,

Proof. The sequence

0 A A A ——5 0 — 0

& [iwos |

95, Cone(idp) 2 B[1] —— 0

is exact in C(A"). O
We also have the following.
Lemma 5.2.6. Let (A5 B) € D', we have i1 (A) 2p: (A 2 Cone(idp)).

Proof. We have i1(A) = (A — 0) which fits into the exact triangle

0 —2 5 4 4,y
I O
B 5, p_ %,

On the other hand, (A iBog Cone(idp)) is the mapping cone of the morphism

OL>

A
o
B Mz, p

in C(A") and combining [32, Section 1.1, (TR3)] with [32, Section 1.2, Propo-
sition], finishes the proof.
[

Hence, we obtain the following.
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Lemma 5.2.7. Let (A5 B) € D'. There is an exact triangle

A
. ida \
A ida . A )
ipow Cone(ida)
w[opap
A \
B

SN Cone(idp)

N
o

in DT.
Proof. At first note that the morphism

Cone(ida) (PlLe) Cone(idp)

in the diagram above is obtained as the mapping cone of the morphism

A 24,y

A
B %, B
and does — therefore — exist. Moreover, by lemmal5.2.6, both 4 4 Cone(id)

and A "5 Cone(idp) are isomorphic to i1(A), which implies that the mor-
phism induced by (id 4, (¢[1], ¢)) on the cohomology objects equals to (id4, 0)
— but since both Cone(ids) and Cone(idg) are acyclic, we obtain that the
map (ida, (¢[1],¢)) is a quasi-isomorphism and therefore an isomorphism in
D'. Considering the exact triangle from lemma we now obtain the
commutative (in C(A")) diagram

A
. / ‘ \
A da A ;A £0)
igop Cone (ida)
w[l]opapy
ey \
B

B Cone(idp)

(5.6)
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and the proof is finished. O
We hence conclude this section with the following theorem.

Theorem 5.2.8. Let X = (A 5 B). The connecting morphism X of the
exact triangle

irs(pa(X)) = X — i1 (M (X)) 5>

15 — up to isomorphisms — given by the chain-complex homomorphism ¢ via

the roof (5.5)) described in lemma .

Proof. This is a consequence of lemma [5.2.7] obtained via the fact that we

have A ‘237 Cone(idg) isomorphic to A — 0 in D' by lemma [5.2.6, We
combine this with the commutativity of the diagram ([5.6)) which provides
the equality of both morphisms from (A — Cone(idg)) to (0 — B[1]). O

Remark 5.2.9. Tt should be noted, that the mathematics in this chapter also
provide a different approach to obtain the result of corollary [£.5.6] This can
be seen in the following way, assume that F = (A % B) such that ¢ = 0 in
Homyp: (A, B), then we have a decomposition

F = (A% Cone(idp)) @ ix(B) (5.7)
and obtain the result of corollary by lemma [5.2.7]

The reason for (5.7)) to be true is that by [59, Tag 05QT] we need to prove
that the morphism & =

A
idg \
A ia 0
igop Cone(id,)
@[1]opap;
(el1l9)
Cone(idp) B[1]

in the exact triangle from lemma equals 0 € mor(D") for ¢ = 0 in
mor(D). Apply the functor Hompr(—,i2(B[1])) to the (by lemma [5.2.5)
exact triangle
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A Ay A —>

R

A Cone(id) LA, All]

to get a well-defined mapping
Homp: (io(A[1]), i2(B[1])) = Hompr (A 4 Cone(id,), i2(B[1]))

where v is the morphism

A — 0
[ I =
Cone(id,) fa All]

from the previous exact triangle. We obtain the well-defined mapping

Homp (A, B) 4 Homp(A[1], B[1]) %

Homp: (io(A[1]), i2(B[1])) = Hompr (A 2\ Cone(idn), i2(B[1]))

which maps ¢ to £ and hence proves that if ¢ = 0 in Hompt (A, B), then so

is ¢ in Hompt (A 2\ Cone(ida),i2(BJ[1])). As mentioned earlier, this is what
we need.

5.3 Exceptional collections

Another technique of finding hearts of bounded t-structures uses a particular
kind of objects which may or may not exist in the category one is working
with. These so called ”Exceptional objects” were used by Macri in [45] and
[46] to obtain new pre-stability conditions.

We will provide a short introduction into the theory of exceptional collec-
tions on triangulated categories by providing the crucial definitions required.
Following the notation of Macri in [46] we introduce the notion of an excep-
tional object.

Definition 5.3.1. An object F € TR is called ”exceptional” if for all i # 0

Hom'(E,E) = 0,
Hom(E, E) = C.

We also need the following notation.
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Notation 5.3.2. For A, B € TR let Hom*(A, B) = @,, Hom" (A, B)[—k].
We can now provide the definition of an exceptional collection.

Definition 5.3.3. A finite sequence of exceptional objects (Ey, ..., E,) is
called an ”exceptional collection” in TR if for ¢ > j we have

HOHI.(EZ', Ej) = 0.

In general, the term exceptional collection is not strong enough to make
use of it in order to find t-structures. One requires the exceptional collection
to have additional features as provided by the following definitions.

Definition 5.3.4. An exceptional collection & = (Ey, ..., E,) is "complete”
if it generates TR by shifts and extensions.

Definition 5.3.5. An exceptional collection &€ = (Ey, ..., E,) is "Ext”, if
for all 7 # j we have
Hom=’(E;, E;) = 0.

It is our objective to investigate the construction of exceptional collections
on D' in this subsection. We want to investigate what happens going from
D to DT. That is, we want to extend concepts that are related to exceptional
collections from D to DT. We start by illustrating this with the easy obser-
vation, that for a semiorthogonal decomposition TR = (TR', TR?) and an
exceptional collection € = (Ey, ..., E,) in TR® we obtain an exceptional col-
lection i4(E) = (ia(Eo), - . -, ia(Ey)) where a € {1,2} and i, as in lemmal[3.1.4]
This is due to the fact that i, is fully faithful and commutes with the shift
functor which implies that we obtain Homyg (i, (E), io(F)) = Homyge(E, F)
for any E, F € TR".

It is essential, yet not surprising, that the exceptional collections i, (&)
do in general not meet any criterion that allows one to use them in order to
generate t-structures. It is evident, that an exceptional collection which can
be used to construct t-structures on 7R will have to be the result of a con-
struction process that involves both TR' and TR?. Based on this premise,
we will hence try to construct more interesting exceptional collections on

TR.

Lemma 5.3.6. Let TR = (TR', TR?) be a semiorthogonal decomposition
of TR. Let & = (Ey, ..., E,) be an exceptional collection in TR' and F =
(Fy,...,F,) be an exceptional collection in TR*. Then

1. (1€, F) is an exceptional collection in TR and
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2. if £ and F are complete, then (i1&,i2F) is complete.

Proof. We will prove the fact that (i,€,i,F) is an exceptional collection in
TR before we prove the completeness.

1. Any object in (i1 &, i2F) is exceptional because i and i, are fully faith-
ful and commute with the shift functor. Hence, it only remains to
show that Hom%x (i2(F,),41(Ep)) = 0 for any a,b € {0,...,n}. Since
E,e TR and F, € TR? and TR = <7'721, TR2> is a semiorthogonal
decomposition this follows by definition.

2. Since & is assumed to be complete, £ generates TR and in the same
way F generates TR?. Moreover, for any G € TR, there exists an
exact triangle is(p.G) — G — i1 (M G) i), which again derives from
the fact that TR = (TR', TR?) is a semiorthogonal decomposition.
Hence, as GG is an extension of two objects that can be generated by
i1&€ and by i F via shifts and extensions, (i1&, i F) is indeed complete.

m
In order to establish corollary we will need the following observation:

Lemma 5.3.7. If for an n € N we have that € = (E, ..., E,) is an excep-
tional collection in a triangulated category TR, then E[c] = (Ei[d], ..., Eu[c])
is an exceptional collection in TR.

Proof. The fact that Hom(F, F') = Hom(F|c], F[¢]) implies — on one hand —
that the condition on each object of £[c] given in definition is fulfilled,
and — on the other — that the condition on the sequence given in definition

[7.3.3is fulfilled. O

Corollary 5.3.8. Let TR = (TR', TR?) be a semiorthogonal decomposition
of TR. Assume there is an equivalence of categories ¢ : TR' — TR? (as
in lemmal[3.1.8). Let & = (Ey, ..., E,) be a semiorthogonal decomposition in
TR and assume that there is an m € Z such that for any A; € TR' and
Ay € TR? we have that Hom’r»($(A1), As) = Hom’rg (i1(A1), i2(A2)[m]).

For c € Z,, we obtain

1. (1€, isd(E))) = (ir(Bo), ... ir(En),iad(Eo)[d,- .. iad(En)c]) is an

exceptional collection in TR,
2. if € is complete, then (i1&,120(E)c]) is complete and

3. if € is Eat, then (i1&€,i20(E)|c])) is Eut.
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Proof. We will proceed in the order of the statements of the corollary. We
combine lemma with lemma to prove [I] and proceed similarly with
2

The proof for [3| works as follows. In order to fulfil the definition for
the exceptional collection to be Ext given in [5.3.5 we only have to prove
that for an object F' to the right of an object E in (i,€,i20(E)[c]) we get
Hom=°(E, F) = 0. The rest of the definition will be fulfilled by the fact that
(11€,120(E)|c]) is an exceptional collection.

The semiorthogonal decomposition £ being Ext means that for any ob-
jects By, By € {Ey, ..., E,} and a < b, we have Hom,gr?zl(Ea, Ey) = 0. Hence

Hom3% (i (Ea), i1 (Ep)) = Hom3Y, (Eq, By) = 0

and a similar statement holds for the embedding i5. Moreover, if we have
d # e, then we obtain

Hom7y (i1 (Eq), is(6(Ee)[c])) = Hom=2, ($(Ea), p(Ee)[c — ml)
C Hom3), (¢(E4), p(E.)) = 0.

TR?
Finally,
Hom35, (i1 (Ea), i2(¢(Eq) c])) = Hom3Y . (¢(Eq), ¢(Eq)lc — m))
=~ Hom3) . (¢(Eq), p(Eq)[c — m]) € Hom39,(6(Ea), ¢(Eq)[c — m]) = 0.
O

Remark 5.3.9. Note that corollary applies in the same manner for the
collection (i1(&)[—c],i2¢0(E)), as all definitions agree with the shift functor.

Corollary 5.3.10. If D has a complete and Ext-exceptional collection, then
s0 does DT,

Proof. 1f (Ey, ..., E,) is complete and Ext-exceptional collection in D, then
we can — for instance — choose

((Ey = 0),...,(E, = 0),(0— Ey),..., (0= E,)) cD'

as an example of an exceptional collection that fulfils all the criteria of corol-
lary [5.3.8 In other words, we apply corollary in the situation of D and
D', where ¢(E — 0) = (0 — E) and choose ¢ to be equal to 0. By corol-
lary the condition Hom? 2 (¢(A1), As) =2 Hom’rp (i1(A;), i2(A2)[m])
for Ay € TR and A, € TR’ is fulfilled in the case of D and D' with
m = 1. O]
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A result by Macri, given in [45] and in [46] now provides the use of
exceptional collections for the stability space.

Proposition 5.3.11. If D has a complete and FExt-exceptional collection
(Eo, ..., E,) then there is an open, connected and simply connected (n + 1)-
dimensional submanifold ©¢ C pre Stab(DT).

Proof. Since [5.3.10| provides that D' has a complete and Ext-exceptional
collection given that D has one, one can apply [45] Lemma 3.19]. O]

Remark 5.3.12. Note that the support property was a feature not yet added
to the set of conditions of a stability condition and is hence disregarded in
[45] and in [46].

We can now conclude this subsection by providing a fact on the probably
most common example regarding the theory of exceptional collections.

Corollary 5.3.13. There is an open, connected and also simply connected
(2N + 2)-dimensional submanifold ©¢ C pre Stab(D°((PV)T)).

Proof. We can apply proposition [5.3.11] with regard to the exceptional col-
lection given by € = {O,...,O(N)} (see [9] or [31]). O

6 On the stability spaces of D' and D™

The category D' can be considered as the derived category of a simple graph
obtained from A (not as graph obtained from D), looking like this: - — ).
The question is natural, what one can say about the derived category of a
more advanced graph such as - — - — -, for start, and subsequently about
one of the form

————

In analogy to the naming of A" the category of holomorphic triples if A =
Coh(C) one can now — more generally — talk about ”holomorphic chains” of
length n.

Evidently even this is only the first step in a prospective goal to under-
stand the stability space of any given graph. This chapter investigates how
far the previous findings on D' can be generalised with regard to simple
graphs of the kind mentioned above.
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6.1 Gluing and recollement on D'’

Definition 6.1.1. In analogy to definition [2.1.12| we define A" to be the
category for which obj(A") is the set of all arrows

A—-B—=C

between objects A, B,C € A. For (A EN 3R C), (A LIS TEN C") € obj(A")
denote by
Hom((A L B % 0), (A L B % ")

the set of all triples (¢, ¢’,¢") of arrows such that the following diagram
commutes:

A2 u

c 2 o

Lemma 6.1.2. The category A" is abelian.

Proof. Similar to the proof of proposition where one now uses the
diagram

K(B) — K(8) — K(8")
)

J{ker lker(ﬁ') J{ker(,@”)

B - p L, p

6 J/ﬁ/ J{B//

c — ¢ — C

Remark 6.1.3. Alternatively we can use definition [2.1.11| with n = 2.
Definition 6.1.4. Define D' = Db(A™).

We will now provide the generalisation of the theory developed in sections
and — with regard to recollement — in 4l Where our starting point then
was the natural split-up of D' into two copies of D we can now repeat this
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process in two different ways — either by considering three copies of D sitting
in D' or by regarding D' as a composit of a copy of D and one of DT.
The first prospective is realised by the following definitions.

Definition 6.1.5. For an object A € D and a morphism f; € D, define

embeddings 17,7 i)" and A™ as the (trivial) extensions of the functors

that restricted to A fulfil the equations

1.
it D — D
AMA)=A—=0-0
i (f1) = (f1,0,0),
2.
il D — D
BNA)=0—A—=0
iy (f1) = (0, f1,0),
3.
il D — DM
iy (A)=0—-0— A
i (f1) = (0,0, f1),
4,

AT D DI
AT(A) =43 49 4
ATT(fl) = (fl:flafl)-

Definition 6.1.6. Define projections P;', PJ" and P]" as the (trivial) ex-
tensions of the functors that restricted to A" fulfil the equations

1.
plT.pM D

Pl A-B—-C)=A

PI(fr, for f5) = i,
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2.
Pt DM 5D
P"A—-B—C)=B
PN fr, for f3) = fo,
3.

PT:DT 5D
PlMA=-B—=C)=C
PJT(flvf%ffﬂ) = f3-

The second perspective, however, is captured by the next definition.

Definition 6.1.7. Define embeddings i{TQ,ing,A? and Al as the (trivial)
extensions of the functors that restricted to A" fulfil the equations

1.
il : D' — DI
i{TQ(A—>B):A—>B—>0
ZlITQ(fl?fQ) = (fl?fQ?O)a

2.
iy : DT — DM
2'373(A%B):0—>A—>B
igg(fbfZ) = (0af17f2)7

3.
AlM: Dt — DM
AlMA->B) =A% 4B
AIT(flan) = (flaflan)-

4.

Al Dt — DIT
AI'A>B)=A—-BYB
AT (f) = (f1, for fo).
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At this point we can observe something awkward (which — in a more

hidden form — already manifested itself in the definition of ng) This is that

there is no functor iITg as the zero in the middle causes information-loss in

the object. We will instead define a new functor.

Definition 6.1.8. Define the embedding JIT?, as the (trivial) extension of the
functor that restricted to A" fulfils the equations

ji:D— DM
jIE(A%B):A%O%B
Z.Ig(fl?fQ) = <f1707f2>'

Remark 6.1.9. Note that jﬁg has potential significance for further studies
however will not be used in the data provided in this subsection.

Definition 6.1.10. Define projections PETQ, Pfg and PQTE as the (trivial) ex-
tensions of the functors that restricted to A" fulfil the equations

1.
plL . D" D
PEE(A—>B—>C):A—>B
PlT,g(flan)f?)) = (f17f2)7
2.
Pl D — Dl
PlA—-B—-C)=A"2ECC
Pﬂg(flaf%f?)) = (.flaf?))v
3.

Pl : D' — D
PQTE(A—>B—>C):B—>C
PQT,g(fla f27 f3) = (f?v f3)
With these functors established we must answer the question what the

analogy to the adjunction-chain IK[1] i 4 po 4 A 4 Ay 441 4 K of functors
between D and D' is.

Theorem 6.1.11. There are chains of adjoint functors
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1. between D and D
it S Pt A AT A P
2. and between DY and D'
iy A PIL A AT A P A4 AT A P T

Proof. In analogy to lemmas |3.2.3|and |3.2.4) we obtain the adjunctions in the
abelian case. For example do we have

Homp (P4 % B % 0), D) S Hompr (A % B % €, A" (D))

given by f — (foeod, foe, f). Additionally we use the exactness of these
functors obtained analogous to lemma [3.2.6] ]

We can achieve an extension of the chains provided in theorem |6.1.11] if
we — once again — use the theory of Serre functors.

Lemma 6.1.12. If D has a Serre functor then so has D'.

Proof. Similar to proposition [3.2.22| we can see that DT = (iITQ(D), i (D).
In analogy to lemma [4.2.12] we now observe that

ih(D") = i3/ (D) = im(iy)" = ker(P}") = *im(A™) = +(AT(D)).

Via the admissibility of A™(D) granted by PIT 4 A™ 4 PT in combination
with lemma , we also obtain z{TQ(DT)l = A™(D) and can therefore

proceed analogously to lemma 4.2.16| to see that iITQ(DT) is admissible. We
then repeat this argument with regard to igT(DT) using that

i3 (D) = *il5(D") = “im(il}) = ker(P[}) = im(A}")* = A (DN)*.
Hence, the result is obtained by theorem [A.1.T5] O
We can therefore extend theorem [6.1.11] and define new functors.
Lemma 6.1.13. If D has a Serre-functor, we obtain adjunctions
1. between D and DI:

KP4 A it A P A AT A PIT AT A K P, AT [1] 4 KPS [—1]
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2. between DT and D'
K] il 4 PIL A AT A PI  AT A PIL lh, HKT,
where KIT and K1 are given via the Serre-functor as K|' = Sps o Pfg o S;%T
and K} = Syt o PQT’E[—I] o Sptt.

Proof. To see how the adjunction IKPQT 1[1] 4 il" and the chain of adjunctions
of functors 7|1 ]KPI P ]KP; 1[—1] are obtained we will demonstrate
in the case of IKPITE 4 i}'[1]. We have

Homp(KP{H(X),Y) = Homps (P 5(X), i2[1](Y))
Homps (X, 1115 (i2[1)(Y))) = Homps (X, i3 [1](Y))

where X € D™ and Y € D.
We obtain K" and KI" by theorem [A.1.16] O

Lemma 6.1.14. There are exact triangles

) L PIL(X) — X — i PN (X) 5
.
iJTKPIL(X) = X = A'PIL(X) &
.
AT PIL(X) — X — ' KPIL(x)[1] 5
.
WKPIL(X) —» X - ATPL(x) 5
.
ATPIN(X) = X — il ' KPJL(X)[1] &
.
i PIT(X) = X — i, Plh(X) 5
.
ALKIN(X) = X — ATPT(X) 5
.

ATPIT(X) — X — LK (X)[1] &
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in D,
Proof. For the exact triangles that include the functors ]KIT, ]KgT, we obtain
the result similar (and generalising it) to lemma [4.2.26| In the cases of the

exact sequences where K is involved we deduce the existence of the exact
triangle from DT. For instance is the triangle

i'KPIH(X) = X — Al'PJL(X) R
with X = (X; — Xy — X3) provided by
KX, = X2) = (X1 = Xo) = A(X) 5,

since
PILGTKPIL(X) — X — AT PIL(X) )
= i1(K(X; = X2)) = (X1 = Xa) = A(X,) 5,
as illustrated by

K(Xl —>X2) —_— X1 —_— X2

L

0 — X9 > Xy >
0

— X3 — X;.

The exact triangles
i PIVX) = X —d"TPIT(X) 5 and i)' PIT(X) — X — i, P[L(X) 5
finally, are already short exact sequences in C(A'). ]

Remark 6.1.15. Lemma also allows us to provide a less abstract de-
scription of the functors K], ]K;T : D" — D', To understand lKiT we con-

sider the exact triangle

LKIT(X) = X 5 AMPT(X) 5
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for X = (X ER X, 2 X3). The morphism ¢ is then given by the chain map

XlLf)Xg

I

XQLX:;

| e

X3 —_— Xg.
idx,

This yields the description of the functor’s action on objects as K|(X) =
Cone(g o f)[—1] — Cone(g)[—1].
To understand K, we consider the exact triangle

ATPIT(X) = X — KT (X)[1] 5

for X = (Xi ER X, & X3). Similar to the case of lKiT, that we have just
investigated, this yields the description of the functors action on objects as
K}T(X) = Cone(f)[—1] — Cone(g o f)[—1]. Another way to see this is by
considering the following identities on the functors that we introduced.

MoK =Ko Pl ppo K" =Ko P} KoK} = Ko PJl[-1],

6.1
)\1O]KIT:KOPﬂg,pzo]I{ITIKOP2T737KOKIT:KOP1TE (6.1)

The following lemma shows that we obtain a ”"circle” of semiorthogonal
decompositions like we did in the situation of DT.
Lemma 6.1.16. We obtain semiorthogonal decompositions
1. (i{'(D), i35(D")
2. (ih(D), AT(D))
3. (AT(D),i1,(D"))
(i15(D), 3§ (D))
(@3 (D), AL'(D)
(Al(D), 3 (D))
(i3 (D), A'(D"))

NS v
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8. (Al'(D"),i]'(D))
on DT,

Proof. We obtain the necessary exact triangles from lemma [6.1.14, The
vanishing of the homomorphisms can be deduced in a very similar manner to
that in which it was done for DT. Consider, for example, A € D" and B € D.
By lemma [6.1.13| we obtain

HomDm(i;E(A), ZIT(B)) = Homp+ (A, PJE(ZIT(B))) = Hompt(A,0) = 0.

We sum up this subsection by stating the relation between gluing- and
recollement-data on D™ with regard to the semiorthogonal decompositions
we have found.

Remark 6.1.17. Note that via the new style functor ]IT?) it is possible to
compute two more semiorthogonal decompositions, these are

and

(715(D x D), Al (D))

with AITQ and Agg to be defined in remark [6.1.20

Corollary 6.1.18. If D has a Serre-functor, CP-gluing-data on D given by
a semiorthogonal decomposition of the kind provided in lemma extends
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to recollement-data. The corresponding recollement-datas are:

I:y=id"(D);x =4l 3(DT))Z =P i, =i =4,
i =Ko Pﬂg,j! = z2’3,j =4 = P;g,j* = AIT

1I:Y =1, 3(DT> X = AT(D)); ¢ = ]K?[l] = = Z;Tsa
i'= Pl =AM =4 =Pl j =

LY = AT(D); X = ily(D"));i* = P’ i = i = AT,
i!:PfTJ'—ZmJ =7 _KIa]*_SDTT0212OSDT

IV : y—112<D) X—Z?, (DT)) o —Pfg,z*_z. :ZIB»
v :KIij!:Zs)] =7 :P?TT7 *:ATT

VY =il(D);x = Al'(Dh));i* _Kopggm =i =i},
/l' = P3TT,j| = AgT7] :] — Pﬂg,]* = Z/{TQ

VI:y =AD" x =il(D));i* = P/}, i, =iy = Al
=Pl g =i, 5" = j' =Ko PJ}[-1],j. = il'[2]

VII:Y =i (D); X = Al/(D));i* = Ko PlL[-1),i, =i = i},
i =KoPLji=A " =5 =Pl j.=A)

VIIT: Y =Al'(D"); & =i]'(D));i* = Py L, i, =iy = Al
i =P =il 5 =i = Ko P}, j. =il
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resulting in t-structures:
[:D=° = {7 eD"|PJi(z) e D, P]"(2) € D5},
D2 (7€ D" | Pi(Z) € D7 Ko PL(7) € D)

1: D= = {7z e D" | P['(2) e D;°, KI'[1](2) € D;°},
D' = {zeD" | PI'(2) e D' Ko P}L(Z) € D'}

111 DSO ={ZeD" | K" e D, P]'(2) € D5°},
—{ZeD"|K"eD', P["(2) e DI}

IV . D="={z e D" | P]"(2) € D3°, P[}(Z) € D°},
D2t = {Z e D" | P/'(2) e D' KI" € D'}
6.3
VD - {Z e D | PY(Z) € DR Ko Pl (2) e D5y, (O
={Z e D" | P[}(2) e D7', P]"(Z) € D5'}

VI: D<0 {(ZeD" | Ko PTT[1](Z) e D3", P;Q(Z) e DY,
= {ZeD"|Ko P;gm(Z) € Dgl,Pﬁg(Z) e D'}

VII: D= = {Z e D'"| P[(2) € DL, K o P[}[-1](2) € D5°}.
D='={Z e D" | P[}(Z) e DT', Ko P}}(Z) € D5'}

VIII . D="={Z e D" | Ko P[}(Z) € D5, P}}(Z) € D"},
21 ={Z e D" | Ko P}(Z2) € D3", Ko Pl}(Z) € D'}

where (D0, DY) is a t-structure on D' and (D3°,D3') is a t-structure on

D.

Proof. On the bases of theorem [6.1.12 this follows mostly from lemma|[6.1.13
and lemma [6.1.741 O

In order to find stability conditions we will now investigate the criterion
for hearts of the previously constructed t-structures on DT to be CP-glued.
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Lemma 6.1.19. For hearts of bounded t-structures Hy = P, (o, a+ 1], Hy =
P.(B, 5+ 1], H3 = P,(v,v + 1] on D, we obtain hearts of t-structures

1. If a > 3 >~ then
[X €D | P1(X) € Hy, M(PIH(X)) € Ha pa( PL(X)) € Hy},
is a heart of a bounded t-structure on D' obtained by CP-gluing.
2. Ifa>~vy+1,8>~v+1 then
[X € D | PIN(X) € Hy, K[(PIL(X)) € Ha, M(PIL(X)) € Hy),
is a heart of a bounded t-structure on D' obtained by CP-gluing.
3. Ifa>p>~v+1 then
[X €D | PI(X) € Hy, po(PIL(X)) € Ha, K(PJH(X)) € Hy},
is a heart of a bounded t-structure on D' obtained by CP-gluing.
4. Ifa>pB>~v+1 then
(X € D" | K(PIL(X)) € Hy, K(P[1(X)) € Ho P'(X) € Ha),
is a heart of a bounded t-structure on D' obtained by CP-gluing.
5. Ifa>p+1>~+2 then
(X € D | K(BJ[1](X)) € Hy, K(PIY[1](X)) € Ho, P{(X) € Hy}
is a heart of a bounded t-structure on D' obtained by CP-gluing.
6. Ifa>pB+1>~v+1 then
(X e D K(PI(X) € Hy, K(FJY(X) € Hy, PIT(X) € Hy},
is a heart of a bounded t-structure on D' obtained by CP-gluing.
7. Ifa>pF+1>~v+1 then
(X & DI | BJI(X) € 1, K(PLHOX)) € i, K(PINOX)) € i),

is a heart of a bounded t-structure on D' obtained by CP-gluing.
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8 Ifa>p>~v+1 then
(X € DM | PJ1(X) € H,K(P{L(X)) € Hy K(PIL(X)) € Hy),
is a heart of a bounded t-structure on D' obtained by CP-gluing.
9. Ifa>pB+1>~v+2 then
[X € D' | PJ1(X) € Hy, K(P}(X)) € Hy, K(P[}(X)) € Ha},
is a heart of a bounded t-structure on D' obtained by CP-gluing.
10. If a > B+ 12> ~vy+1 then
{(X e D" | K[1](P[L(X)) € Hi, \(P}(X)) € Ha, P{T(X) € Hs},
is a heart of a bounded t-structure on D' obtained by CP-gluing.
11. If a > B+ 1,a >~ then
{X e D" | po(PIL(X)) € Hy, K(P[(X)) € Hy, P{T(X) € H3},
is a heart of a bounded t-structure on D' obtained by CP-gluing.
12. Ifa > B+ 1> v+ 2 then
(X € DM | KPIL1)(X) € Hy, po(PIL(X)) € Hay K(PIH(X)) € Hy},
is a heart of a bounded t-structure on D' obtained by CP-gluing.

Proof. This uses arguments analogous to those needed to prove corollary
3.2.31] one uses lemma [3.1.5] and the key is the vanishing of the homomor-
phisms. The condition on «, and 7 guarantees that the heart H; ;) is
obtained by CP-gluing on D' in the first place. Let H; ;) be the heart of
the t-structure obtained by recollement from t-structures with hearts H;, Hj;,
where (i,7) € {(1,2),(2,3)} on D'. In other words, H;; is defined as either

o H;;={E e D" |K[I|(E) € H;, \(E) € Hy}, or
[ ] Hz’j = {E c DT | pQ(E) € HZ,K(E> € H]}

For the semiorthogonal decomposition
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(D), z% (D)) we obtain that the heart of the corresponding recolle-
ment t-structure if obtained by gluing has the form

{(XeD" | P"(X)e Hl,P;},(X) € Has},

(z';TS(DT), A™(D)) we obtain that the heart of the corresponding rec-
ollement t-structure if obtained by gluing has the form

{X e D" | K} [1](X) € Hug, P'(X) € Hy},

. (A™(D),l,(D")) we obtain that the heart of the corresponding rec-

ollement t-structure if obtained by gluing has the form

{(X e D" | PJ"(X) € H,K{"(X) € Hay},

(iITZ(DT), iiT(D)) we obtain that the heart of the corresponding recolle-
ment t-structure if obtained by gluing has the form

(i1 (D), AI'(D)) we obtain that the heart of the corresponding rec-
ollement t-structure if obtained by gluing has the form

{X e D' | KP}[1)(X) € Hy, PL(X) € Hey),

(ATT(D1),iT(D)) we obtain that the heart of the corresponding rec-
ollement t-structure if obtained by gluing has the form

{X e D' | PL(X) € H ), ]KPQTE(X) € Hs},

(i31(D), AIT(D)) we obtain that the heart of the corresponding rec-
ollement t-structure if obtained by gluing has the form

{X € D" | KP[L[-1)(X) € Hy, P]§(X) € Hpg)},
(ATT(DN),il7(D)) we obtain that the heart of the corresponding rec-

ollement t-structure if obtained by gluing has the form

{X e D" | P}, (X) € Hu2), KP[L(X) € Hy}.
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To see that the vanishing-condition regarding the homomorphisms holds take
— for example — the heart

{X € D | PIN(X) € Hy, M(BJH(X)) € Ha. pal PI}(X)) € Hy),

that, if a > 3, is obtained by CP-gluing via the semiorthogonal decomposi-
tion (i11(D), zgg(DT» By lemma , we have to prove

Homgo(z’IT(X), zgg(Y)) =0 (6.4)
for any X € Hy and Y € H(y3). Consider the exact triangle
ia(pa(Y)) = Y = ir(M(Y)) 5.
Now « > (3 ensures
Hom="(i1"(X), i (i2(p2(Y)))) = 0
as well as
Hom="(i}"(X), ib}5(i (M (Y))) = 0

and hence (/6.4]) holds.
The 8 types of hearts above for H; ;) result in 24 types of hearts of t-

structures in total as there are three ways of gluing Hy; ;). However, 12 of
the types of hearts that we obtain turn out to be simple re-writes of others —
denoting by z.y the type of heart glued via the semiorthogonal decomposition
number z on D' (in the order in which they appear in the lemma) and the
semiorthogonal decomposition number y on D' (for (D,, D;)) via which Hy;
is glued, we obtain

1.1=4.1
1.2=5.1
1.3=6.1
21="72
22=52
23=06.2
3.1=06.3
32="73
3.3 =8.3
42="71
43 =81

5.3 =8.2
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such that we are indeed left with the 12 types of hearts of t-structures de-
scribed — however in the cases of 5.1,6.2,7.3 and 8.1 the hearts H;, Hy and
Hj; are in a different order and hence suitable adjustments to the inequalities
on «,  and v have to be made.

Additionally, note that using the identities of remark on some

of the (less convenient) functors we have

(X € DT [ K(PIY(X)) € Hy o(KY(X) € Hy, PI(X) € Hy)
— (X € D[ K(PL(X)) € Hy K(P(X)) € Hy, PIT(X) € iy},
{X e D' | K(P}[1)(X)) € Hi, K(PY[1)(X)) € Hy, P(X) € Hy}
= {X e D' | K[J(IS [1)(X)) € Hi, M(KS[1(X)) € Ha, PI'(X) € H},
(X € D | K(PJL[II(X)) € Hy, K(PY(X)) € B, PIT(X) € Hy),
= {X € D' | po(IG [1(X)) € Hy, K(K3 [1(X)) € Ha, PT(X) € Ha},
{X e D" | P/'(X) € Hi, K(P[}(X)) € Ho, K(PJ}(X)) € Hs},
={X e D" | PI"(X) € Hy, \(K]'(X)) € Hy, po(K]"(X)) € Hs},
{Xepﬁuﬁa'ffkuwmxne&,wﬂa»emh
K[1)(K]'(X)) € Hy, M(K{'(X)) € Hs},

)
)

~—

—{(XeD"|Pi(X)eH )
Mewwﬁ%>am< TL(X) € Hy K(PTH(X)) € Hy},
— (X € D' | PJ'(X) € Hy, po(K]' (X)) € Hy, K(K['(X)) € H}.

O

Remark 6.1.20. The semiorthogonal decompositions with three embedded
subcategories used to directly obtain the hearts of lemma |6.1.19| (triggering

remark are

L (@]/(D), (i§/(D), i} (D)) for

(X € DI | PI(X) € Hy, M(BJL(X)) € Ha,po( PH(X)) € Hy),
2. (i}1(D), il (D), AL(D)) for

{X e D' | P1(X) € H K(PJ}(X)) € Ha, M (PJS(X)) € Ha),
3. (il'(D), AL(D), i}/ (D)) for

(X e D' | PIN(X) € Hy, pa(FiH(X)) € Hy, K(PJH(X)) € Hy),



10.

11.

12.

[\]

247
(i3 (D), 13 (D), A™(D)) for
{X e D' | K(P[}(X)) € Hy, K(P[§[1)(X)) € Hy, P[(X) € Ha},

(i3 (D), AJ5(D), AT(D)) for

{X e D" K(PA1(X)) € Hy, K(PL[1)(X)) € H, P{'(X) € Hy}

. (ALL(D), i1 (D), AT(D)) for

{X e D | K(P{3[1(X)) € Hi, K(P3(X)) € Hp, P/ (X) € Hy},
(AT(D),i{"(D), i3 (D)) for
{X e D" | PI"(X) € H,K(P[L(X)) € Hy, K(P3L(X)) € Hs},
(AT(D), i, (D), ATL(D)) for
{X e D" | PI(X) € Hi, K[I(PL(X)) € Ho, K(P[}(X)) € Hy},
(AT(D), AT(D), 1} (D)) for
{X e D" | PI"(X) € H,,K(PJ}(X)) € Hy, K(P[}(X)) € Hs},
(i3 (D), AlL(D), i1 (D)) for
{X e D' | K[(PL(X)) € Hi, \(PL(X)) € Hp, P (X) € Hy},
(ATL(D), i1(D), 33 (D)) for
{X e D' | po(P}(X)) € Hi, K(P[L(X)) € Hp, PJ1(X) € Hy},

(i31(D), AT(D), il (D) for

(X e D' | KPJ1(X) € Hy, pa(PIL(X)) € Hay K(PIH(X)) € Hy},

where for A € D we define the functors AITQ and A;T?) as

Aro(A) =A% 450
Ags(A):=0— A4 4
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Lemma 6.1.21. For stability conditions oy = (Zy, Hy),09 = (Z2, Hy), and
o3 = (Z3, Hs) on D with hearts of t-structures Hy = P,(o,a + 1], Hy =
P.(B,B+1],Hy = Pu(y,y+1] let Z ;) be the group homomorphism induced
by Z;, Z;, (1,7) € {(1,2),(2,3)} in the sense of [21, (2.5)].

1. The heart
{X € D | PT(X) € Hy M(PJJ(X)) € Hapo( PL(X)) € Hy),

together with the stability function induced by Z1, Zy and Z3 in the sense
of [21, (2.5)] is a pre-stability condition if « > f+1> v+ 2,

2. the heart
[X D | PINX) € Hy, pol PL(X)) € Ho KIT(PIL(X)) € Hy},

together with the stability function induced by Z1, Zo and Z3 in the sense
of [21), (2.5)] is a pre-stability condition if if &« > v+ 2,5 > v + 2,

3. the heart
{X e D" | PI"(X) € H,K(PJL(X)) € Ho, \(PJL(X)) € H3},

together with the stability function induced by Z1, Zs and Zs in the sense
of [21), (2.5)] is a pre-stability condition if « > f+ 1> v+ 3,

4. the heart
{X e D" | K(PL(X)) € Hy, K(P[}[1](X)) € Ha, P['(X) € Hz},

together with the stability function induced by Z1, Zo and Z3 in the sense
of [21, (2.5)] is a pre-stability condition if « > f+ 1> v+ 3,

5. the heart
{X e D" | K(PJL[1)(X)) € Hy, K(P[}[1)(X)) € Hy, P{"(X) € H3}

together with the stability function induced by Zy, Zo and Z3 in the sense
of [21), (2.5)] is a pre-stability condition if « > B+ 2 > v+ 4,

6. the heart
[X € D' | K(PIY1(X)) € By, K(P{L(X)) € Hy, PIT(X) € Hy},

together with the stability function induced by Z1, Zy and Z3 in the sense
of [21, (2.5)] is a pre-stability condition if « > f+2 > v+ 4,
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the heart
{X e D" | PI"(X) € H,K(P[L(X)) € Hy, K(P3}(X)) € Hs},

together with the stability function induced by Z1, Zo and Zs in the sense
of [21, (2.5)] is a pre-stability condition if « > f+2 > v+ 3,

the heart
[X € D | PI(X) € Hy, KI(PIL(X)) € Ha K(PTH(X)) € Hy},

together with the stability function induced by Z1, Zy and Z3 in the sense
of [21, (2.5)] is a pre-stability condition if « > f+ 1> v+ 3,

the heart
{X e D" | PI"(X) € H,K(PJL(X)) € Hy, K(P}(X)) € Hs},

together with the stability function induced by Z1, Zy and Z3 in the sense
of [21, (2.5)] is a pre-stability condition if « > +2 > v+ 4,

the heart
(X € D | po(PIL(X) € Hy, KI(PIL(X)) € Hy, PJI(X) € Hy),

together with the stability function induced by Z1, Zy and Zs in the sense
of [21, (2.5)] is a pre-stability condition if « > f+2 > v+ 3,

the heart
{X e D" | K(P{}(X)) € Hi,\i(P{}(X)) € Hy, P}1(X) € Hs},

together with the stability function induced by Z1, Zy and Zs in the sense
of [21, (2.5)] is a pre-stability condition if « > f+2,a > v+ 1,

the heart
(X € D KPJJ1(X) € Hy,pa( PIH(X)) € Ha K(P{L(X)) € Ha},

together with the stability function induced by Z1, Zy and Zs in the sense
of [21, (2.5)] is a pre-stability condition if « > f+2 > v+ 4.

Proof. Similar to proposition [3.2.37 we see this from [21, Proposition 3.5]
after applying lemma [6.1.19] [

In order to construct stability conditions and — hence — to prove proposi-
tion [6.1.24] we generalise lemma for the two natural choices.



250

Lemma 6.1.22. Let A = Coh(C) where C is a smooth projective curve.
For stability conditions o1 = (Z1, Hy),09 = (Zs, Hs), and 03 = (Z3, H3) on
D with hearts of t-structures Hy = P,(o, a0 + 1], Hy = P, (8,5 + 1], Hy =
P.(v,v + 1] let H; ;) be the heart of the t-structure obtained by recollement
from t-structures with hearts H;, H; and Z;; be the group homomorphism
induced by Z;, 7, j, (i,7) € {(1,2),(2,3)} in the sense of [21, (2.5)].

e The pair
H={XeD"|P"(X)e Hy,P}X) € Hyyz}
together with the stability function induced by Z1, Zo and Zsz in the sense
of [21, (2.5)] is a stability condition if « > f+ 1> v+ 2.
e The pair
H={XeD"| PJE(X) € H(1,2),P3TT(X) € Hs}
together with the stability function induced by Z1, Zy and Zs in the sense
of [21, (2.5)] is a stability condition if « >+ 1> v+ 2.
Proof. We can generalise lemma where now
Z1,2(X) = Z(P{L(X)) and Zz)(X) = Z(P}}(X)) (6.5)
and we use the analogous quadratic forms
Q:NDM®R - R as
Qv) = 3(Z1(0))3(Z23 (v) + R(Z1(v))R(Z(2.3 (v))
and (6.6)
Q:NMDM®R — R as
Q) = I(Z1,2(0))3(Z3(v)) + R(Z,2)(v))R(Z5(v))

together with the fact that our condition on the hearts grants that for any
object £ = E; By 2 E5 in H and hence — in particular — for a o-
semistable one, the morphisms ¢, and @y are zero. O]

Remark 6.1.23. The construction of lemma [6.1.22 can be adapted for the
other six semiorthogonal decompositions with their respective hearts of lemma
, for suitable changes of the functors in . It is however our intent
to prove proposition [6.1.24] for which lemma [6.1.22] is perfectly accurate in
the presented form.

Proposition 6.1.24. Let A = Coh(C') where C' is a smooth projective curve.
The space Stab(D') is non-empty.

Proof. This follows from lemma [6.1.22 [
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6.2 Generalisation of the Jealousy Lemma to D"

Since, as section [6.1] reveals, one has both gluing- and recollement-data avail-
able on the category D', it is natural to ask the question if there is a version
of the Jealousy Lemma (theorem . Unfortunately, the situation is more
complex since one has to embed D' into D' as part of the semiorthogonal
decomposition that provides the basis for the gluing- and recollement data.
Since the stability-manifold of D' is a lot more difficult then that of D, one
cannot hope to obtain such clear results. As part of the proof of the Jeal-
ousy Lemma we will also provide a description of the recollement data that,
under the condition of D having a Serre-functor, one obtains. This is done
in . Subsequently we will then also describe the t-structures that one
obtains from this recollement data — this is done in .

Following the notation introduced as part of corollary [4.3.17, we introduce
the next definition.

Definition 6.2.1. Let t-structures on D and D' be given by

(DS()?DZl) = (Plt(a’ OO),PM(—OO,(I]),
(D35, Dys)y € {1,2,3},

Y877 T y.By

(6.7)

. <0 1 . L. <0 >
with <D?;577’D7J27:377) as in definition [4.3.18 Define (D;a’(ﬁﬁ),l)i;(ﬂﬁ)),x €
{1,...,8} to be the t-structure that is obtained by recollement based on

the semiorthogonal decomposition "number x” of lemma |6.1.16| from the t-
structures in .

Remark 6.2.2. Note that the previous definition abuses terminology since
semiorthogonal decompositions appear in a CP-gluing context and not as
part of that of a recollement. However — as we have seen before — under
favourable conditions, CP-gluing data can be extended to recollement data.

. <0 >1
1{\Totat10;1 6.2.3. Denote by H, . (3,) the heart of ( e (B) D;m(ﬂﬁ)),x €
1,...,8}.

Lemma 6.2.4. If there is a stability condition o with heart H, o 35, then

H, 3~ is obtained by gluing.

Proof. By theorem H, 3., carries no stability condition if § < . O
We have the jealous-lemma for D',

Proposition 6.2.5. If there is a stability condition o with heart H, o ()
obtained via recollement from hearts H € D and H, g, C DT, then Hi o 8)
is obtained by CP-gluing.
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Proof. We will outline the main building-blocks for the generalisation of the-
orem [£.4.6] First, note that by lemma we may assume [ > . We need
to see that o << f triggers another gluing-situation, generalising proposi-
tion |4.3.21l To demonstrate how this generalisation works, we use the list
of recollements provided in and hence that of recollement t-structures
provided in (6.3). This shows how proposition is generalised — we
group [ with I1 (note that in the same manner /7] with IV and so on can
be grouped together) and use that the D=C of the respective first t-structure
together with the D=! of the second provide CP-gluing data.

Hence, we can now generalise the proof for theorem [4.4.6] At first, we
need a version of lemma In this case, we need to prove i, (P(a, a+1]) C

Hy (.71 (P(8, 8+ 1]) C Hya) and Aoiy(P(B, 5+ 1]) C Hyas-
To prove il (P(a, a + 1]) C Hla (8), hote that PJ3 oil (Pla, e+ 1]) =

0€ Hiap, 7) Moreover P/ o il"(P(a, a + 1]) = P(a,a + 1] € P(a, oo) and

Ko PfQ oil(Pla,a+1]) = Ko iy (Pla, a4+ 1]) = Pa,a + 1] € P(a, o).
To prove iy (P(B, 5+ 1]) C Hla (8, note that P/ ol (P(8,8+1]) =

0 € Hia (s Moreover P} o iy (P(8,5 +1]) = ix(P(5, 8+ 1]) C Hig,
given by the fact that H; g, is obtained by CP-gluing. Finally, we also

have K o P[L 0 i}1(P(8, 8+ 1]) = Ko ia(P(8, 8+ 1])) = (8.5 + 1][-1] =
P(B—1,5] C P(—oo,a+ 1] provided by the fact that 5 < a + 1.

To prove Ayoiy (P(B, f+1]) C Hia,s,7), note that ]KoPlT’goAloil(P(ﬁ, B+
1)) = KoA(P(3,8+1]) = 0 C Hy (5. Moreover P/ToA 0iy(P(3,5+1]) =

P(B,8+1] C P(B,00). Finally Py o Ay oiy(P(8,8+1]) =iaP(8,8+1] C
H, g~ given by the fact that H; g, is obtained by CP-gluing.

We can now generalise lemma[£.4.4 Let Z be the stability function given
by 0. We consider the imaginary part of Z which is given by

S(Z(X)) = Di(deg(P1(X))) + Da(deg(FP2(X))) + Ds(deg(P5(X)))
+C (rank(P1(X))) + Co(rank(P2(X))) + Cs(rank(P3(X)))

for X € H, o 3,y)- We obtain

S pramsy = 26T (1)
= D;(deg(X1)) + C4(rank(X,)
%(Z(X))by(p(ﬁ,gﬂ}) = S(Z(i2(X1)
= Dy(deg(X1)) + Co(rank(X7)
S(Z(X)|avir(pa.p1) = S(Z(A(X1)
= (D1 + D,)(deg(X1)) + (C1 + Cy)(rank(X;
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for any Xj in either P(o,a + 1]) or P(5,0 + 1]). We now use the same
argument as in lemma [£.4.4] to finish the proof. O

6.3 Further generalisations: The category D"

We will now provide a generalisation of some of the findings of the previous
chapters to the situation of n arrows. The category D' that we will now
introduce can be thought of as the derived category of a certain quiver (see
[23] for details) with vertices in obj(.A) and edges in mor(.A).

Definition 6.3.1. Define D™, n € N to be the derived category of A" (see

definition [2.1.11)).

Definition 6.3.2. Let t,n € N,¢ < n. Define z] it : D" — D" in analogy
to definition 7] part l 2] and [3] to be the embedding into components
Ty e v vy Jte

Furthermore define AZTb : D" — D" a,b € N,a < b by the equation

A (A = Ag D Ay - 5 A)
:(Al—>---—>Aa_1—>A1—>Bl—>---—>Bb_ai>Aa+1—>---—>At),

idAa idAa
where By — -+ = By, = A, = -+ 5 A,

with the morphisms defined accordingly via the morphisms obtained from
restricting the functors to the respective abelian categories.

Furthermore define PﬁTﬁ : D" — Dt < u < n, in analogy to defi-
nition to be the projection onto the components 7, ..., j;. Both for

z?j]t and PJqT...,jt morphisms between neighbouring objects that after the
embedding or the projection are still neighbouring one another are being

kept Whllst all others are being deleted (similar to the case of ]1 3 Versus @12

and 2273 in definition 6.1.7)).

Remark 6.3.3. Note that for convenience we will always refer to A?Tv : DI —
D" (v+u = n) as A™. Note furthermore, that with this notation established,
we identify A\, with P and p, with Pj.

Generalising our observations made for the cases of D, D' and D', the
following lemma shows how to find the component that all adjunction chains
between given categories D! and D' have in common.
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Lemma 6.3.4. Let t,n € N,t <n,m <n. We have the following chain of
adjoint functors:

nt
(t—1),.. e AN (t—1)

4 Pt =4

1,...t—mmn+1l—m,....,n

AAY AP, i?f..vt

it +4 P

[ (t—1),..m

between D' and D",

Proof. The idea is the same as in lemma It — once again — suffices
to execute our proof on the abelian level. To prove that the adjunction
ZZT_ - P:j( i_1),..n holds we use the isomorphism

(t—1),..m
(07"'707fn—(t—1)7"'7fn) (fn—t 1) 7fn)
where f; : A; — B;, to obtain

Hom 4t (0 = -+ = Ap_—1y = -+ = An, B1 = B,,)
= HomAtT (An,(t,l) — s = An, an(tfl) — Bn)

The other adjunctions are obtained similarly. O]
Corollary 6.3.5. In particular this implies
A"+ P 44 and

AZT 1n B PﬁT.,n—l B Z.T,T..,n—l
Proof. This is a straightforward implication of lemma [6.3.4] O

We are now able to prove an important consequence, namely, that a
category, that extends the definition of D' to a chain of any given length n
will always inherit a Serre-functor from the category D that one starts with.

Proposition 6.3.6. If D has a Serre functor then so has D™.

Proof. We generalise the proof of lemma [6.1.12] where we use the equations

i1t (DO = i 1(D)* = im(i)*

sy —1
= ker(P"") = +im(A") = LA"N(D)
and
inl(D) = Yiy] oy (DU = Him(ay] )
= ker(PlrfT.,n—l) = im(AZT—l)L = AZT—l(DnT)L>
that we are able to establish with the aid of corollary This allows us

to proceed in the very same way as we did in [6.1.12] and therefore finishes
the proof. O
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In line with the main topic of interest of this thesis we would like to
establish that stability conditions on D™ can be constructed. As previously
done in this subsection, the basic concepts can be generalised to the case of
D,

Proposition 6.3.7. Let A = Coh(C') where C' is a smooth projective curve.
The space Stab(D™) is non-empty.

Proof. We can generalise lemma [6.1.22] via induction in order to obtain a
o € Stab(D""). Using the quadratic form analogous to and investigating
the o-semistable object

E=F % B % 2 E._ , cH
The heart H on D" can be glued from hearts
Hy =P, (oq,a1 +1]... Hyy1 = Puantr, g1 + 1]
like in lemma but with the stronger restrictions
o 2oy +12>-- > a1 +n

of the kind of lemma [6.1.21] using stability functions Z,... 7,1 on the
respective hearts such that we obtain that o is obtained by CP-gluing the
stability conditions

01 = (H1721)7 «eOpt1 = (Hn+1azn+1)

inductively. [

A Appendix

A.1 Serre functors

Serre functors were first introduced by Bondal and Kapranov in [12]. The
proper definition, however, as it is given in definition can be found
in [13]. Serre functors serve as a generalisation of the well known concept
of Serre duality — we refer to Hartshorne, [34, Section III, subsection 7] for
details. Serre functors are an important tool in homological algebra. They
can be used to compute new functors out of given ones and have — therefore
— very useful applications in relation to recollements. Bondal and Kapranov
provided a — crucial — theorem ({A.1.15) regarding Serre functors in [12]. In
the following we will prepare its introduction by providing the following vital
terminology that will allow us to formulate the main theorem of this
section.
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Definition A.1.1. The right orthogonal of a full subcategory B of an addi-
tive category A, denoted B+ is the full subcategory given by

B+ ={C € A|Hom(B,C) =0 for all B € B}.

Definition A.1.2. The left orthogonal of a full subcategory C of an additive
category A, denoted +C is the full subcategory given by

¢ ={B e A|Hom(B,C) =0 for all C € C}.
We can now provide the following — important — definitions.

Definition A.1.3. A strictly full triangulated subcategory TR of a trian-
gulated category TR is right-admissible if for any X € TR there is an exact
triangle

THX—-C%

~ 1
where T € TR and C € TR .
In analogy to this we obtain the next definition.

Definition A.1.4. A strictly full triangulated subcategory TR of a trian-
gulated category TR is left-admissible if for any X € TR there is an exact
triangle

D—>X—>Ti>

where T € TR and D € 1 TR.
And hence,

Definition A.1.5. A triangulated subcategory TR’ of a triangulated cate-
gory TR is admissible if it is right-admissible and left-admissible.

The next lemma brings different terminology together.

Lemma A.1.6. Every right- (left-) admissible triangulated subcategory A of
a category B provides a semiorthogonal decomposition given by B = (A*+, A)

(B=(A"A))
Proof. Apply definition [2.1.6] O

Definition A.1.7. A category A is called ”k-linear” if for any A, B € A,
the set Hom(A, B) has the structure of a k-vector space and if additionally
composition of morphisms is k-bilinear.
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Definition A.1.8. Let k£ be a field and A be a k-linear category with finite-
dimensional Hom-sets. A ”Serre functor” S : A — A is an additive equiva-
lence of categories that has bi-functorial isomorphisms

¢4 Hom4(A, B) = Homy(B, S(A))*
of k-vector spaces for any two objects A and B in A.

Remark A.1.9. Note that by [12], Proposition 3.4 b], Serre functors are unique
up to functor isomorphisms. To see this, consider Serre functors S, S" and
bi-functorial isomorphisms

¢4.5 - Homu(A, B) = Hom(B, S(A))”

and N
¢fA,B : HOIHA(A7 B) — HOII]A(B, S/(A))*

of k-vector spaces for any two objects A and B in A. We obtain
@y 0 da's - Homa(B, S(A))* = Homa(B, S'(A))", (A.1)

which means that S(A) = S’'(A) for any A € A. Moreover, letting B = S(A)
in (A.1f), we obtain

Fa.501) © Da'seay : Homu(S(A), S(A))* = Homa(S(A), S'(A))",

when — on the other hand — letting B = S(A’) and A = A’ in (A.1]) provides
us with

Sar san © Oat sea : Homa(S(A), S(A')" = Homa(S(A'), S'(A))".
Hence, the diagram

S(A) —— S'(A)

S(f)l 5'(f)l
S(A) —— S'(A)
commutes for any f € Hom(A, A’) proving that we also obtain S(f) = S’(f).

We will now provide a couple of important tools that will serve to prove
the main theorem of this section (|A.1.15) which is due to Bondal and Kapra-
nov. In order to do so, we require the following lemma also due to Bondal
and Kapranov.
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Lemma A.1.10. A category A has a Serre functor if and only if Hom 4 (X, —)*
and Homy(—, X)* are representable for any X € A.

Proof. See [12, Proposition 3.4 a]. O

Additionally we require the next lemma, which is as well provided by
Bondal and Kapranov ([12, Lemma 2.4 a]). In order to prepare it, we provide
the following definition.

Definition A.1.11. For a category A and an object X € A, we define
hx(A) = HOIHA(A, X)

Lemma A.1.12. For a category A, h : A — Sets a contravariant functor
and X € A, there is a natural identification of the set of natural transforma-
tions hx — h with h(X).

Proof. To prove this, fix an element ¢ € h(X). For an object A € A and a
morphism f € hx(A) = Homy(A, X), a natural transformation ®° : hy — h
is now given by ®9(f) = h(f)(0). If we — on the other hand — now consider
a given natural transform ® : hx — h, we obtain the required § € h(X) as
D (idy). O

Hence, we also have the following corollary.

Corollary A.1.13. Let A be a triangulated category, X e A, h: A— Sets
a contravariant cohomological functor and assume that

B—sA—CS
15 an exact triangle. The exact sequences
. h(C) = h(A) = W(B) — ...

and
hz(C) = hg(A) = hg(B) — ...
are embedded in a commutative diagram

. —— h(C) — h(A) — h(B) — ...

@} a | (A.2)
.. — hx(C) —— hg(A) —— hg(B) — ...

for any § € h(X) and ®° : hs — h a natural transformation constructed in
the way it was outlined in the proof of lemma[A.1.13
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Proof. By lemma [A.1.12] ®° is a natural transformation. Additionally the
functors h and hg are cohomological functors. O

Finally, we require the following.
Lemma A.1.14. For vector spaces Vi, Va, V3, Vi, VI, V3 V5 V]| let

c b a

Vi Va < Vs < Vy

alT agT a3T QJ
be a commutative diagram with exact rows. Assume that oy is a monomor-
phism and oy an epimorphism. Assume additionally that there is a J € V3
and an I € Vi, such that as(I) = b(J). Then there is a § € Vi such that

V() =1 and a3(d) = J.

Proof. Let K € V5 be the image of I under as and of J under b. The
latter implies, that due to the exactness of the rows, K € im(b), which gives
¢(K) = 0 and therefore, using the commutativity of the diagram,

ar(d(I)) = e(az(I)) = e(K) = 0.

Since ay is a monomorphism this means that ¢/(/) = 0 and hence — due to
exactness — that there exists a ¢’ € VJ such that 0'(9’) = I. Therefore

b(as(0")) = aa(V'(d") = K

holds. Hence, if we let J’ be the image of ¢’ under ag, we obtain b(J') = K.
This implies that

b(J = J)=b(J) —b(J) =K — K =0.

Therefore J" — J € ker(b) and hence J' — J € im(a). This means that there
is a d € Vj such that a(d) = J' — J. Since a4 is an epimorphism, we obtain
a preimage d’ of d under ay such that a(ay(d’)) = J' — J and hence

as(a'(d) = a(au(d)) = J' = J
Now, define § = a/(d) then
b (B) = b(a'(d)) = 0.
Now let 6 = ¢’ — 3. On one hand we now obtain

V() = V(8 — B) =(8) —V(8) =¥ () —0=b() =1
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and on the other
Oég(é) = 043((5/ - 6) = 053<5,) - Oég(ﬁ) = J/ - (J/ - J) =J.

This — hence — is the § we were looking to find and the proof is finished.
O

As it was our aim, we can now provide the following theorem from [12].
Since the proof given by Bondal and Kapranov in [12] omits certain details
we will, for the convenience of the reader, now provide a fully worked out
version of the proof.

Theorem A.1.15. Let A be a triangulated category. Assume B C A to be
an admissible subcategory and define C = B*. Assume furthermore that C is
admissible and that B and C have Serre functors. Then the category A also
has a Serre functor.

Proof. Let h = Homy (X, —)* for X € A. We will construct a representing
object for h in order to apply lemmal|A.1.10] First, consider the exact triangle

Ro-Xx53B%

with R € 1B and B € B, that we obtain from the fact that B is admissible
and hence in particular left-admissible. For any B; € B, the application
of Hom(—, By), combined with the fact that Hom(R, B;) = 0 by definition

[A-T.4] we obtain N
Hom4(X, By) < Homy(B, By)

which, since B C A is a full subcategory provides us with

h(B;) = Homu(X, B;)* = Homu(B, B;)*

(A.3)
= Homgp(B, By)* = Homp(B;, Sp(B))

where S is the Serre functor on B (note that by remark Serre functors
are essentially unique).
Similarly, consider the exact triangle

B —5X-C5

where B’ € B and ¢! € C. Since C = B+ we can use definition to
obtain

h(C1) = Homu(X, C1)* = Homu(C', Cy)*

(A.4)
= Home¢(C', C1)* = Home(C4, Sc(C"))
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for C; € C in a similar manner as before.

We now define F = Sg(B) € B C A and — as before — use that C was
assumed to be admissible to embed E into the exact triangle

"L E—LS (A.5)

where C” € C and L € C*. Now — again as before — we obtain

o—

Home(C, C") = Hom(C, E)

for all C' € C. Applying h to v now supplies us with

M(C") 4 h(E)

which — by substituting C” for C in equation ({A.4)) extends to

h(O/I)

h(v) h(E)

R

Hom¢(C”, Se(C))

such that — using (A.3|) this time, letting B; = F — we obtain

h(o//)

hE)

IR

o

Hom¢ (C", S¢(C)) Homgp(E, E).

Hence the identity idp € Homg(E, F) has an image v € Home(C”, Se(C"))
and therefore, using the exact triangle ((A.5) and defining F” = Cone(v), we
obtain the diagram
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Next, we compose v with the arrow F”[—1] — C” to get an arrow F"[—1] —
E. We let X be the object and u the arrow that — together — define the cone
of F"[—1] — E, obtain

and — using the octahedral axiom — finally acquire arrows X — L and € such
that the following is a commutative diagram of exact triangles.
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We have at this point constructed the representing object X for the functor
h. It will subsequently be our objective to prove that X does indeed repre-
sent the functor h. First, we will provide an important consequence of the
octahedral diagram. We use — similar as above — the exact triangle

ELXX PS5

and combine it with the fact that F”” = Cone(v), which, since C was assumed
to be triangulated and since C”, S¢(C’) € C implies F” € C. We acquire

Homg(B, E) = Hom4(B, E) = Hom4(B, X) (A.6)

for an arbitrary B € B. Since B be has a Serre functor, we additionally
obtain

h(B) = Homg(B, E) (A7)
by (A.3) and hence
h(B) = Homg(B, E) = Hom4(B, E) = Hom4(B, X). (A.8)

Taking the inverses of the isomorphisms in (A.8]), we define a natural trans-
formation ¢ : Hom4(—, =) — h(E) between functors defined in B. Since the
isomorphism in was obtained by applying Hom A(E ,—), it is natural.
So is the isomorphism obtained by , to see this we examine and ob-
tain that the isomorphism Hom (X, B;)* — Hom4(B, B)* being obtained
from the application of the functor Hom4(—, B;) and the dualising-functor
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is natural. So is Homg(B, B;)* = Homg(By, Sg(B)), by definition |A.1.8

Hence ¢ is a natural transformation. In the same manner, use
Se(CY S X LS

to obtain a natural transformation ¢ : Hom(—, X) = h(—). Now, we define

hs = Homu(—, X) and are able to complete our previous diagram via

h(C") e h(E)
HOIIlc(CW, Sc(cl)) HOHlB(E, E)
hz(C”) hg(E)
to
h(C") — h(E)
bon HOmc(C”, Sc(C/)) HOIHB(E, E) PE
h(C") hg(E).

We have — however — previously introduced u as the preimage of idg via
the upper half of the diagram. Considering the images uv oidg = v and e o v
under the respective maps u o — and € o —, the diagram provides us with the
equation

h(V)(¢e(u)) = Yo (eov). (A.9)

We can now proceed with our actual objective — which was, of course, to
prove that X is indeed the representing object for h. To this end, consider
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an arbitrary object A € A. Again using the admissibility property we can
embed it into an exact triangle

B ASCS

where B € B and C € C. Using the functors h and hg we now obtain exact

sequences o h(C) = h{A) = h(B) = ...
and
o = hg(C) = hg(A) = hg(B) — ...

respectively that by corollary are embedded in the commutative dia-
gram

. —— h(C) —— h(A) —— h(B) — ...

o ol ]
% z(4

... — hx(C) —— hg(A) —— hg(B) —— ...

for any § € h(X). It is — hence — sufficient to prove that there is a & € h(X)
such that ®% = pp and at the same time ®%, = ¥o. We claim that the
first is implied if pp(u) = h(u)(0) and the latter if 1g,cr)(€) = h(€)(6).
To see this consider the construction of ®° outlined in lemma [A.1.12] we
deduce immediately that what we need to prove is pg(f) = h(f)(d) for
f € Homu(B, X) = hs(B). Consider the isomorphism

U0 —

Homp(B, E) = Homyu(B, X)

obtained by the usual argument. Hence, there is a preimage ¢ € Homp(B, E)
of f such that f = uog. We now consider the commutative diagram

hg(B) === h(B)

hg(9) T h(g) T

hg(E) — h(E)

given by the natural transformation ¢. Since u € hg(E) we now obtain

e((hz(9))(w)) = h(g9)(pe(u)). Using our assumption that ¢g(u) = h(u)(9)
this provides us with

K
moﬂ
=
I
=
=
—~ /5’)\

~—
I
=
<
(o]
&
S
~—
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Similarly g.(cr(€) = h(€)(8) implies B, = .
Now, we use the following commutative ”square” of the octahedral dia-
gram

Se(C")

E—"“—=X ,
to obtain the — commutative — diagram

h(C") = B(Se(C")

h(“/)T h(eﬁ (A.10)

We have ¢p(u) € h(E) and ¢g,cr)(€) € h(Se(C')) and know — from the
fact that 1) is a natural transformation — that ¢cn (e o v) = h(v)(¥s,q ) (€))-
Combining this with equation (A.9)), we obtain

h(V)(pe(u)) = P (eov) = h(v) (s (€))- (A.11)

Given the commutativity of the previous diagram, this makes it possible to
look for a § € h(X) such that h(u)(d) = pg(u) and h(€)(6) = Vg, (cn(€). The

octahedral diagram in particular supplies us with
o

Se(C)
c/
R

which we will now rewrite as a morphism of exact triangles in the following
manner

F"[— L X —

Y



267

F'[—1] y O —— Se(C") —— F”
I
F—1] E — X — F

Hence, by applying h, we can embed diagram (|A.10)) into the diagram

h(F'[-1]) +—— h(C") LY R(Se(C1)) ——— h(F")

R

WF'[-1])) «—— h(E) < B(X) «— h(F").
with exact rows. Lemma for the fact that the left equality in the
diagram is — in particular — a mono- and the right an epimorphism, now
provides us, together with equation (A.11]), with the required §. Hence,
diagram ({A.2)) that we previously obtained via corollary|A.1.13|now becomes

h(B[1]) —— h(C) —— h(A) —— h(B) —— h(C[-1])
¥B[1] T Yo @‘;T SOBT Yo[-1) T
hg(B[l]) —— hg(C) —— hg(A) —— hg(B) —— h(C[-1])

in which ¥¢, ¢p,¥ci—1) and @pp) are isomorphisms, due to the fact that
B € B,C € C and — since B and C are triangulated subcategories — also
B[1] € B and C[-1] € C. By the 5-lemma, this implies that ®% is an
isomorphism — and hence that h is representable.

One now simply dualises the very same techniques that were used to prove
the representability of h to show that the covariant functor Hom(—, X)* is
representable. From the exact triangle

"X —=L5
with C” € C and L € C* we obtain
Home(S;*(C"), Ch) = Homyu(Cy, X)
for any Cy € C. Similarly we obtain Sz'(B’) from
BsX—-0%
where B’ € B and C” € C. Letting E = S;'(C") we obtain

RS E—>BS
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with R € C and B € B. We get a morphism in Hom(Sgz'(B’), B) as the image
of idg € Hom¢(F, E) and finally construct X by the octahedral diagram

B/)—l

\B/SB(
/A N

R

where " is the cone of the mapping Sg(B’)~! — B.
We — hence — have constructed representing objects for both h = Hom(X, —)*
and for Hom(—, X)*. By lemma [A.1.10] the proof is now finished.
m

Theorem [A.1.15] however, provides a statement on the existence, yet
not on the use of Serre functors. Their usefulness and hence with it the
usefulness of theorem in general and in particular in our situation will
be provided by the following well known theorem which is a straightforward

implication of

Theorem A.1.16. Let A be a triangulated category that has a Serre functor
S. Assume F' 4 G is an adjoint pair of functors F : A — A and G : A — A.
Then G 4 SFS™! and ST'GS H F.

Proof. The first claimed adjunction of the functors is proved by the equation

Hom (X, SFS™H(Y)) = Hom(S™1(X), FS™(Y) = Hom(FS™(Y), X)*
= Hom(S™H(Y),G(X))* = (Hom(G(X),Y)*)* = Hom(G(X),Y).

The other adjunction is proven similarly. O]

A.2 Iwasawa decomposition

It is a useful fact that matrices in GLj (R) can be split in a convenient way
that — in particular — allows one to see a possible involved rotation.
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Definition A.2.1. We define the following matrices

K, = ( °S<( (b) _C(fisnéjf)),

a 0
4= (5 1)
1 =z
V= (o 1)
for ¢ € [0,27), 2z € R and a € Ry.

From [36] we obtain the following lemma.

Lemma A.2.2. For every T € GL3(R) there are ¢ € R,k,a € Rsg and
x € R such that
T = kKyA,N,.

Proof. See [306], Section 16.3]. O
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